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MSHT20 [37] 0.11839 0.00040 0.44 �0.07
NNPDF4.0 [84] 0.11779 0.00024 0.50 �0.08
CT18A [29] 0.11982 0.00050 0.36 �0.03
HERAPDF2.0 [65] 0.11890 0.00027 0.40 �0.04
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Theory Data

Methodology

• Impact of jets vs diets at N3LO 
[arXiv:2312.12505]


• Impact of 13 TeV  data 
[PRD 109 (2024)]


• Impact of future data (HL-LHC [Eur. 
Phys. J. C (2018) 78], EIC [PRD 103 
(2021) 096005], FPF 
[arXiv:2309.09581])
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• Nonparametric regression [arXiv:2404.02964]


• Closure test [EPJC 82 (2022) 4, Talk by Lucian Harland-Lang, DIS2024]
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• Nonparametric regression [arXiv:2404.02964]


• Closure test [EPJC 82 (2022) 4, Talk by Lucian Harland-Lang, DIS2024]

• aN3LO [EPJC 83, 
arXiv:2402.18635]


• MHOU [arXiv:2401.10319]


• QED [arXiv:2401.08749]


• QED + aN3LO [arXiv:2404.02964]
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Theory Data

Methodology

• Nonparametric regression [arXiv:2404.02964]


• Closure test [EPJC 82 (2022) 4, Talk by Lucian Harland-Lang, DIS2024]

• aN3LO [EPJC 83, 
arXiv:2402.18635]


• MHOU [arXiv:2401.10319]


• QED [arXiv:2401.08749]


• QED + aN3LO [arXiv:2404.02964]

• + PDF @ N3LO [arXiv:2404.02964]


• Intrinsic charm valence PDF [arXiv:2311.00743]
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approximated N3LO PDFs (aN3LO)



N3LO PDFs : what do we need

• Splitting functions 
 

 

• VFNS matching conditions 
 
 

μ2 dfi
dμ2

= Pij (μ2) ⊗ fi (μ2)

f (nf+1)
i (x, μ2) = Aij (x, αs) ⊗ f (nf )

i (x, μ2)

• DIS massless partonic coefficients 
 
DIS massive partonic coefficients 
 
 

 

• Hadronic coefficients at N3LO 
 
 

Fi (x, Q2) = ∑
k

Ci,k ⊗ fi (x, Q2)



N3LO PDFs : what do we need

Full N3LO info not currently available

Construct approximation for what is missing


Estimate theory uncertainty

Missing Higher Order Uncertainty (MHOU):  
missing higher order terms 
 
Incomplete Higher Order Uncertainty (IHOU): 
incomplete higher (N3LO) order terms

• Splitting functions 
 

 

• VFNS matching conditions 
 
 

μ2 dfi
dμ2

= Pij (μ2) ⊗ fi (μ2)

f (nf+1)
i (x, μ2) = Aij (x, αs) ⊗ f (nf )

i (x, μ2)

• DIS massless partonic coefficients 
 
DIS massive partonic coefficients 
 
 

 

• Hadronic coefficients at N3LO 
 
 

Fi (x, Q2) = ∑
k

Ci,k ⊗ fi (x, Q2)



Splitting functions
μ2 dV

dμ2
= PNS,v ⊗ V

μ2 d
dμ2 (g

Σ) = (
Pgg Pgq

Pqg Pqq) ⊗ (g
Σ)

Nonsinglet

Singlet



Singlet

P(3)
qq,ps P(3)

qg

P(3)
gq P(3)

gg

• 5 (10) lowest Mellin moments  
[Phys.Lett.B 825 (2022), Phys.Lett.B 825 (2022), Phys.Lett.B 842 (2023), Phys.Lett.B 849 (2024) ]


• Small-  limit [JHEP 06 (2018) 145]


• Large-  limit [JHEP 09 (2022) 155, JHEP 04 (2020) 018,  Nucl.Phys.B 832 (2010)]


