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The high energy limit
A storehouse of rich phenomenology.
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> Three fundamental limits:

soft, collinear and Regge.

> Forward scattering regime involves

large logarithms of x ∼ t
s

> The BFKL equation describes this

rapidity evolution in x.
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Two lines of attack to describe Regge behavior in

cross-sections:

> Unitarization of cross-section leading to nonlinear

generalizations of BFKL.

> Achieve consistent collinear and BFKL

resummation: ← This talk
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Importance of higher order small-xb resummation
Small-x data at N3LO plays a crucial role in improving PDFs

> N3LO pieces available from BFKL evolution of

the splitting functions [McG+23]:

Pgg: α
3
s ln

3x X, α3
s ln

2x X, α3
s lnx (?)

Pgq: α
3
s ln

3x X, α3
s ln

2x (?)

Pqg: α
3
s ln

2x X, α3
s lnx (?)

P PS
qq : α

3
s ln

2x X, α3
s lnx (?)

> Compare Pgg and Pgq:

Difference in moments (MSHT, 4 vs. NNPDF, 5)

only impacts large x region.

> Pgq has the highest power of missing logarithm

→ large uncertainty in the small-x region.

Slide from Robert Thorne, DIS 2024

xPgq(x)xPgg(x)

xPqg(x) xPqq(x)
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Difference in moments (MSHT, 4 vs. NNPDF, 5)

only impacts large x region.

> Pgq has the highest power of missing logarithm

→ large uncertainty in the small-x region.

Slide from Robert Thorne, DIS 2024

xPgq(x)xPgg(x)

xPqg(x) xPqq(x)

Why has been achieving NLLx Pij so challenging?
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State-of-the-art in small-xb resummation

QCD@LHC, Durham, September 2023Gavin P. Salam

selected collider-QCD accuracy milestones

6

DGLAP splitting functions
LO NLO NNLO [parts of N3LO]

1980 1990 2000 2010 20201970

Drell-Yan (γ/Ζ) & Higgs production at hadron colliders
NLOLO NNLO[……………….] N3LO

transverse-momentum resummation (DY&Higgs)
NLL[……]LL NNLL[…] N3LL

parton showers
[parts of NLL…………………………………………..]LL

(many of today’s widely-used showers only LL@leading-colour)

LL              [ @NLL]pgg

Small-xThis talk
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DIS review: Twist expansion

Consider unpolarized, inclusive DIS:

Q2 = −q2 > 0 , xb =
Q2

2P · q ,

d2σ

dxb dQ2
(e−p→ e−X) =

2πyα2

Q4
Lµν(Pe, q) Wµν(P, q) .

Wµν = eµνL
1

xb
FL(xb, Q

2) + eµν2
1

xb
F2(xb, Q

2) .

<latexit sha1_base64="/cQIlrr0ANp0DCmrW9CozMgq7Jo="></latexit>

Pµ
e

<latexit sha1_base64="xNpBZcvyXZjp1QAeHosTXUPkoqo="></latexit>

Pµ

<latexit sha1_base64="tgWo6fI9nCDBl2MvYdvf2v3Bk9Q="></latexit>

qµ
<latexit sha1_base64="nluKGgtvTnNkQZbfH96ESvWh/iA="></latexit>

Pµ
X

Well-known twist-2 factorization:

1

xb
Fa(xb, Q

2) =
∑
κ

∫ 1

xb

dξ

ξ
H(κ)

a

(xb
ξ
,Q, µ

)
fκ/p(ξ, µ) +O

(
Λ2
QCD

Q2

)
.

PDF absorbs all the IR divergences.
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DIS review: Twist expansion

Consider unpolarized, inclusive DIS:

Q2 = −q2 > 0 , xb =
Q2

2P · q ,

d2σ

dxb dQ2
(e−p→ e−X) =

2πyα2

Q4
Lµν(Pe, q) Wµν(P, q) .

