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Overview
Hypergeometric function:

▶ integral representation

▶ hypergeometric differential equation (holonomic system)

▶ ”canonical” way of defining the singular locus

QFT:

G : graph⇝ AG =

∫
Rn
+

fG (x ; kinematic variables)−sxν11 · · · xνnn
dx1 · · · dxn
x1 · · · xn

▶ AG is a special integral

▶ differential equation

▶ Singularity of each AG matters (Landau singularity)

Proposal: hypergeometric study of Landau singularity
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Upshot: D-module intuition is available in the literature.
3



1. What is the singularity of an integral?



Singularities of integrals

π : X → Z : a family of varieties.

f1, . . . , fℓ : X → C∗ :invertible regular functions

s1, . . . , sℓ ∈ C: parameters

Euler integral:∫
π
f s11 · · · f sℓℓ ξ, ξ: relative differential form.

Landau singularity is the locus where π fails to be a fiber bundle.

F.Pham(’60-70’s), Helmer-Papathanasiou-Tellander (’24)

→ Whitney Stratification

This is JUST an upper bound of singularity.
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Euler discriminant

Let π : X → Z be a (good) family of very affine varieties.

χ : Z 3 z 7→ |χ(Xz)| ∈ Z≥0 locally constant function.

Euler discriminant is defined by

∇χ(Z ) := {z ∈ Z | χz < maxχz}.

▶ Euler discriminant is a generalization of the principal
A-determinant (Esterov ’13).

▶ Euler discriminant will be the correct notion of singularity of
an Euler integral (Fevola-Mizera-Telen ’24).

Landau singularity:=Euler discriminant.
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2. What does Euler discriminant mean?



Gelfand-Kapranov-Zelevinsky case

A ⊂ Zd ⇒ f (x ; z) =
∑

a∈A zax
a (x = (x1, . . . , xd))

Z = CA, X = {(x , z) ∈ (C∗)d × Z | f (x ; z) 6= 0} → Z

∇χ(Z ) = {z ∈ Z | EA(z) = 0} (Esterov’13, Amendola et al’18)

EA(z) =
∏

Q<New(A)
Q:non-defective

∆Q(z)
mQ : principal A-determinant (GKZ ’90)

∆Q : Q-discriminant

mQ = max
z∈Z

χz − max
z∈{∆Q=0}

χz
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An example
f (x ; z) = z1x2 + z2x1x2 + z3x

2
1x2 + z4x

2
2 + z5

EA(z) = z23 z
2
4 z

2
5 (z

2
1 − 4z4z5)(16z

2
1 z

2
3 − 8z1z

2
2 z3 + z42 − 64z23 z4z5)

f (x ; z) =
1∑

i ,j ,k,ℓ=0

zijkℓx
i
1x

j
2x

k
3 x

ℓ
4

→ deg(∆A) = 24, #(terms of ∆A(z)) = 2, 894, 276.

(Huggins-Sturmfels-Yu-Yuster ’08)
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3. Hypergeometric Landau variety



Euler integral and the associated D-module

Z ⊂ CA: smooth subvariety, f : (C∗)n × Z → C: regular function,
π : X = (C∗)n × Z \ V (f ) → Z : a family of varieties.

s, ν1, . . . , νn ∈ C: generic parameters

Euler integral: IΓ(z ; s, ν) :=

∫
Γ
f (x ; z)−sxν11 · · · xνnn

dx1 ∧ · · · ∧ dxn
x1 · · · xn

.

DZ : ring of differential operators on Z .

I =
∩
Γ

AnnDZ
IΓ(z ; s, ν) ⊂ DZ : left ideal

⇒ M = DZ/I : (regular) holonomic DZ -module

⇒ Char(M) := Supp(gr(M)) ⊂ T ∗Z

⇒ Sing(M) := proj(Char(M) \ T ∗
ZZ ) ⊂ Z , proj : T ∗Z → Z .
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General structure of Euler discriminant

Theorem

Sing(M)={z |∃Γ, IΓ(z ; s, ν) is singular at z}.

Theorem

Sing(M) = ∇χ(Z ).

⇒ Sing(M) is independent of generic s, ν1, . . . , νn.

Theorem
∇χ(Z ) is purely one-codimensional in Z .
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Hypergeometric system
M = DZ/I : holonomic DZ -module

How to describe I?

Theorem (M.H.-Telen ’23, M.H.)

