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Torus Calabi-YauRiemann sphere

Feynman integrals related to these geometries are well studied. 

Still many open questions/problems!
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MOTIVATION

The geometry

FEYNMAN INTEGRALS 

THIS TALK!

Riemann surface of genus

In String Theory: See Carlos’ & Konstantin’s posters!

<latexit sha1_base64="sR8gYYzqlGRumiJfcMvjPL1JogE="></latexit>

g > 1
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Not necessarily unique! 
[ Marzucca, McLeod, Page, Pögel, Weinzierl |  Jockers, Kotlewski, Kuusela, McLeod, Pögel, Sarve, Wang, Weinzierl]

How do we associate one (or multiple) geometries to a Feynman integral (family)?
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FEYNMAN INTEGRALS AND THEIR GEOMETRIES GEOMETRIES

Symanzik polynomials
Maximal cut (   )

Picard Fuchs operator Polynomial equation  
(via Baikov)
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ELLIPTIC EXAMPLE: SUNRISE HYPERELLIPTIC EXAMPLE: NON-PLANAR CROSSED BOX

[ Huang, Zhang | Georgoudis, Zhang | Marzucca, McLeod, Page, Pögel, Weinzierl ]

maximal cut
loop - by - loop
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maximal cut
loop - by - loop
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even hyperelliptic curve of genus 2: even elliptic curve of genus 1: 
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EXAMPLES FOR (HYPER-)ELLIPTIC FEYNMAN INTEGRALS GEOMETRIES
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DEQFEYNMAN INTEGRALS FROM DIFFERENTIAL EQUATIONS

We want to compute a Feynman integral family analytically with differential equations.

Set up a differential equation w.r.t the external (kinematic) parameters

with                             
<latexit sha1_base64="iJKVpGgnQviWawKXMRFocTKelI0="></latexit>

dI(X) = A(X, ")I(X)
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dXi@Xi where                              are kinematic variables
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Use IBPs to find a basis of master integrals for the integral family

Find a canonical differential equation & solve in terms of iterated integrals.
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DEQFEYNMAN INTEGRALS FROM DIFFERENTIAL EQUATIONS

Find a canonical differential equation & solve in terms of iterated integrals.
[Henn]

hyperelliptic 

We want to compute a Feynman integral family analytically with differential equations.

Genus 0:      - form + dLog forms

Genus 1:      - form + simple poles (+ e.g. quasi modular forms)

Genus > 1:      - form + simple poles +  ??? 
<latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>"
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generalization of  
Siegel modular forms (?)
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How do we find this (systematically)?

What are these?

This talk!

Ongoing work!
See also Konstantin’s poster!



Elements of        :  
   no pole/ pole of order > 1  
    or  
   0
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FEYNMAN INTEGRALS IN C-FORM

All known (to us) canonical DEQS for Feynman integrals are also in C-fom!

DEQFEYNMAN INTEGRALS IN C-FORM

Define:

    - vector space of closed differential forms  
generated by the forms appearing in 
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[ Duhr, Semper, Stawiński, FP ]

An   - factorised differential equation is in C-form, if                             .
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The fundamental solution for the homogenous  
differential equation of the top sector.

How to understand maximal cuts for the rest of this talk:  

The period matrix of a twisted cohomology group 
defined by the Feynman integrand after taking residues.
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MAXIMAL CUTSMAXIMAL CUTS OF FEYNMAN INTEGRALS

10/33
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MAXIMAL CUTSMAXIMAL CUTS OF FEYNMAN INTEGRALS
The maximal cut: 
 
The period matrix of a twisted cohomology group defined by the Feynman integrand after taking residues. 
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P̌ (") = P (�")For maximal cuts, we can choose the bases such that                              and we obtain bilinear relations  
between the maximal cut entries (from twisted Riemann bilinear).
[ Duhr, Semper, Stawiński, FP ]

Connected to self-duality; See talk by S.Weinzierl!
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The maximal cut: 
 
The period matrix of a twisted cohomology group defined by the Feynman integrand after taking residues. 
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MAXIMAL CUTSMAXIMAL CUTS IN C-FORM
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Good basis of master integrals        Good basis of the twisted cohomology group
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Slogan: 

[ Duhr, Semper, Stawiński, FP ]

Basis and dual basis are in   -form and C-form 
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The maximal cut: 
 
The period matrix of a twisted cohomology group defined by the Feynman integrand after taking residues. 

MAXIMAL CUTSMAXIMAL CUTSMAXIMAL CUTS IN C-FORM
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THREE KEY-POINTS TO REMEMBER

Good basis and dual basis of differentials 
<latexit sha1_base64="tUaBaG3XmQkeNd9fbgTMlmlYDoM="></latexit>) The intersection matrix is constant.

Maximal cut: Period matrix of twisted cohomology and fundamental solution of homogenous DEQ

Maximal cut also defines a geometry and the good basis is connected to this geometry. 
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MAXIMAL CUTS OF 
(HYPER-)ELLIPTIC FEYNMAN INTEGRALS



Short review of the algorithm by                                                         (applied to maximal cut): [Görges, Nega, Tancredi, Wagner]

Different methods for finding canonical DEQ of Feynman integrals with elliptic curve or CY geometry.
[ Brösel, Duhr, Dulat, Penante, Tancredi | Pögel, Wang, Weinzierl | Görges, Nega, Tancredi, Wagner  ]
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J(X) = U · I(X) with How do we find this (systematically)?
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FINDING CANONICAL DEQs
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(Inspired by simple basis of Abelian differentials; derivative basis)
 Make a good choice for the starting basis 1.
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FINDING CANONICAL DEQs
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Different methods for finding canonical DEQ of Feynman integrals with elliptic curve or CY geometry.
[ Brösel, Duhr, Dulat, Penante, Tancredi | Pögel, Wang, Weinzierl | Görges, Nega, Tancredi, Wagner  ]

<latexit sha1_base64="TJ6DsaTgErgaqkkw/sCMXWyHynw="></latexit>

dJ(X) = "B(X)J(X)
<latexit sha1_base64="M6VLNRRGBePIO0Sqkw5GBO++6x8="></latexit>

J(X) = U · I(X) with How do we find this (systematically)?
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(Inspired by simple basis of Abelian differentials; derivative basis)

(Geometry inspired step)

 Make a good choice for the starting basis 1.