Take Mellin Transform:

<latexit sha1_base64="/cQIlrr0ANp0DCmrW9CozMgq7Jo="></latexit>

Pµ
e

<latexit sha1_base64="xNpBZcvyXZjp1QAeHosTXUPkoqo="></latexit>

Pµ

<latexit sha1_base64="tgWo6fI9nCDBl2MvYdvf2v3Bk9Q="></latexit>

qµ
<latexit sha1_base64="nluKGgtvTnNkQZbfH96ESvWh/iA="></latexit>

Pµ
X

F̄p(N,Q
2) =

∫ 1

0

dx

x
xN
( 1
x
Fp(x)

)
, ⇒ F̄ (κ)

p (N) =
∑
κ′

H̄(κ′)
p (N)× Γ̄κ′κ

(
N, ε

)︸ ︷︷ ︸
PDF

.

IR divergences are exponentiated into PDFs (transition functions),

Γ̄κ′κ

(
αs(µ

2), N, ε
)
≡ P exp

(∫ αs(µ
2)

0

dα

β(ε, α)
γs(α,N)

)
κ′κ

.
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DIS review: Twist expansion
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<latexit sha1_base64="tgWo6fI9nCDBl2MvYdvf2v3Bk9Q="></latexit>
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<latexit sha1_base64="nluKGgtvTnNkQZbfH96ESvWh/iA="></latexit>
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X

F̄p(N,Q
2) =

∫ 1

0

dx

x
xN
( 1
x
Fp(x)

)
, ⇒ F̄ (κ)

p (N) =
∑
κ′

H̄(κ′)
p (N)× Γ̄κ′κ

(
N, ε

)︸ ︷︷ ︸
PDF

.

IR divergences are exponentiated into PDFs (transition functions),

Γ̄κ′κ

(
αs(µ

2), n
)
= Pexp

(
− 1

ε

∫ αs(µ
2)

0

dα

α
γs(α, n)

)
κ′κ

, (fixed coupling: β(αs, ε) = −εαs)
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The leading and higher twist pieces

The box represents the full expression of the structure function (perturbative as well as nonperturbative):

The complete result for Fa
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The leading and higher twist pieces

Terms that are retained at leading power in twist expansion
(ΛQCD

Q
� 1

)

Twist-2 result

Higher tw
ist

Higher tw
ist

Higher tw
ist

Higher tw
ist

Higher tw
ist

Higher tw
ist

1

xb
Fa(xb, Q

2) =
∑
κ

∫ 1

xb

dξ

ξ
H(κ)

a

(xb
ξ
,Q, µ

)
fκ/p(ξ, µ) + O

(
Λ2
QCD

Q2

)
.
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Mellin Transform

Mellin transform is very useful: (set N = n+ 1)

f̄(n) ≡
∫ 1

0

dx

x
xn+1f(x)

Let us note that

f(x) f̄(n) singularity in x → 0

1

x
ln`−1(x) ∼

1

n` pole at n = 0, (leading power in xb)

xp−1ln`−1(x) ∼
1

(n+ p)`
pole at n = −p, (higher power in xb)
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Two subtleties with small-xb resummation

Terms that are leading power in xb � 1 expansion (∼ 1
x
or n = 0 pole)

Leading 
power in xb

Higher 

power in
 xb

Higher 

power in
 xb

Higher 

power in
 xb

Higher 

power in
 xb

Higher 

power in
 xb

Where is this relative to leading twist terms?
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Two subtleties with small-xb resummation

Which scenario is correct?

Twist-2 result
Leading 

power in xb

Higher tw
ist

Higher tw
ist

Higher tw
ist Higher tw

ist

Higher tw
ist

Higher tw
ist

Higher tw
ist

?

Twist-2 result

Higher tw
ist

Higher tw
ist

Higher tw
ist Higher tw

ist

Higher tw
ist

Higher tw
ist

Higher tw
ist

Leading power in xb

?