• large-  limit, i.e.   
[Nucl. Phys. B 915 (2017) 335–362, Phys. Lett. B 848 (2024), JHEP 01 (2024) 029 ]

x

x

nf 𝒪(n2
f ) , 𝒪(n3

f )

large-  limitnf small-  limitx remainderlarge-  limitx

γ(3)
ij (N) = γ(3)

ij,nf
(N) + γ(3)

ij,N→∞ (N) + γ(3)
ij,N→0 (N) + γ(3)

ij,N→1 (N) + γ̃(3)
ij (N)

Large-N and small-N most 
leading contributions

Further subleading terms

• Expanded on a set of basis function


• Coefficients of the expansion 
determined by known moments


• Reproduce leading and subleading 
N-space poles with unknown 
coefficients 

What we know

Our approximation

https://inspirehep.net/literature/1981444
https://inspirehep.net/literature/1981444
https://inspirehep.net/literature/2632818
https://inspirehep.net/literature/2709237
https://inspirehep.net/files/01f27cc9959e38486ad794ed5028ce28
https://inspirehep.net/files/81a05c68ae0d652340274fdd6ff7e36c
https://inspirehep.net/literature/1766652
https://inspirehep.net/literature/838766
https://inspirehep.net/files/af3bd3340c34a5e625d4a05bb0812797
https://www.sciencedirect.com/science/article/pii/S0370269323006858
https://link.springer.com/content/pdf/10.1007/JHEP01(2024)029.pdf
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• Good perturbative convergence


• IHOU and MHOU are both negligible
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• aN3LO and NNLO result agree within uncertainties


• aN3LO uncertainties are sizeable


• IHOU dominate the gluon sector

Large-x small-xPgg



singlet: small-x
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Comparison to MSHT aN3LO splitting function
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• MSHT:  to estimate IHOU 
additional nuisance parameters 
which are fitted to the data


• Nuisance params are taken as 
a prior and by looking at the 
data they determine posterior


• Biggest difference for  
where MSHT is very different 
from both NNPDF and 
previous approximation 
FHMRUVV [JHEP 10 (2017) 
041]

Pqg

https://link.springer.com/article/10.1007/JHEP10(2017)041
https://link.springer.com/article/10.1007/JHEP10(2017)041
https://link.springer.com/article/10.1007/JHEP10(2017)041
https://link.springer.com/article/10.1007/JHEP10(2017)041


Partonic cross-sections



DIS

C(3)
i,k (x, m2

h /Q2) = C(3),thr
i,k f1(x) + C(3),asy

i,k f2(x)
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KLMV

Threshold limit 

x → xmax =
Q2

4m2
h + Q2

High energy limit x → 0

Asymptotic limit Q2 ≫ m2
h

Uncertainty of the approximate coefficient function is built by 
varying interpolating functions

• DIS structure functions  known at N3LO in the 
massless limit 
DIS NC [arxiv:9605317, arxiv:0411112, arxiv:0504242] 
DIS CC [arxiv:0812.4168, arxiv:1606.08907] 

• DIS massive structure functions can be approximated from 
known limits and interpolation functions [arXiv:2401.12139, 	
Barontini, Bonvini, Laurenti, in preparation]

F2 , FL , F3 NNLO

N3LO

[arXiv:1205.5727] 


https://arxiv.org/pdf/hep-ph/9605317.pdf
https://arxiv.org/pdf/hep-ph/0411112.pdf
https://arxiv.org/pdf/hep-ph/0504242.pdf
https://arxiv.org/pdf/0812.4168.pdf
https://arxiv.org/pdf/1606.08907.pdf
https://arxiv.org/abs/2401.12139


FONLL
Extension to FONLL accounting for both massive and massless contributions at  (FONLL-E)𝒪(α3

s )

FFONLL
i = F(n)

i (x, Q2, m2
h) + F(n+1)

i (x, Q2) − F(n,0)
i (x, ln(Q2/m2

h))
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• aN3LO corrections to NNLO lower than 2% for  and at most 10% around charm mass


• aN3LO corrections larger than IHOU in a significant region

Q2 > 10 GeV2



Hadronic processes

N3LO corrections are not included



Hadronic processes

No inclusion of hadronic 
data in default set.  