2. Compute the period matrix at              and split it in semi-simple and unipotent parts. 
Rotate the initial basis with the inverse of the semi-simple part. 

<latexit sha1_base64="YyP/ydkvstmqCtF37Y/KyG7cDg8="></latexit>

" = 0
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 Make further simple rotations (exchanges of basis elements + powers of     ) 
 to make the remaining non-canonical part lower-triangular.

<latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>"

(Inspired by simple basis of Abelian differentials; derivative basis)

(Geometry inspired step)

 Make a good choice for the starting basis 1.

2. Compute the period matrix at              and split it in semi-simple and unipotent parts. 
Rotate the initial basis with the inverse of the semi-simple part. 

<latexit sha1_base64="YyP/ydkvstmqCtF37Y/KyG7cDg8="></latexit>

" = 0

3.

(Adjustment step)
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 Make further simple rotations (exchanges of basis elements + powers of     ) 
 to make the remaining non-canonical part lower-triangular.

<latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>"

(Inspired by simple basis of Abelian differentials; derivative basis)

(Geometry inspired step)

 Make a good choice for the starting basis 1.

2. Compute the period matrix at              and split it in semi-simple and unipotent parts. 
Rotate the initial basis with the inverse of the semi-simple part. 

<latexit sha1_base64="YyP/ydkvstmqCtF37Y/KyG7cDg8="></latexit>

" = 0

3.

Make ansatz to remove these remaining non-canonical entries and  
solve the resulting differential equations.

4.

(Adjustment step)

(New objects step)
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ANY GENUS

<latexit sha1_base64="myNpZZ97dUrZaMXsCH/AezLwxLs="></latexit>

�1
<latexit sha1_base64="lFxs3oAlrO4UoekRP6rM7p2nSdk="></latexit>

�2
<latexit sha1_base64="HrHethJL9Ue+EsDkv4np53p1PZc="></latexit>

�3
<latexit sha1_base64="Cy8Dx1Cno/9LSwWCqrPpEpg360M="></latexit>

�4

<latexit sha1_base64="097DiLtcIdywAMZhTxU+qipna90="></latexit>

�2g�1
<latexit sha1_base64="2or8t25S6E9vA7sZnmrTj9pE0rM="></latexit>

�2g
<latexit sha1_base64="3oSOfpxeB+2xqELjYfEb/dhLDas="></latexit>

�2g+1
<latexit sha1_base64="HOOBH2eAS+WxiEFrST+KWoFgtdU="></latexit>

�2g+2

<latexit sha1_base64="EZLPFqdb2+68FTYvZtapVyJorXY="></latexit>a1
<latexit sha1_base64="gsKyqYR95zVzaXn+VjftZiMt7A4="></latexit>a2

<latexit sha1_base64="/EgtKFBkfhqxtNTD85+kkmEtwNI="></latexit>ag

<latexit sha1_base64="4/yjR3p5dyWDoxQYIl4RpMuNBzw="></latexit>

b1

<latexit sha1_base64="1uDnK6M8iwM20gN5AVaAQgG6yj4="></latexit>

b2
<latexit sha1_base64="5vQt5bqgZT2eybKbwnWoXkyCc6M="></latexit>

bg

<latexit sha1_base64="AGlOylbdvvoTSqDARbELSSCTwVs="></latexit>

y2 =
2g+2Y

i=1

(x� �i)Even hyperelliptic curve:                                 .          

We have the following a- and b-cycles: 

CANONICAL DIFFERENTIAL EQUATIONS FOR HYPERELLIPTIC FEYNMAN INTEGRALS | FRANZISKA PORKERT

CYCLES ON HYPERELLIPTIC CURVES

17/33



… OF THE FIRST KIND:
Holomorphic

… OF THE SECOND KIND:
Meromorphic  

vanishing residue

… OF THE THIRD KIND:
Meromorphic  

non-zero residue

<latexit sha1_base64="TiJ/RynH88IopTLcXsOabQAL9VQ="></latexit>

�1(x)dx

y
. . .

�g(x)dx

y

ABELIAN DIFFERENTIALS

<latexit sha1_base64="Bo4U649pWGYum42zdNZ3uQGBeCQ="></latexit>

dx

y
<latexit sha1_base64="u/EuuMD39VncErZQ9dfw+RPWmkE="></latexit>

dx

y
,
xdx

y

<latexit sha1_base64="svyFHtw6ATBzdAvkX+YS27SRh0s="></latexit>

g = 2

<latexit sha1_base64="wfh/BOObBZskL1zsB3SW6WZXqqA="></latexit>

g = 1
<latexit sha1_base64="Rs7MKuICCrJEMdbNGtxjjG/KrMY="></latexit>

�1(x) = xg+1 + . . .
<latexit sha1_base64="8aLZ7zutY/xQkR392GXHSppIp/s="></latexit>

�g(x) = x2g + . . .

