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Overview
Hypergeometric function:
P integral representation

» hypergeometric differential equation (holonomic system)

» "canonical” way of defining the singular locus

QFT:

G : graph ~ Ag = / fc(x; kinematic variables) ~*x;* - - - x;"
> Ag is a special integral

» differential equation

» Singularity of each Ag matters (Landau singularity)

Proposal: hypergeometric study of Landau singularity‘

- dx;,
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1. What is the singularity of an integral?



Singularities of integrals

Fridiric Pham

Singularities
m: X — Z : a family of varieties. ofintegrals
fi,...,f; : X = C* :invertible regular functions
S1,...,8 € C: parameters

R

©

Euler integral:

/ it ¢, & relative differential form.

Landau singularity is the locus where 7 fails to be a fiber bundle.

F.Pham('60-70's), Helmer-Papathanasiou-Tellander ('24)
— Whitney Stratification

‘This is JUST an upper bound of singularity. ‘




Euler discriminant

Let 7 : X — Z be a (good) family of very affine varieties.

X:Z 3z |x(Xz)| € Z>p locally constant function.

Euler discriminant is defined by

Vi(Z2):={z€ Z|x, <maxx,}.

» Euler discriminant is a generalization of the principal
A-determinant (Esterov '13).

» Euler discriminant will be the correct notion of singularity of
an Euler integral (Fevola-Mizera-Telen '24).

’ Landau singularity:=Euler discriminant. ‘




2. What does Euler discriminant mean?

GKZ

e stands for

Gelfand Kapranov and
Zelevinsky

©

Abbreviations.com




Gelfand-Kapranov-Zelevinsky case

ACZ? = f(x;z) = ,enzax? (x = (x1,...,Xd))
Z=CA X={(x,2z) €(C*)¥ x Z| f(x;2) # 0} —

V(Z)={z € Z| Ea(z) =0} (Esterov'13, Amendola et al'18)

Ea(z) = H Ag(z)™@ : principal A-determinant (GKZ '90)

Q<New(A)
Q:non-defective

Ag : Q-discriminant

mo = maxy, — max Y
QT N7 Xz ze{Ag=0} """



An example
f(x;2) = z1x0 + zox1%0 + 23x12x2 + Z4X22 + z5
Ex(z) = 2823 22(2} — 42425) (1627 23 — 8212323 + 23 — 6423 2425)

—logl{E4 = 0}

A gl
T2 =
J New(E 4)

o A A

f(x; z) Z Z,JngIXJX3 x5

kyl=
— deg(Ap) = 24, #(terms of Aa(z)) = 2,894, 276.
(Huggins-Sturmfels-Yu-Yuster '08)

—log|z|




3. Hypergeometric Landau variety



Euler integral and the associated D-module

Z C CA: smooth subvariety, f : (C*)" x Z — C: regular function,
m: X =(C*)"x Z\ V(f) = Z : a family of varieties.

s,v1,...,vn € C: generic parameters

: dxi A\ -+ A dx
Euler integral: Ir(z;s,v) = / F(x; z) 7S - - .in¥_
r Xl .. Xn

Dz: ring of differential operators on Z.

I =()Annp,Ir(z;s,v) C Dz : left ideal
r

= M = Dz/I: (regular) holonomic Dz-module
= Char(M) := Supp(gr(M)) C T*Z

= Sing(M) := proj(Char(M)\ T;Z) C Z, proj: T*Z — Z.



General structure of Euler discriminant

Theorem

Sing(M)={z|3r, Ir(z; s, v) is singular at z}.

Theorem

Sing(M) = V(Z).
= Sing(M) is independent of generic s, v1,...,Vp.
Theorem

V. (Z) is purely one-codimensional in Z.



Hypergeometric system
M = Dz /I : holonomic Dz-module

‘ How to describe /7 ‘

Theorem (M.H.-Telen 23, M.H.)

Ir(z; s,v) is annihilated by the following operators:

f
(0u; 2), 0z + sos—(ou; 2),

0z;

1—osf(oy;2),vi — sasa,,,a
1

where 05 : s+ s+ 1 and 0,, : vi — v; + 1. They generate the left
annihilater ideal J of Ir(z;s,v) in the difference-differential ring.

’ | = JN D7 : non-commutative elimination ‘

# {(y,x) eC™ |1 - yf(x;2) = vj — syx,-%(x) = 0} = xz (Huh '13).
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General structure of the characteristic cycle
T*Z: cotangent bundle, Or«z = (C[Zl, Zo, ..., 61,6, .. ]

Consider a family of likelihood equations:

Jo = (1=yf(x; 2), vi—syx;

of of

x; (X),§j+5yafzj(x: z)) C Cly, x]®@cO1+z
os = y,0,, — X;, 0 — &1 dequantization

Iy = JoNO1sz = My := OT*Z/IO = gr(/\/lo)

Theorem
The characteristic cycle CC(M) is given by

CC(M) = > mpV(p), my=lengtho,., (Mp).
pGAssoT*Z(MO)

In particular, Char(M) = UpeAssoT*Z(MO) V(p)

codimm(V(p)) =1 = my, = x* — xp (Kashiwara’s index theorem)



Example:parachute

P2
X4
X2 P3
X3
p1

4

f(x;z) =(1— Z mix;)((x1 + x2)(x3 + xa) + x1x2)
i=1
+ x1x2( Mix3 + Maxa) + Maxzxa(x1 + x2)

Simplification: my = m3 = M, =0
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List of (w(V(p)), my)
codim 0: {{0},8} = Conjecture: rank(M) = x* if f is "good".
codim 1:
{{maMy — miMs} 1} {{m1 — my — My + M3} 1} {{m1 — ms}, 1},
{{m — M1}, 13 {{m}, 4} {{ms + My — M3}, 1}, {{m4 — M5}, 2},
{{ma}, 2}, {{My — M3}, 2} {{M1}, 2}, {{Ms}, 2}
codim 2:
{{mg+ My — Mz, mi},1} {{ms — M3, my — My} ,1} ;{{ms — M3, m1 }
{{m1,ma},2} ;{{M1 — Mz, my — ms},1} ,{{M1 — M3, m1},1},
{{Mr — Mz, ma} 1}, {{m1, M1}, 2} {{M1, ms — M3} 1},
{{m1, Ms} 1}, {{ma, M3}, 2} , {{M1, M3}, 2}
codim 3:
{{M1 — M3, mg,m1},1} ,{{ M1, ms — M3, m1}, 1}, {{m1, mg, M3} 1},
{{my, My, M3} 1}, {{ma, My, M5} , 1}
codim 4: {{my, my, My, M3} ,1} 3



Dequantization

Scaling:

e¢571’/th1 /\ tte /\ an

Ir(z;s,v) ~ I(z;s/h,v/h) :/r

Xl...Xn

If 3% € I'N {d¢s.(x) = 0}, then

1
\/— HeSStoric ¢S,V ()?)

HesStoric®s,»(X) = det (Xiax,-(’ﬁ'&gqjs,l/)),-,j (X) : toric Hessian

Ir(z;s/h,v/h) ~ (2r)2 i 2 P50 (R)/P (1+o(h))

On the level of difference-differential rings:

[az,':zj] = h‘sfja [0575] = hos, [UV{7 Vj] = hdijo—lj:’
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Summary

» Singularity of integrals is of algebro-topological origin.

» Euler discriminant is a generalization of the principal
A-determinant.

» Singular locus of a D-module is Euler discriminant.

» Hypergeometric system can be dequantized.

Thank you for your attention!
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