• N3LO corrections pub available for inclusive NC and CC DY (differential distribution 
at the level of leptonic observables also computed but not available) 


• No N3LO calculations available for other data of NNPDF4.0


• Rapidity dependence of K factors 

dedicated variant to assess the impact of available data/computations (backup)



MHOU

Uncertainties due to perturbative truncation of partonic cross 
sections and anomalous dimensions  
[arXiv:1905.04311, arXiv:1906.10698, arXiv:2401.10319]  

Process categories
DIS NC
DIS CC
DY NC
DY CC
Top pair

Single top
Single inclusive jets

Prompt photon
Dijets

Uncertainties due to incomplete knowledge of 
N3LO corrections

IHOU

• Splitting functions


• DIS partonic coefficients

covtot = covexp + covMHOU + covIHOU

• Splitting functions (N4LO)

• DIS partonic coefficients  (N4LO)


• Hadronic partonic xsec (N3LO)  



aN3LO PDFs



aN3LO default sets

aN3LO splitting 
functions

N3LO massless 
DIS + 

aN3LO massive 

N3LO 
corrections on 
hadronic data

MHOU on 
hadronic data 

MHOU on DIS 
data

MHOU on 
anomalous 
dimension

NNPDF40 aN3LO

NNPDF40 aN3LO 
MHOU

• Same dataset and methodology used for NNPDF4.0


• Results provided both with and without MHOU


• Impact of the available hadronic data is assessed in variant fits (backup slides)



aN3LO partonic luminosity (NNPDF)
ℒij(mx, s) =

1
s ∫

1

τ

dx
x

fi (x, mx) fj ( τ
x

, mx)



• Suppression of gg luminosity


• Enhancement of qq luminosity


• Inclusion of MHOU improve 
agreement (increase in 
uncertainties of )∼ 1% − 2 %



no MHOU 

MHOU



Fit quality

NLO NNLO aN3LO
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• Without MHOU fit quality improves as 
perturbative order improves


• With MHOU fit quality is independent on 
perturbative order within  uncertainties 

 
χ2

Ndat = 4462, σχ2 = 0.03



aN3LO partonic luminosity (MSHT)
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NNLO aN3LO

Comparison with MSHT • Differences similar to those observed at NNLO


• At aN3LO differences in the gluon become bigger


• Most likely due to the differences in Pgq



Some pheno
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• Th predictions based on NNPDF4.0 and MSHT20 compatible within uncertainties (agreement improves at N3LO 
for DY)


• Using correctly aN3LO PDF in N3LO prediction rather than NNLO PDF reducer difference wrt NNLO result
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Suppression of aN3lo gluon
n3loxs [arXiv:2209.06138] ggHiggs [arXiv:1404.3204]



NLO NNLO N3LO

Perturbative Order (ME)
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When considering MHOU in the fit the differences are small but compared to the total uncertainty (DY)
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Summary

• Two aN3LO PDF sets are now available (MSHT and NNPDF)


• NNPDF4.0 aN3LO released both with and without MHOU


• IHOU are estimated and included in the analysis (different approaches followed by 
NNPDF and MSHT)


• Impact of N3LO corrections found by MSHT and NNPDF seems consistent, with 
differences which can be traced back to different input splitting functions


• Biggest differences when going from NNLO to aN3LO are observed in the gluon

Thank you!