<latexit sha1_base64="23zL6+fnWrIr+ukQzrcgoXVseTQ="></latexit>

xgdx

y

<latexit sha1_base64="dMTjzGd6zbHMUL6IT/W4MZTqpS4="></latexit>

dx

y(x� c)

<latexit sha1_base64="NIhbUhHU7JonahrFsNyDiMXfuTY="></latexit>

dx

x� c
, ,

<latexit sha1_base64="JrpSZICfUvZgUiVxh2yThhW76Ho="></latexit>

dx

y
. . .

xg�1dx

y

CANONICAL DIFFERENTIAL EQUATIONS FOR HYPERELLIPTIC FEYNMAN INTEGRALS | FRANZISKA PORKERT

DIFFERENTIALS ON HYPERELLIPTIC CURVES
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ANY GENUS



BASIS OF DIFFERENTIALS:

BASIS OF CYCLES:

,
<latexit sha1_base64="4/yjR3p5dyWDoxQYIl4RpMuNBzw="></latexit>

b1
<latexit sha1_base64="1uDnK6M8iwM20gN5AVaAQgG6yj4="></latexit>

b2

<latexit sha1_base64="g/cZcjg6iCAQPL7Lpo6UVvcs6Lo="></latexit>

[�1,�2] + [�3,�4] + [�5,�6]
<latexit sha1_base64="EZLPFqdb2+68FTYvZtapVyJorXY="></latexit>a1 , <latexit sha1_base64="gsKyqYR95zVzaXn+VjftZiMt7A4="></latexit>a2

<latexit sha1_base64="Tbnzf0THqmJOOgvBs/VqQzkYfPo="></latexit>

[�2,�3] + [�4,�5]
<latexit sha1_base64="Bo0bRHMmLr2oGg3Qk9Ordz1pS+s="></latexit>

[�4,�5],
<latexit sha1_base64="TRxV7mzpMWT1LajcED6NCf9Qzns="></latexit>

[�1,�2]
<latexit sha1_base64="IqmlluWsaltM7asQCw0eeOklQ3c="></latexit>

[�3,�4],
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GENUS 2EXAMPLE: MAXIMAL CUT FOR THE NON-PLANAR CROSSED BOX

, , , and

„first kind“ „second kind“ „third kind“

<latexit sha1_base64="JsFADiiZYIqvkbQD7lvpdOal4Vo="></latexit>

'1 =
dx

y
�

<latexit sha1_base64="wRIzBIOJXqUPCREY1LOV3/n4hVA="></latexit>

'3 =
�1(x)dx

y
�

<latexit sha1_base64="VZxZuHSy0ti7ggEhVqECtIUHShI="></latexit>

'4 =
�2(x)dx

y
�

<latexit sha1_base64="12milGTuKzkUoLcNcu2AbK/AMto="></latexit>

'5 =
x2dx

y
�

<latexit sha1_base64="Lm9MQOycf/8dtsvtNX4SW3NRqa0="></latexit>

'2 =
xdx

y
�

<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0) <latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)

19/33

<latexit sha1_base64="JGa08rCJZTNzU8QY2sZ9w9Ptylg="></latexit>0

@
A B 0
Ã B̃ 0
? ? ?

1

A
<latexit sha1_base64="KZjVKHXT3QUsLYlWXncU/lm57L0="></latexit>p1

<latexit sha1_base64="/VhfCSf9E289zjt/RXc2RAADNN0="></latexit>p2

<latexit sha1_base64="hkISTjWFMhr7XkugdVibnHwd0p8="></latexit>p3
<latexit sha1_base64="sweGuaJddpYljoZ/NjNGpLIVuoI="></latexit>p4

<latexit sha1_base64="1105RtR1fxG4ZleohFLtlGSn/UA="></latexit>

`1

<latexit sha1_base64="iJ349YZujkAcuNsKWR3HQNUjIAQ="></latexit>

`2

<latexit sha1_base64="etonY2BEoIRQ6NpGnZKRjW5Lek8="></latexit>

D = 4� 2"

<latexit sha1_base64="JGa08rCJZTNzU8QY2sZ9w9Ptylg="></latexit>0

@
A B 0
Ã B̃ 0
? ? ?

1

AMC

<latexit sha1_base64="LkAkEN4Vj2MnO2U1UEeD24jzG84="></latexit>

L(�,a) =

Z �2

�1

dx
�
1� ��1

1 x
�� 1

2+a1"
. . .

�
1� ��1

6 x
�� 1

2+a6"

<latexit sha1_base64="Arfyvv8feP3xidexYhTdPArwEcs="></latexit>

� =
6Y

i=1

(1� ��1
i x)ai"

<latexit sha1_base64="knNjO6Cn/reu3mC2IhT9ePjVYJ0="></latexit>

y =
6Y

i=1

q
(1� ��1

i x)Twist = with
<latexit sha1_base64="NhtFYmpvo0DQvhUd/QJl65yBqzA="></latexit>

�

y
&



<latexit sha1_base64="KXYG8/xzWQCDhP9jyPC36iYSEKg="></latexit>0

@
A B 0
Ã B̃ 0
? ? ?

1

A

<latexit sha1_base64="7B8T55UXIBhPI5K82R1dRhDDaYg="></latexit>

⌦ = A�1 · B
„normalized“ period

<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=
<latexit sha1_base64="Ua+KnK9RVkvP9rWmS4+ynLWARyk="></latexit>

P|✏!0

<latexit sha1_base64="KZjVKHXT3QUsLYlWXncU/lm57L0="></latexit>p1

<latexit sha1_base64="/VhfCSf9E289zjt/RXc2RAADNN0="></latexit>p2

<latexit sha1_base64="hkISTjWFMhr7XkugdVibnHwd0p8="></latexit>p3
<latexit sha1_base64="sweGuaJddpYljoZ/NjNGpLIVuoI="></latexit>p4

<latexit sha1_base64="1105RtR1fxG4ZleohFLtlGSn/UA="></latexit>

`1

<latexit sha1_base64="iJ349YZujkAcuNsKWR3HQNUjIAQ="></latexit>

`2

<latexit sha1_base64="etonY2BEoIRQ6NpGnZKRjW5Lek8="></latexit>

D = 4� 2"
<latexit sha1_base64="JGa08rCJZTNzU8QY2sZ9w9Ptylg="></latexit>0

@
A B 0
Ã B̃ 0
? ? ?