Twist-2 
result

Higher tw
ist

Higher tw
ist

Higher tw
ist Higher tw

ist

Higher tw
ist

Higher tw
ist

Higher tw
ist

Leading 
power in xb

?
Twist-2 result

Higher tw
ist

Higher tw
ist

Higher tw
ist Higher tw

ist

Higher tw
ist

Higher tw
ist

Higher tw
ist

Leading 
power in xb

?

Can partly answer this by inspecting the perturbative series of the coefficient function.

H
(g)
L (x) ∼ αs x(1− x) +O

(
α2
s

x

)
⇔ H̄

(g)
L (x) ∼ αs

( 1

n+ 2
− 1

n+ 3

)
+O

(
α2
s

n

)
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Subtlety # 1: Non-trivial overlap between twist and small-xb
expansions

Small-xb expansion is based on rapidity factorization and makes no reference to ΛQCD (more on this later),

and hence includes leading as well as higher twist pieces.

Twist-2 result
Leading 

power in xb

Higher 

power in
 xb

Higher tw
ist

Higher tw
ist

Higher tw
ist Higher tw

ist

Higher tw
ist

Higher 

power in
 xb

Higher 

power in
 xb

Higher 

power in
 xbHigher tw

ist Higher 

power in
 xb

Higher tw
ist

L.P. in , 
Leading 

twist

xb

Our first goal is to compute the overlap between the two expansions.
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Factorization of nonperturbative pieces

Using dim-reg d = 4− 2ε and simple partonic states we can kill higher twist pieces.
IR divergences appear as 1/εIR poles in the PDF.

Γ̄κ′κ

(
αs(µ

2), n
)
= Pexp

(
− 1

ε

∫ αs(µ
2)

0

dα

α
γs(α, n)

)
κ′κ

, (fixed coupling: β(αs, ε) = −εαs)

Where are exactly all the leading twist-2 1/εIR poles?

Twist-2 result
Leading 

power in xb ? poles1/ϵIR

Twist-2 result
Leading 

power in xb
 poles1/ϵIR

? Twist-2 result
Leading 

power in xb

?

 poles1/ϵIR
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Factorization of nonperturbative pieces

Where are exactly all the leading twist-2 1/εIR poles?

Twist-2 result
Leading 

power in xb ? poles1/ϵIR

Twist-2 result
Leading 

power in xb
 poles1/ϵIR

? Twist-2 result
Leading 

power in xb

?

 poles1/ϵIR

We can answer this by inspecting the perturbative series of the anomalous dimension:

γgg
(
n
)
=

αsCA

πn
+ . . . ,

γqg
(
n
)
=

αsTF

3π
+O

(
αs

n

)
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Subtlety # 2: Non-trivial overlap also of IR poles between
twist and small-xb expansions

There are IR divergences associated with small-xb logs as well as those appearing at higher powers in
xb � 1 expansion:

Twist-2 result
Leading 

power in xb
 poles1/ϵIR

The overlap 1/εIR terms are generated by bad BFKL boundary conditions.

Our second goal is to consistently factorize IR poles of these two origins into the twist-2 PDF.
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The BFKL equation

Resummation of small-xb logs invovles solving the BFKL equation. For a function

f(x, q⊥) ∼ xp−1(
logs of x

)
,

that satisfies BFKL equation in 4 dimensions:

x
d

dx
f(x, q⊥) = (p− 1)f(x, q⊥) + c

[
K ⊗⊥ f

]
(q⊥)

where

K = ᾱsKLO + ᾱ2
sKNLO + . . . , ᾱs ≡

αsCA

π
,

[
KLO ⊗⊥ f

]
(q⊥) ≡ (2π)

∫
d2k⊥
(2π)2

{
2f(k⊥)

(q⊥ − k⊥)2
− q2

⊥
k2
⊥(q⊥ − k⊥) 2

f(q⊥)

