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String Theory!!!

e String scale
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e particles = string oscillations modes

GeV

EX.: Graviton

Gauge Vectors

In S.T. the gauge and gravitational interactions are unified at
the quantum level
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Fractional Calculus??

Initial ideas from ~ (1695 - 1697) by Leibniz (later work by Euler ~1730)

Applications of derivatives & integrals
of arbitrary order

we could be defined something like :

ax™

dr
{84 In X2:|

It has been used in many different fields such as numerical analysis & physics



The Review



Classical Bosonic String Theory

[Polchinski, Zwiebach, Green, Schwarz, Witten, Blumenhagen, Lust, Theisen, Font,...]

Relativistic particle : Action for a relativistic particle

o S « [length ]
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u,v=0,....d—1 ; a,b=0,167,0 ; 0'6[0,271'] = 5o

Polyakov S, = —% /dT /da V—h h?*0, X" X" 1y = //d'rda Ly



Polyakov Lagrangian : Ly = [\/ —h hab&’aX“(‘)bX’/nw]

Symmetries of the theory :

e Poincare Invariance

e |Invariance under reparametrisation of the WS

e Weyl invariance hap(7,0) — Q*(7,0)hap(7,0) ; a,b=0,1
Euler-Lagrange Eqgs. 5 ( 0L, > 9L
"\0(0.0)) 09

0.(vV—hh?*0,X,) =0

1
02X Op X 1), — Ehathd(?CX“(?dX”nW =0
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Lets fix the gauge!!!

Conformal gauge:

hab = p*(T, 0)Nab

9, (MhababX“) —0

a,b=0,1

77ab:(

-1 0
0 1



Lets fix the gauge!l!

Conformal gauge:

—1 O
hab:pz(T,O')Uab . a,b:O,l . nab: (0 1)

8’7'2 80'2 —

i GG - ‘
9, (\/*_hhababxu) 0 = _ Wave Equation!lllll (€&



Lets fix the gauge!!!

Conformal gauge:

-1 0
hab:PZ(T,U)Uab , a,b=0,1 ﬁab:(o 1)

p (\/jhhababx,u) _o o IX*_ X" wave Equation!!!!!
. _

012 Do
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Lets fix the gauge!!!

Conformal gauge:

-1 0
hab:PZ(T,U)Uab , a,b=0,1 nab:<0 1)

0, (V=Rh®0,x") =0 = O°X# _ 9°X" Wave Equation!!!!!!
; _

012 Do

y 1 o y | Virasoro
0o X" Op X 1y — Shaph™ 0c X" 0a X 1y =0 = (X £ X')?=0  constraints!!!
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OEXF PPXH
= uw=20,...d—1 Wave Equation!!!!l!

072 do? '
XH(r,0) = X[ (T +0) + Xp(T — 0)
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space-time momentum
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d —1 Wave Equation!!!!!!
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XH(r,0) = X[ (T +0) + Xp(T — 0)

1 o . .
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Xé‘ . constant ; p* :/ doP™" space-time momentum
0

Hamiltonian
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‘Fractional Calculus

Applications of derivatives & integrals of arbitrary order

Riemann-Liouville Approach :

Let f(x) a continuous function on the real line.

Let G be a linear operator acting on the space of cont. funct. on the real line

Natural question:

d d
Is there an G such that G*f(x) = d—f(x) or better Gf(x) = d—f(x) ?
X X

Answer: Yes
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Example: f(x) = xk f(x) = b k=1

L TR
dx" = (k—n) =

replacing () —=T(-+1) and n—aeR

= ¢ k>0
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Example: f(x) = xk f(x) = b k=1

L TR
dx" = (k—n) =

replacing () —=T(-+1) and n—aeR

= 2 k>
anX r(k—a+1)X k20

dl/? 2
12 T NG V/x or better




Example: f(x) = xk f(x) = b k=1

L TR
" (k—n)l” =

replacing () = T(-+1) and n—aceR

d® M(k+1) .

= k>0
dxa " F(k—a+1)X —
d*/2 2 d™ [ 4inx2] 5040
dx1/2 X = ﬁ VX or better dx™ {e } - [(8 — )
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we could ask the same question for the integration operator

jf(x):/oxdtf(t) — j”f(x):(n_ll)!/oxdt(x—t)”‘lf(t)

using same trick ()N —=T(-+1) and n—acelR

TF(x) = ﬁ /0 Tt (x — )1 (1)

In particular we have J? jbf(X) = j(a+b)f(x)

In all these definition for a generic
function the order of the derivative 0<ax<l
has to be
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Fractional Bosonic Strings

time-fractional Polyakov action

_ 1 27 ‘ a—1 ab L v
S, = ey (o) /o do /_Oo(t —T) dr [\/—hh (1,0) 0. X"(1,0)0uX" (1, 0) mw}



Fractional Bosonic Strings

time-fractional Polyakov action
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Lagrangian : Lo =




Fractional Bosonic Strings

time-fractional Polyakov action

_ 1 27 ‘ a—1 ab 7 v
S, = ey (o) /o do /_oo(t —T) dr [\/—hh (1,0) 0. X"(1,0)0uX" (1, 0) mw}

1
4ra/ T(a)

Lagrangian: Lo — (t — )" [\/—h Wb (r, o) BuXH (7, 0)0p X" (1, 0) nw]

Symmetries of the theory :

e Poincare Invariance
e Invariance under reparametrisation along the string

e Weyl invariance hab(T,0) — Q*(1,0)han(T,0) ; a,b=0,1
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=0

Euler-Lagrange Egs. 0, < OLa ) _ 9L

0(029) O

Fractional conformal gauge:

hab = ( = [f2(77?7)]a_1 ) with f(r,0) =1



oL oL
Euler-Lagrange Egs. @) =
JrenaE e 2 () ~ 55 =
Fractional conformal gauge:
—1 0
hap = ( 0 [7c2(7_7 0)]a—1 ) with f(T, (7) =1
xho_x — YT L XM not a free wave equation!!!!!!



Euler-Lagrange Egs.

Fractional conformal gauge:

=0 gy )

sn - xme = 7Ly
t— 71
IX+X'|>=0

74

o \ Lo
aa(@(aacb)) 56~ °

with f(Ta 0) =1

Virasoro

constraints!!!

B2



a—1

Y /. p
XP — X7 = t—TX not a free wave equation!!!!!!




X=X = X* not a free wave equation!!!!!!

! _2v . , noo ~L _
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HZ,(Im|z), meN, a=2-2v
m T |m| _
ENz) = ‘2 | z [J_,,(|m|z) — i Sgn(m) Y_,,(\m|z)}



Summary & Outlooks

o« We review the classical bosonic string theory
e We review the Riemann-Liouville approach

e We merge the idea of fractional calculus in the context of bosonic strings

creating fractional bosonic strings

To do:

e Properly define the Virasoro operators

e Study the conformal symmetry of the theory
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