1

A

<latexit sha1_base64="JGa08rCJZTNzU8QY2sZ9w9Ptylg="></latexit>0

@
A B 0
Ã B̃ 0
? ? ?

1

AMC

a-cycles b-cycles

first 
kind

second 
kind

<latexit sha1_base64="FqIErwfUsWTZFZQZ3Gje4Xaujj0="></latexit>

" ! 0

Genus 1: 

<latexit sha1_base64="LTfjsRRP7MNas3pKXmyN9tI96aM="></latexit>✓
!1 !2

⌘1 ⌘2

◆
<latexit sha1_base64="I0iN4iTkiMoHSVapfKr1jh7mxRU="></latexit>

⌧ = !2 · !�1
1
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GENUS 2
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EXAMPLE: MAXIMAL CUT FOR THE NON-PLANAR CROSSED BOX



<latexit sha1_base64="P4qTQWxc9RB8i0QgFQieiPrFotA="></latexit>

'(1) = U (1)
6 '

, , , and
<latexit sha1_base64="JsFADiiZYIqvkbQD7lvpdOal4Vo="></latexit>

'1 =
dx

y
�

<latexit sha1_base64="wRIzBIOJXqUPCREY1LOV3/n4hVA="></latexit>

'3 =
�1(x)dx

y
�

<latexit sha1_base64="VZxZuHSy0ti7ggEhVqECtIUHShI="></latexit>

'4 =
�2(x)dx

y
�

<latexit sha1_base64="12milGTuKzkUoLcNcu2AbK/AMto="></latexit>

'5 =
x2dx

y
�

<latexit sha1_base64="Lm9MQOycf/8dtsvtNX4SW3NRqa0="></latexit>

'2 =
xdx

y
�

, , and

<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>" <latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+

<latexit sha1_base64="oCWxKY8z1cNUoPrl4nKxLbb63SE="></latexit>

"2
<latexit sha1_base64="fTgXN3tdgcPtX0vEpZsDlDBV6gw="></latexit>

d'(1) =
<latexit sha1_base64="F3F4xKfFOXxwPY7G9YrcHfaH1hU="></latexit>

'(1)
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GENUS 2STEP 1: DERIVATIVE BASIS

<latexit sha1_base64="ebGaKODhCBUS7ncTe7qFZEHBRJ0="></latexit>

'(1)
1 = '(0)

1

<latexit sha1_base64="+KnQA4UiIrLuUuokMqWwwlvF9g4="></latexit>

'(1)
2 = '(0)

2

<latexit sha1_base64="A/NgT50UdgrL1z6EZL7Qwjetzfs="></latexit>

'(1)
5 = '(0)

5

<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)

<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>"

<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
<latexit sha1_base64="LfBdoB+BDYpHsZDWWLVfm1vWsEo="></latexit>

(0)
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<latexit sha1_base64="doxgStnNNr+p7HRXCmP/HynRd7Y="></latexit>

'(1)
3 =

@

@�1
'(0)
1

<latexit sha1_base64="vCjyXEY2byKiABoAtEP7Q3GeZCw="></latexit>

'(1)
4 =

@

@�2
'(0)
2

<latexit sha1_base64="FIzGnE4nIKWwkzUbQXqX2B9Sa2E="></latexit>

d'(0) =
<latexit sha1_base64="nrGmpHi1JhAAN+PZ0PK/N3NmmGs="></latexit>

'(0)
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GENUS 2

<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>" <latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+

<latexit sha1_base64="oCWxKY8z1cNUoPrl4nKxLbb63SE="></latexit>

"2
<latexit sha1_base64="95brRx5/XQK8zABqOJJ2SuItZ9E="></latexit>

d'(2) =
<latexit sha1_base64="7Ix9Qo4lyyDMkSxyjXSaO9FgSzk="></latexit>

'(2)

STEP 2: SEMI-SIMPLE ROTATION

22/33

<latexit sha1_base64="FqIErwfUsWTZFZQZ3Gje4Xaujj0="></latexit>

" ! 0

<latexit sha1_base64="nZNot4SfLX7WatQsA8bnwRrq7zY="></latexit>

lim
<latexit sha1_base64="FqIErwfUsWTZFZQZ3Gje4Xaujj0="></latexit>

" ! 0

<latexit sha1_base64="nZNot4SfLX7WatQsA8bnwRrq7zY="></latexit>

lim

<latexit sha1_base64="KXYG8/xzWQCDhP9jyPC36iYSEKg="></latexit>0

@
A B 0
Ã B̃ 0
? ? ?

1

A
<latexit sha1_base64="s0Y447q2P5hscasDaxJVdx+PJj4="></latexit>0

@
1 ⌦ 0
0 1 0
? ? ?

