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A-hypergeometric Integrals of Linear Forms
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Aomoto-Gelfand Integrals of Linear Forms
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Two matrices:

Monomial support:

Coefficients:
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Motivating example: Cosmological Integrals
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Question:

For which values of X, X,, Y
The number of bounded
regions is smaller than 47



...for example

Y=0



Why?
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Why?
Real arrangements:

Number of bounded chambers = (—1)*- x(X.)

The decrease In the Euler characteristic characterises:

@~45 mins ago: Matsubara-Heo
® The singularities of the integrals

® The singular locus of a D—module

xX)| =vold) <= z¥eC\ {E;(z) =0}

Principal A-determinant
Moreover, when E,(z) = 0, we have [x(X))| < vol(A). Thu @15:00: Dlapa
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How?

Z C C4smooth subvariety

Generic signed
Euler characteristic

V.(Z2) = {z€Z : |xX)|<|y*l} Eulerdiscriminant

® V)((Z) is a closed subvariety of Z

o If Z=C4, y* =vol(A), then

V;((Z) = {E£4 =0} Principal
A-determinant

Advances in Mathematics
Volume 245, 1 October 2013, Pages 534-572

The discriminant of a system of equations
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Principal A-determinants [ckz

EA(ZI"“’ZS) — H AA(Q\Q\_/\AHQ= |:m1 n’.lz

fala;2) = zja™ + 0™+ ... + z,a™s

Q€eF(A)

l

K—> Set of faces of Conv(A)

Example fa(a.2) = 21+ 0+ 3+ 401

m. € Q
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Edge Polytopes
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Principal A-Determinant of a sparse arrangement

let D #1CV,and@ # J C V,.Then, {J; ; is a face of the polytope P .
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Principal A-Determinant of a sparse arrangement

Let G be a connected bipartite graph. Then, one has the formula
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Principal A-Determinant of a sparse arrangement

Let G be a connected bipartite graph. Then, one has the formula

LJ:|I|=|J],

G;,; is connected
and (%)

Non-defective @ <= Condition on subgraph

Change of matroid = Change of X
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Euler Discriminant
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Euler Discriminant
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Let y(X,) > O for some z € Z, then
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A

WORK in
PROGRESS

Multiplicities
Theorem (Esterov): For aface Q of Conv(A)

mgy =)= — max y,
Z€EA 0o

Generic |Euler characteristic|, xx = 5

candidates = Any[z03, z03%z15%z24 + z0Q4%z13%z25, z03%z16%z24 + z04%z13%z26, z04, z13, z15, z15%z26 - z16%z25, z1
6, z24, z25, z26]
Subspace z03 has x =
Subspace z03%z15%z24
Subspace z03%z16%z24

< Xk
z04%z13%z25 has Y
z04%z13%z26 has Y

2

+ 4 < Yx
+

2<X*

2

3

6

4 < Yx

Subspace z04 has Y =

Subspace z13 has X = 2 < Xx

Subspace z15 has ¥ = 3 < ¥x

Subspace z15%z26 — z16%z25 has X = 3 < Xx
Subspace z16 has X = 3 < Xx

Subspace z24 has X = 2 < Xx

Subspace z25 has X = 3 < Xx

Subspace z26 has ¥ = 3 < Xx
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Multiplicities

Subdiagram
Volume

my = (Q,A) - u(S(A)/Q) = u(S(A)/Q) = multy(¥)

J Toric variety
constructed

1 from S(A)/Q
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Multiplicities ,
Subdiagram S
Volume

my = (Q,A) - u(S(A)/Q) = u(S(A)/Q) = multy(¥)

J Toric variety
constructed

1 from S(A)/Q

Question: Can we derive it from the graph?

e Different vertices can have different multiplicities:
it Is about the graph G/Q

Strategy: Construct a toric ideal associated to G/Q and compute multy(¥;)
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A-discriminants

Question: Where do solutions ./ (z) to the GKZ system develop singularities?

V5 = {z € C': dae (C*)" s, fila;2) =0, fr(a;7) = O}

The A-discriminant variety V4 = V_Z records values of Z for which V), _ is singular.

Example
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