IΓ(z ; s, ν) is annihilated by the following operators:

1− σs f (σν ; z), νi − sσsσνi
∂f

∂xi
(σν ; z), ∂zj + sσs

∂f

∂zj
(σν ; z),

where σs : s 7→ s + 1 and σνi : νi 7→ νi + 1. They generate the left
annihilater ideal J of IΓ(z ; s, ν) in the difference-differential ring.

I = J ∩ DZ : non-commutative elimination

#

{
(y , x) ∈ Cn+1 | 1− yf (x ; z) = νi − syxi

∂f

∂xi
(x) = 0

}
= χz (Huh ’13).
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General structure of the characteristic cycle
T ∗Z : cotangent bundle, OT∗Z = C[z1, z2, . . . , ξ1, ξ2, . . . ]

Consider a family of likelihood equations:

J0 := 〈1−yf (x ; z), νi−syxi
∂f

∂xi
(x), ξj+sy

∂f

∂zj
(x ; z)〉 ⊂ C[y , x ]⊗COT∗Z

σs → y , σνi → xi , ∂j → ξj : dequantization

I0 := J0 ∩ OT∗Z ⇒ M0 := OT∗Z/I0 ⇒ gr(M0)

Theorem
The characteristic cycle CC (M) is given by

CC (M) =
∑

p∈AssOT∗Z (M0)

mpV (p), mp = lengthOT∗Z ,p
(Mp).

In particular, Char(M) =
∪

p∈AssOT∗Z (M0)
V (p)

codimπ(V (p)) = 1 ⇒ mp = χ∗ − χp (Kashiwara’s index theorem)
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Example:parachute

p1

p2

p3x2 x1

x4

x3

f (x ; z) =(1−
4∑

i=1

mixi )((x1 + x2)(x3 + x4) + x1x2)

+ x1x2(M1x3 +M2x4) +M3x3x4(x1 + x2)

Simplification: m2 = m3 = M2 = 0
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List of (π(V (p)),mp)
codim 0: {{0} , 8} ⇒ Conjecture: rank(M) = χ∗ if f is ”good”.

codim 1:

{{m4M1 −m1M3} , 1} , {{m1 −m4 −M1 +M3} , 1} , {{m1 −m4} , 1} ,
{{m1 −M1} , 1} , {{m1} , 4} , {{m4 +M1 −M3} , 1} , {{m4 −M3} , 2} ,
{{m4} , 2} , {{M1 −M3} , 2} , {{M1} , 2} , {{M3} , 2}

codim 2:

{{m4 +M1 −M3,m1} , 1} , {{m4 −M3,m1 −M1} , 1} , {{m4 −M3,m1} , 1} ,
{{m1,m4} , 2} , {{M1 −M3,m1 −m4} , 1} , {{M1 −M3,m1} , 1} ,
{{M1 −M3,m4} , 1} , {{m1,M1} , 2} , {{M1,m4 −M3} , 1} ,
{{m1,M3} , 1} , {{m4,M3} , 2} , {{M1,M3} , 2}

codim 3:

{{M1 −M3,m4,m1} , 1} , {{M1,m4 −M3,m1} , 1} , {{m1,m4,M3} , 1} ,
{{m1,M1,M3} , 1} , {{m4,M1,M3} , 1}

codim 4: {{m1,m4,M1,M3} , 1} 13



Dequantization

Scaling:

IΓ(z ; s, ν)⇝ I (z ; s/ℏ, ν/ℏ) =
∫
Γ
eϕs,ν/ℏ dx1 ∧ · · · ∧ dxn

x1 · · · xn

If ∃!x̂ ∈ Γ ∩ {dϕs,ν(x) = 0}, then

IΓ(z ; s/ℏ, ν/ℏ) ∼ (2π)
n
2 ℏ−

n
2 eϕs,ν(x̂)/ℏ 1√

−Hesstoricϕs,ν(x̂)
(1+ o(ℏ))

Hesstoricϕs,ν(x̂) = det
(
xi∂xi (xj∂xjϕs,ν)

)
i ,j
(x̂) : toric Hessian

On the level of difference-differential rings:

[∂zi , zj ] = ℏδij , [σs , s] = ℏσs , [σνi , νj ] = ℏδijσνi
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Summary

▶ Singularity of integrals is of algebro-topological origin.

▶ Euler discriminant is a generalization of the principal
A-determinant.

▶ Singular locus of a D-module is Euler discriminant.

▶ Hypergeometric system can be dequantized.

Thank you for your attention!
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