1

A

<latexit sha1_base64="78ik/d0QhQ0EJF/xGG0KQl8BTCQ="></latexit>

S

<latexit sha1_base64="pcAhjD0B0I/OC0B056/HM79OtsQ="></latexit>0

@
A 0 0
Ã 2⇡i · 1 0
0 0 1

1

A
<latexit sha1_base64="F6EbHbmOaMCazi/g9SDDys+eYys="></latexit>

U (1)
6

<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=
<latexit sha1_base64="F6EbHbmOaMCazi/g9SDDys+eYys="></latexit>

U (1)
6

<latexit sha1_base64="Q4OzQ5ywb6W2+ZHtqJL27UxrHfk="></latexit>P(1)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="6d8wOzpopS4RB/n9i8urp6Xrhf0="></latexit>P(0)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="F6EbHbmOaMCazi/g9SDDys+eYys="></latexit>

U (1)
6<latexit sha1_base64="FqIErwfUsWTZFZQZ3Gje4Xaujj0="></latexit>

" ! 0

<latexit sha1_base64="nZNot4SfLX7WatQsA8bnwRrq7zY="></latexit>

lim<latexit sha1_base64="FqIErwfUsWTZFZQZ3Gje4Xaujj0="></latexit>

" ! 0

<latexit sha1_base64="nZNot4SfLX7WatQsA8bnwRrq7zY="></latexit>

lim

<latexit sha1_base64="laec9SGHsJiBB4FAEfM4/c9WphI="></latexit>

'(2) = S�1'(1)



<latexit sha1_base64="XHyLDpS/DfmICoLzcbRYK8qKfSY="></latexit>0

BBBB@

1 0 0 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 1 0 0

1

CCCCA

<latexit sha1_base64="r6poxaAWPepRns6TwwLMhwGMeqk="></latexit>

d'(3)
<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>" <latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+

<latexit sha1_base64="oCWxKY8z1cNUoPrl4nKxLbb63SE="></latexit>

"2
<latexit sha1_base64="WmOBiA6wZMzrNR2RMfBcoreY+L8="></latexit>

'(3)
<latexit sha1_base64="7Ix9Qo4lyyDMkSxyjXSaO9FgSzk="></latexit>

'(2)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="OBxpOrudy3g9vR5tUC93E57oV0Y="></latexit>0

BBBB@

1 0 0 0 0
0 1 0 0 0
0 0 1

" 0 0
0 0 0 1

" 0
0 0 0 0 1

1

CCCCA
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="WmOBiA6wZMzrNR2RMfBcoreY+L8="></latexit>

'(3)<latexit sha1_base64="Bj5aQyaKk+pMQCpcZcZTqyrmY3I="></latexit>

0

Remove      - terms:
<latexit sha1_base64="oCWxKY8z1cNUoPrl4nKxLbb63SE="></latexit>

"2

Lower triangular       - terms:
<latexit sha1_base64="4Z5u3taIK/pYLhUVR6CPaopbTw0="></latexit>

"0

<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>"

<latexit sha1_base64="qyFEsG69S4Z6KAOUdYGKSI64XtQ="></latexit>

d'(4)
<latexit sha1_base64="iXNgh/XSVMM108wjPVrOizSu6qs="></latexit>

'(4)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="iXNgh/XSVMM108wjPVrOizSu6qs="></latexit>

'(4)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="WmOBiA6wZMzrNR2RMfBcoreY+L8="></latexit>

'(3)
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GENUS 2EXAMPLE STEP 3: ADJUSTEMENTS

23/33
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Find final transformation:
We want to remove these entries!

<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>"

<latexit sha1_base64="qyFEsG69S4Z6KAOUdYGKSI64XtQ="></latexit>

d'(4)
<latexit sha1_base64="iXNgh/XSVMM108wjPVrOizSu6qs="></latexit>

'(4)
<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

<latexit sha1_base64="5WT+zm1iQ6tepl2FAIotiRSiyGg="></latexit>

A

<latexit sha1_base64="xhEdqZ3+qTIJckOb2rlBI66Nhk8="></latexit>

U (5)
6 =

1. Make an ansatz: 
 
 

2. Transform the differential equation:  

3. Require that the      - entries vanish  
<latexit sha1_base64="4Z5u3taIK/pYLhUVR6CPaopbTw0="></latexit>

"0

<latexit sha1_base64="DejagEQ9yt+Kp835CDamX0ve6DI="></latexit>

d'(5) =

⇣
dU (5)

6

⌘⇣
U (5)
6

⌘�1
+ U (5)

6 A
⇣
U (5)
6

⌘�1
�
'(5)

8 coupled differential equations of 8 unknowns  

with

GENUS 2EXAMPLE STEP 4: ANSATZ
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unknowns

<latexit sha1_base64="4OFwLj4kx2/3AUVkqp7uSMl7K2Y="></latexit>

d'(5) = U (5)
6 '(4)



 

3.  Require that the      - entries vanish  
<latexit sha1_base64="4Z5u3taIK/pYLhUVR6CPaopbTw0="></latexit>

"0 8 coupled differential equations of 8 unknowns  
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• Non-trivial to solve ! 

• Undetermined (at most 8) number of new functions !  
(not expressible just in periods and branch points)

Can we simplify this?

GENUS 2EXAMPLE STEP 4: ANSATZ
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3.  Require that the      - entries vanish  
<latexit sha1_base64="4Z5u3taIK/pYLhUVR6CPaopbTw0="></latexit>

"0 8 coupled differential equations of 8 unknowns  

Slogan: 

[ Duhr, Semper, Stawiński, FP ]

Basis and dual basis are in   -form and C-form 
<latexit sha1_base64="PStql6iwtS6auc+jN8JOthy5QD8="></latexit>�
and P̌ (") = P (�")

�
(with

<latexit sha1_base64="CUSXE+AHChBT7ugEgX/dqGIGd4c="></latexit>" <latexit sha1_base64="tUaBaG3XmQkeNd9fbgTMlmlYDoM="></latexit>) The intersection matrix is constant  
in the external variables,             . 

<latexit sha1_base64="lkFgRNIUJ/BJfNLbcqNfr/E/fMs="></latexit>

dC = 0
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We can simplify this, using the intersection matrix!