}
,

In the n-space we have an iterative equation

f̄(n, q⊥) =
1

n+ p
× f(x = 1, q⊥)︸ ︷︷ ︸

Boundary condition

− c

n+ p

[
K ⊗⊥ f̄(n)

]
(q⊥)
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The BFKL equation

Resummation of small-xb logs invovles solving the BFKL equation. For a function

f(x, q⊥) ∼ xp−1(
logs of x

)
,

that satisfies BFKL equation in 4 dimensions:

x
d

dx
f(x, q⊥) = (p− 1)f(x, q⊥) + c

[
K ⊗⊥ f

]
(q⊥)

where

K = ᾱsKLO + ᾱ2
sKNLO + . . . , ᾱs ≡

αsCA

π
,

[
KLO ⊗⊥ f

]
(q⊥) ≡ (2π)

∫
d2k⊥
(2π)2

{
2f(k⊥)

(q⊥ − k⊥)2
− q2

⊥
k2
⊥(q⊥ − k⊥) 2

f(q⊥)

}
,

Eigenfunctions of BFKL Kernel:[
KLO ⊗⊥

(
1

k
2(1−γ)
⊥

einφ

)]
(q⊥) = χ(n, γ)

1

q
2(1−γ)
⊥

einφ , 0 < Re γ < 1 .
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Bad boundary condition = IR divergence!

What happens for γ=0?

γ = 0 :

[
KLO ⊗⊥

1

k2
⊥

]
(q⊥) =

1

q2
⊥
(2π)

∫
d2k⊥
(2π)2

q2
⊥

k2
⊥
(
q⊥ − k⊥

)2
This Integral is divergent! But we can make sense of it in dimensional regularization:

(2π)Iε
[
q2
⊥
]
≡ (2π)

(µ2eγE

4π

)ε ∫ d2−2εk⊥
(2π)2−2ε

q2
⊥

k2
⊥
(
q⊥ − k⊥

)2
=
(q2

⊥
µ2

)−ε

Γ(−ε)eεγE
Γ(1− ε)Γ(1 + ε)

Γ(1− 2ε)

= −1

ε
+ log

(q2
⊥
µ2

)
+O(ε) .
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Bad boundary condition = IR divergence!

What happens for γ=0?

γ = 0 :

[
KLO ⊗⊥

1

k2
⊥

]
(q⊥) =

1

q2
⊥
(2π)

∫
d2k⊥
(2π)2

q2
⊥

k2
⊥
(
q⊥ − k⊥

)2
This Integral is divergent! But we can make sense of it in dimensional regularization:

(2π)Iε
[
q2
⊥
]
≡ (2π)

(µ2eγE

4π

)ε ∫ d2−2εk⊥
(2π)2−2ε

q2
⊥

k2
⊥
(
q⊥ − k⊥

)2
=
(q2

⊥
µ2

)−ε

Γ(−ε)eεγE
Γ(1− ε)Γ(1 + ε)

Γ(1− 2ε)

= −1

ε
+ log

(q2
⊥
µ2

)
+O(ε) .

This is relevant: Nature produces bad boundary conditions for the BFKL equation and these IR

divergences go into the PDF, (but not every IR divergence is generated this way.)
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Another bad boundary condition

Notice how BFKL kernel acts on δ(2−2ε)(q⊥):

K ⊗⊥ δ(2−2ε)(q⊥) ∼
1

k2−2ε
⊥

(k2
⊥
µ2

)−ε

K ⊗⊥
1

k2−2ε
⊥

(k2
⊥
µ2

)−ε

∼ 1

ε

1

k2−2ε
⊥

(k2
⊥
µ2

)−2ε

...

K ⊗⊥
1

k2−2ε
⊥

(k2
⊥
µ2

)−`ε

∼ 1

`ε

1

k2−2ε
⊥

(k2
⊥
µ2

)−(`+1)ε

This generates an IR divergent series solution for F̄ (0)
g :

δ(2−2ε)(q⊥)→ δ(2−2ε)(q⊥) +
1

k2−2ε
⊥

∞∑
`=1

c`(ε)

(
ᾱs

n

(k2
⊥
µ2

)−ε
)`

, c`(ε) =
1

`!