Backup slides



Nonsinglet P(3)
ns,± P(3)

ns,s

Nonsinglet splitting functions can be 
determined with high accuracy 

• 8 moments [JHEP 10 (2017) 041]


• Small-  limit [JHEP 08 (2022) 135]


• Large-  limit [JHEP 10 (2017) 041]


• large-  limit, i.e.  [Nucl. Phys. B 915 (2017) 335–362]

x

x

nf 𝒪(n2
f ) , 𝒪(n3

f )

γ(3)
ij (N) = γ(3)

ij,nf
(N) + γ(3)

ij,N→∞ (N) + γ(3)
ij,N→0 (N) + γ̃(3)

ij (N)

large-  limitnf small-  limitx remainderlarge-  limitx

A4S1(N ) + B4 + C4
S1(N )

N
+ D4

1
N

6

∑
k=1

ck
ns(−1)k k!

Nk+1

γ(3,0)
ij + nf γ(3,1)

ij + n2
f γ(3,2)

ij + n3
f γ(3,3)

ij

Leading unknown contributions 
(small-N and large-N)

What we know

Our approximation

https://link.springer.com/article/10.1007/JHEP10(2017)041
https://link.springer.com/article/10.1007/JHEP08(2022)135
https://link.springer.com/article/10.1007/JHEP10(2017)041
https://inspirehep.net/files/af3bd3340c34a5e625d4a05bb0812797
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Nonsinglet: comparison to previous approximation

• Compatibility with previous approximation FHMRUVV [JHEP 10 (2017) 041]


• Additional small-  info included in current approximationx

https://link.springer.com/article/10.1007/JHEP10(2017)041


Nonsinglet: LO, NLO, NNLO, aN3LO with MHOU
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• Good perturbative convergence


• Except at small-x (where nonsiglet sector is subdominant anyway) N3LO corrections are negligible


• Current approximation can be considered exact (no IHOU) with negligible MHOU
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singlet: small-x
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• aN3LO and NNLO result agree within uncertainties


• aN3LO uncertainties are sizeable


• MHOU (IHOU) dominate the quark (gluon) sector



aN3LO evolution
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• comparison between NLO, NNLO and aN3lO evolution 
starting from NNPDF4.0 NNLO at 1.65 GeV and evolving 
up to 100 Gev


• Almost no difference between aN3LO and NNLO for 
nonsinglet PDFs


• For  singlet evolution is weaker at aN3LOx < 10−3
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• comparison between NLO, NNLO and aN3lO evolution 
starting from NNPDF4.0 NNLO at 1.65 GeV and evolving 
up to 100 Gev


• Almost no difference between aN3LO and NNLO for 
nonsinglet PDFs


• For  singlet evolution is weaker at aN3LOx < 10−3



Comparison with MSHT

• Differences similar to those observed at NNLO


• Biggest differences between charm and gluon



Impact of available N3LO corrections for hadronic data



Photons in the proton

• New NLO and NNLO sets supplementing with a photon PDF the pure QCD PDF set 
 
- combined QEDxQCD evolution 
 
- photon PDF determined using the LuxQED formalism 
 
 
 
 
 
 
- pure QCD for theory predictions. In particular no photon induced contributions     
  (future work) 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Compute  at   
using input PDF set

xγ μ = 100 GeV

Evolve to  
using QEDxQCD evolution 

μ = 1.65 GeV

Perform global fit with fixed 
photon, QEDxQCD evolution 
and momentum sum rules 
including photon 

Compute  at   
using input PDF set

xγ μ = 100 GeV

Converged?
No

Yes

QED fit



Good agreement with previous NNPDF determination… …and with determinations by other groups

The impact of the photon on the other PDFs is very moderate. 
Largest effects are seen in the gluon (suppressed according to 
momentum sum rule)
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Implications for LHC phenomenology (only NLO accuracy)

NC DY: Enhancement of cross section due to photon-induced 
contributions (up to )∼ 5 %

Higgs production in gluon fusion: Suppression due to 
suppression of gluon PDF (up to ) and unimportance of 
photon induced contributions

∼ 2 %

QED corrections important for precision phenomenology at the percent level