GENUS 2EXAMPLE STEP 4: ANSATZ
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[ Contains the 8 unknowns       of          ]    

1. Choose basis         & dual basis       , so that                        .   

2. Compute intersection matrix         

3. Require all entries of      to be constant in parameters       and solve for (some)      . 

<latexit sha1_base64="W8aoGX57XTgSnQ6ROrPCOWfmhBQ="></latexit>

'(5)

<latexit sha1_base64="ctjF2fzbEBoXWNYEQ2oAlfDjAos="></latexit>

�i

<latexit sha1_base64="z03e8faSFckeHn2Zu7/IWnLn/64="></latexit>

P̌ (") = P (�")

<latexit sha1_base64="xhEdqZ3+qTIJckOb2rlBI66Nhk8="></latexit>

U (5)
6 =

<latexit sha1_base64="lwO7xzteWEaU+P5GMZf2K1Lsqr4="></latexit>

'̌(5)

<latexit sha1_base64="F/L0sdUwRXkix+9RJdwxRLbfVng="></latexit>

C

<latexit sha1_base64="F/L0sdUwRXkix+9RJdwxRLbfVng="></latexit>

C

Use this condition constructively: 



 

3.  Require that the      - entries vanish  
<latexit sha1_base64="4Z5u3taIK/pYLhUVR6CPaopbTw0="></latexit>

"0 8 coupled differential equations of 8 unknowns  
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A constant skew-diagonal intersection

<latexit sha1_base64="xhEdqZ3+qTIJckOb2rlBI66Nhk8="></latexit>

U (5)
6 =

<latexit sha1_base64="EwCv355YMBk+7e0jeQlsDhpZuHM="></latexit>

C =

All but three entries of the final transformation  
(expressed in periods, branch points & the three remaining new functions)

The requirement, that the intersection matrix is constant, can be used constructively!

GENUS 2EXAMPLE STEP 4: ANSATZ
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Slogan: 

[ Duhr, Semper, Stawiński, FP ]

Basis and dual basis are in   -form and C-form 
<latexit sha1_base64="PStql6iwtS6auc+jN8JOthy5QD8="></latexit>�
and P̌ (") = P (�")

�
(with

<latexit sha1_base64="CUSXE+AHChBT7ugEgX/dqGIGd4c="></latexit>" <latexit sha1_base64="tUaBaG3XmQkeNd9fbgTMlmlYDoM="></latexit>) The intersection matrix is constant  
in the external variables,             . 

<latexit sha1_base64="lkFgRNIUJ/BJfNLbcqNfr/E/fMs="></latexit>

dC = 0

Use this condition constructively: 

Find from (now) simpler 
differential equations
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GENUS 2RESULT
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<latexit sha1_base64="W8aoGX57XTgSnQ6ROrPCOWfmhBQ="></latexit>

'(5)
<latexit sha1_base64="F6EbHbmOaMCazi/g9SDDys+eYys="></latexit>

U (1)
6

<latexit sha1_base64="jpuILtlz2/vxKWs1d+dWQJx0AYs="></latexit>

U (2)
6

<latexit sha1_base64="GpVSKKa6xMZeqDMAZU3yhKF0uNk="></latexit>

U (3)
6

<latexit sha1_base64="PbvkpQbwnQ6/X/9RBtdDjL+6Z1E="></latexit>

U (4)
6

<latexit sha1_base64="zSNieLyuuSXoUxXMHdgsKEoextY="></latexit>

U (5)
6

<latexit sha1_base64="qViEFSnHC9AB+EyN591PBLX0y5g="></latexit>=

Derivative basis

Rotation with the inverse of the  
semi-simple part of the period matrix

- factors
<latexit sha1_base64="it60SblAPDVYRxL9EEqpu6HwKiI="></latexit>"

Reordering

Ansatz for final rotation 
(Use intersection matrix)

<latexit sha1_base64="QDFkNsH9Q4zEhPLJuzPfF/MwPSA="></latexit>' Initial basis 
(inspired by geometry)

Preliminary results:  
For the Lauricella function with 5 branch points (odd hyperelliptic curve of genus 2), we obtain  
Siegel modular forms.  

forms to be classified (Siegel (quasi-)modular?)

<latexit sha1_base64="UEZGysJLvNqzkQCiGn7siq4gOno="></latexit>

d'(5) =
<latexit sha1_base64="xzbGtduVWS1w26OrqSHpm4NWq+A="></latexit>

'(5)
<latexit sha1_base64="tEOURmk9W0PfbRFQ1d5f8555mfo="></latexit>

"B(�) in    -form and C-form
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>"



SUMMARYSUMMARY: THREE TAKEAWAYS

OUTLOOK • Better understanding of the appearing (Siegel modular?) forms  

• Numerical evaluation of hyperelliptic Feynman integrals 

• Compute the full non-planar double box (beyond the maximal cut)  

• Better understanding of the role of the C-form (more generally)

The algorithm by                                            also works for hyperelliptic maximal cuts!  
 

Differential equation for maximal cut in    - form and C-form        constant intersection matrix!  
Can be used constructively!  
 
 
Preliminary evidence for Siegel modular forms (+ generalisations) in Feynman integrals

[Görges,Nega,Tancredi,Wagner]

<latexit sha1_base64="F1PO2mezwLFhTyDASeFETXOYD1M="></latexit> )<latexit sha1_base64="fcoMxLUGX0+A6h1E2BdJ1eYk2qc="></latexit>"



MOTIVATION

THANK 
YOU!