(
− 1

ε

)`(
1 +O(ε2)

)
> The action of BFKL generates the entire tower of 1/ε IR poles associated with the high energy limit.
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LL small-x resummation by Catani and Hautmann

> [CH94] resummed (αs
n
)` terms in γgg(αs, n) by inventing a gluon Green’s function F̄ (0)

g :

F̄ (0)
g

(
n, q⊥

)
= δ(2−2ε)(q⊥) +

ᾱs

n

[
K ⊗⊥ F̄ (0)

g (n)
]
(q⊥) , ᾱs ≡

αsCA

π

F̄ (0)
g is determined completely by the δ(2−2ε)(q⊥) boundary condition and iterations of the BFKL kernel.

> LL small-xb resummation of FL:

F̄
(g)
L (n) = hL

(
γgg
)
×R(n)×

(Q2

µ2

)γgg

× Γ̄gg ,

Twist-2 result
Leading 

power in xb
 poles1/ϵIR

FL@LL
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LL small-x resummation by Catani and Hautmann

> [CH94] resummed (αs
n
)` terms in γgg(αs, n) by inventing a gluon Green’s function F̄ (0)

g :

F̄ (0)
g

(
n, q⊥

)
= δ(2−2ε)(q⊥) +

ᾱs

n

[
K ⊗⊥ F̄ (0)

g (n)
]
(q⊥) , ᾱs ≡

αsCA

π

F̄ (0)
g is determined completely by the δ(2−2ε)(q⊥) boundary condition and iterations of the BFKL kernel.

> LL small-xb resummation of FL:

F̄
(g)
L (n) = hL

(
γgg
)
×R(n)×

(Q2

µ2

)γgg

× Γ̄gg ,

> At LL, the IR divergences in F g
L appear in Γ̄gg.

> hL: describes coupling with photon, IR finite, defined via an off-shell cross section.

> R: scheme chosen to factorize the IR divergences: Γ̄gg absorbs the IR divergences in F̄ (0)
g .

F̄ (0)
g

(
n, q⊥

)
=

1

πk2
⊥
× γgg × R̃

(
n,k⊥, ε

)
× Γ̄gg .
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LL small-x resummation by Catani and Hautmann

> Resummation of F2 and γqg is not straightforward in this framework, because F2 involves IR

divergences NOT generated by BFKL evolution alone!

> They introduced a new quark’s Green’s function to capture this non-BFKL divergence.

> The approach of Catani and Hautmann [CH94] has not been extended beyond LL.

48 6

�

S. Ca t an i , F. Hau t mann / Nuc l ea r Phys i cs B 427 (1994) 475 - 524

b=q , q

P

b=q. q

P

2 . 3 . Powe r coun t i ng and f ac t or i za t i on a t h i gh ene rgy

F i g . 4. Expans i on i n t wo - g l uon i r r educ i b l e (2G I ) ke rne l s a t h i gh ene rgy f or ( a ) t he pa r t on i c c ross sec t i on
F ( ° ) and (b ) t he ( s i ng l e t ) qua r k Gr een f unc t i ons C j ga , gqa ,

cons i de r ed t he case o f a f i xed coup l i ng cons t an t as . As shown i n t he f o l l ow i ng , t h i s
s i mp l i f i ca t i on i s su f f i c i en t f or t he purposes o f t he pr esen t pape r .

The expans i on i n 2P I ke rne l s i n t roduced i n t he pr ev i ous subsec t i on i s pa r t i cu l a r l y
use f u l t o d i scuss t he h i gh - ene rgy behav i our . H i gh - ene rgy (or sma l l - z ) l oga r i t hm i c con -
t r i bu t i ons a r e i ndeed gene r a t ed by mu l t i p l e g l uon exchanges i n t he t - channe l . The r e f or e
we a r e l ed t o cons i de r ke rne l s wh i ch a r e t wo - g l uon i r r educ i b l e (2G I ) .