BACKUPQuasi - modular forms
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<latexit sha1_base64="PDOBtMg42lAE00mEoIV1N34UjEQ="></latexit>

f(z, ⌧) 7!
pX

i=0

(c⌧ + d)k+2
✓

cz

cz + d

◆i

fi(z, ⌧)

A quasi-modular form of weight k and depth p transforms in the following way:

Under a modular transformation, the periods and punctures transform in the following way:

<latexit sha1_base64="THuXx/l8nAhK7BJBVzgkom6WvUY="></latexit>

⌧ 7! a⌧ + b

c⌧ + d

<latexit sha1_base64="VNBApwqAZVG/W2/VKNmHYT8EfrM="></latexit>

z 7! z

c⌧ + d
,

,
<latexit sha1_base64="sxk2NDW32CkkwBvkVVjzMXWhX10="></latexit>

 1 7! (c⌧ + d) 1
<latexit sha1_base64="Ib91B0D8FqVAIORKwF5yqPKU5XU="></latexit>

 2 7! (a⌧ + b) 2

<latexit sha1_base64="wfjZY1gOmYiiFM+GzErt69YxQwY="></latexit>

@0 1 7! (c⌧ + d)@t 1 + c 1@0⌧



<latexit sha1_base64="asf9DGfnxx22Vs0sXqwle0lZ0/U="></latexit>

g(� � ⌦) = det (C · ⌦+D)k g(⌦) for all � 2 �symp(p) .

<latexit sha1_base64="dsBJgMzahmAoZzj0hBOn4zk0bLg="></latexit>

� =

✓
A B
C D

◆
<latexit sha1_base64="BRGCxNeHGIWlOUMumU56VrIzCNQ="></latexit>

2 �symp(p)

<latexit sha1_base64="y7DaFHmcYp0Tnzl7XgL+XOq0erU="></latexit>

� � ⌦ = (A · ⌦+B) (C · ⌦+D)�1 for � =

✓
A B
C D

◆

Symplectic group of level p: 

The normalized period matrix transforms as: 

<latexit sha1_base64="D/Wp5jdls3UVvLXlZFQT1KsgLnw="></latexit>

�symp(p) =

⇢
� 2 Gl2g(Z)

����T

✓
0 �1
1 0

◆
� =

✓
0 �1
1 0

◆
and � = 1 mod p

�

BACKUPSiegel modular forms
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We are interested in integrals over rational functions              with                                 .          

<latexit sha1_base64="AGlOylbdvvoTSqDARbELSSCTwVs="></latexit>

y2 =
2g+2Y

i=1

(x� �i)

<latexit sha1_base64="V8eaW+rw2FM0HJE4V9wM0MvcVc8="></latexit>Z
dxR(x, y) =

Z
dx

y
R1(x) +

Z
dxR2(x)

<latexit sha1_base64="MFhidPFWnpV45KPXnhtWp48ZTkE="></latexit>Z
dx

1

y(x� c)k

<latexit sha1_base64="v9DUT6NRE4HrPkUlL2+stB1gbI8="></latexit>Z
dx

xk

y
and

<latexit sha1_base64="v9DUT6NRE4HrPkUlL2+stB1gbI8="></latexit>Z
dx

xk

y

<latexit sha1_base64="NcWbnsorE0Z/rcCwtZMZUt689fw="></latexit>

k = 0, . . . , 2gwith
<latexit sha1_base64="1ERTQF5qWHf4c6v4A/kiB1I3Hnk="></latexit>Z

dx
1

y(x� c)

<latexit sha1_base64="bPDrMHnncrQya8+stSNxokPYOSw="></latexit>

c 6= �iforand

Integration by parts

Partial fractioning

MPLs: 
<latexit sha1_base64="MFwrIASu5j22LrYeqRUe9nVKuRs="></latexit>Z

dx
1

x� c

<latexit sha1_base64="RCUSAgBX9rhMi4Cnw4qU5TswnZc="></latexit>

R(x, y)

BACKUPIndependent differentials on hyperelliptic curve
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<latexit sha1_base64="3FEBYWEWzu6clXzCnEy1CJa4+0k="></latexit>

D = 2� 2"

ELLIPTIC EXAMPLE: SUNRISE

maximal cut
loop - by - loop

even elliptic curve of genus 1: 
<latexit sha1_base64="7bMVC9QW+0cMpwUnXKE/Ya+Vycc="></latexit>

y2 = (x� µ1)(x� µ2)(x� µ3)(x� µ4)

<latexit sha1_base64="cHOhEg5SbrmLsPOQ+VQ4XlbsNxk="></latexit>Z

�
dxx" [(x� µ1)(x� µ2)(x� µ3)(x� µ4)]

� 1
2�"
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GENUS 1FEYNMAN INTEGRAL WITH AN ELLIPTIC CURVE

<latexit sha1_base64="7bMVC9QW+0cMpwUnXKE/Ya+Vycc="></latexit>

y2 = (x� µ1)(x� µ2)(x� µ3)(x� µ4)

Homology basis:

<latexit sha1_base64="EZLPFqdb2+68FTYvZtapVyJorXY="></latexit>a1
<latexit sha1_base64="4/yjR3p5dyWDoxQYIl4RpMuNBzw="></latexit>

b1

<latexit sha1_base64="01SmlCB53g9txSj2FgUIp2LBtTY="></latexit>µ1
<latexit sha1_base64="mlqcnSS7T+acdbrx4A3UITvy8tY="></latexit>µ2

<latexit sha1_base64="iZba+bvXmQnP4xvofFb62MPiBlA="></latexit>µ3
<latexit sha1_base64="7hBx4ttrEXdVC5UgJVsXQAmcWeE="></latexit>µ4

Periods and quasi-periods:

Basis of differentials:
<latexit sha1_base64="nnkkEShb3v5Wly6Ue9nJnp+cHGU="></latexit>⇢
dx

y
,
xdx

y

�

<latexit sha1_base64="/hY69n0dtaMnVG4YfTzZ5cdgAaw="></latexit>

⌧ =
!2

!1

<latexit sha1_base64="D2u4YZuXLY54EiCkjF5R+5C1Hqk="></latexit>

⌘1 = 2

Z

a1

x dx

y
<latexit sha1_base64="kfKVZyrQopsdZcHyqIOVhxllNPc="></latexit>

⌘2 = 2

Z

b1

x dx

y

<latexit sha1_base64="GsMaF5e1HgnVubsMklaTPP4FmOc="></latexit>

!2 = 2

Z

b1

dx

y

<latexit sha1_base64="nMTqeyQIKofinPsq8JrJUkbsaps="></latexit>

!1 = 2

Z

a1

dx

y
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GENUS 1EXAMPLE: ELLIPTIC LAURICELLA

<latexit sha1_base64="CuBfN0F0YUdYrc6MqrJNx0lnCQo="></latexit>

I(0)1 =

Z
 4

dx

y
<latexit sha1_base64="qTTinc8AkSPtaAyr+o7/C26RwxQ="></latexit>

I(0)2 =

Z
@

@µ1

✓
 4

dx

y

◆

A toy model for Feynman integral with even elliptic curve of genus 1: 

1. Make a good choice for the starting basis 

<latexit sha1_base64="cSrx69q7XtM9dCd+ifaUVvSEzoo="></latexit>=
<latexit sha1_base64="BCbkKcgI75JhjNMuP85iv7t4Tpo="></latexit>

( <latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>"

<latexit sha1_base64="oCWxKY8z1cNUoPrl4nKxLbb63SE="></latexit>

"2<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+

<latexit sha1_base64="BCbkKcgI75JhjNMuP85iv7t4Tpo="></latexit>

(
<latexit sha1_base64="/MkV/6foRYn8rrNAvVC55ryuOZQ="></latexit>

d

0

B@
I(0)1

I(0)2

I(0)3

1

CA

<latexit sha1_base64="m7MIYkrxQaYjSbvxL3ggojigoUI="></latexit>0

B@
I(0)1

I(0)2

I(0)3

1

CA

[Görges, Nega, Tancredi, Wagner ]We use the algorithm by                                                         :

<latexit sha1_base64="+gUwnW5m6xEbzS2iRRHL3zqisq4="></latexit>

�4 =
 4

y
Twist: 

<latexit sha1_base64="4C8uLdoPlVYBmbqJsNq7OiVCAR0="></latexit>

y2 =
�
1� µ�1

1 x
� �

1� µ�1
2 x

� �
1� µ�1

3 x
� �

1� µ�1
4 x

�
with

<latexit sha1_base64="96VVLp7/PjuQJVyqhQ45SjYjlfI="></latexit>

L4(µ,a) =

Z µ2

µ1

�
1� µ�1

1 x
�� 1

2+a1" �
1� µ�1

2 x
�� 1

2+a2" �
1� µ�1

3 x
�� 1

2+a3" �
1� µ�1

4 x
�� 1

2+a4"
dx

<latexit sha1_base64="dy2Bj8JY/IawGfiq2eAUciAKJHs="></latexit>

I(0)3 =

Z
 4

x dx

y
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GENUS 1EXAMPLE: ELLIPTIC LAURICELLA
2. Rotation with semi-simple part of the period matrix at              : 

<latexit sha1_base64="YyP/ydkvstmqCtF37Y/KyG7cDg8="></latexit>

" = 0
<latexit sha1_base64="jqeP1i46w+VYjDyfQ9BayPDWcDc="></latexit>

P0 =

✓
!1 !2

⌘1 ⌘2

◆
=

1p
�

✓
!1 0
⌘1 � 2⇡i

!1

◆✓
1 ⌧
0 1

◆

<latexit sha1_base64="azNuxmzx74qWr5vgqVDYqHogOuQ="></latexit>

S

<latexit sha1_base64="F7uxb3qHiSVIFQTlzOrobjH6SzA="></latexit>0

B@
I(1)1

I(1)2

I(1)3

1

CA <latexit sha1_base64="cSrx69q7XtM9dCd+ifaUVvSEzoo="></latexit>=

<latexit sha1_base64="m7MIYkrxQaYjSbvxL3ggojigoUI="></latexit>0

B@
I(0)1

I(0)2

I(0)3

1

CA

<latexit sha1_base64="cSrx69q7XtM9dCd+ifaUVvSEzoo="></latexit>=
<latexit sha1_base64="BCbkKcgI75JhjNMuP85iv7t4Tpo="></latexit>

( <latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>"

<latexit sha1_base64="oCWxKY8z1cNUoPrl4nKxLbb63SE="></latexit>

"2<latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+

<latexit sha1_base64="BCbkKcgI75JhjNMuP85iv7t4Tpo="></latexit>

(
<latexit sha1_base64="HRgBR08+NtJVotNav92ZeHgCT0g="></latexit>

d

0

B@
I(1)1

I(1)2

I(1)3

1

CA

<latexit sha1_base64="F7uxb3qHiSVIFQTlzOrobjH6SzA="></latexit>0

B@
I(1)1

I(1)2

I(1)3

1

CA

3. Reordering and    Rotation:     
<latexit sha1_base64="YyP/ydkvstmqCtF37Y/KyG7cDg8="></latexit>

" = 0

<latexit sha1_base64="cSrx69q7XtM9dCd+ifaUVvSEzoo="></latexit>=
<latexit sha1_base64="BCbkKcgI75JhjNMuP85iv7t4Tpo="></latexit>

( <latexit sha1_base64="kILdr5JpkFyTidi/KnjUNdi9ZK0="></latexit>

+
<latexit sha1_base64="MD8yq4Lis7F0py/PxqxoCX3Ofyw="></latexit>"
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4. Integrate out remaining entries
= Make an Ansatz for the final transformation, require   -form and solve the resulting differential equations. 

                   One new object (not rational function of periods & branch points).
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