For t he pa r t on c ross sec t i on F , , ( °1 ( a = q t , q t , g ) , we s i ng l e ou t t he pa r t wh i ch i s
2G I by se l ec t i ng t he f i r s t ( s t a r t i ng f rom above i n F i g . 4a ) t wo - g l uon i n t e rmed i a t e
s t a t e . Cons i de r i ng t he sma l l - N l i m i t i n N - momen t space , t he 2G I ke rne l behaves as
as (1 + as + . . . ) , whe r e t he f i r s t t e rm cor r esponds t o t he t r ee - approx i ma t i on and t he
r ema i n i ng t e rms s t and f or cor r ec t i ons wh i ch a r e sub l ead i ng a t h i gh ene rgy. The l a rge
pe r t urba t i ve con t r i bu t i ons ( as / N ) k a r e t hus gene r a t ed pr ec i se l y by k - i n t egr a t i on f rom
t he ones i n t he g l uon Gr een f unc t i ons 9â0) ( a = q i , q i , g ) . I n pa r t i cu l a r , s i nce f l avour
non - s i ng l e t pa r t on c ross sec t i ons (Append i x A) ge t no con t r i bu t i on f rom pur e - g l uon
i n t e rmed i a t e s t a t es , we can i mmed i a t e l y conc l ude t ha t non - s i ng l e t anoma l ous d i mens i ons
and coe f f i c i en t f unc t i ons a r e r egu l a r f or N - - > 0 orde r by orde r i n as .

A decompos i t i on s i m i l a r t o t ha t f or Fâ° ) can be pe r f ormed a l so f or t he ( f l avour
s i ng l e t ) qua r k Gr een f unc t i on ( F i g . 4b ) . S i nce t he 2G I ke rne l behaves i n t h i s case as
as (1 + as + . . . ) , we see t ha t t he qua r k anoma l ous d i mens i ons con t r i bu t e t o nex t - t o -
l ead i ng t e rms as ( as I N ) k i n t he h i gh - ene rgy l i m i t .

<latexit sha1_base64="oooV+BZ0AGrFG3u4X8/tXCONaFM="></latexit>�

Quark Green’s function:

Gluon 
Green’s 
function

Boundary 
condition Twist-2 result

Leading 
power in xb

 poles1/ϵIR

F2
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Outline

Motivation

Problems in the Small-x Resummation in DIS

The Glauber SCET Framework

Small-x Factorization from Glauber SCET

Towards NLL Small-x Resummation
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High Factorization = Rapidity Factorization
Light cone coordinates:

pµ = p+
n̄µ

2
+ p−

nµ

2
+ pµ⊥ , p2 = p+p− − ~p 2

⊥ , n2 = n̄2 = 0 , n · n̄ = 2 .

> Invariant mass factorization can be described via an OPE in QCD.

> Need to distinguish particles at different rapidities for high energy factorization.

> Soft collinear effective theory (SCET) is a powerful tool for dissecting collider QCD problems with

multiple scales:

LSCET =
∑
ni

Lni [ξni , Ani ] + Ls[ψs, As] + Lint[ξni , An, ψs, As, . . .] .

DESYª | Small-x Resummation from Glauber SCET | Aditya Pathak | MPP/TUM Collider Phenomenology Seminar, 19.06.2024 Page 21

http://creativecommons.org/licenses/by/4.0/


EFT modes and power counting

Center of mass light cone coordinates:

Pµ =

√
s

2
nµ , Pµ

e =

√
s

2
n̄µ

Power counting parameters: λ′ ∼ ΛQCD

Q
and λ ∼ xb .

<latexit sha1_base64="/cQIlrr0ANp0DCmrW9CozMgq7Jo="></latexit>

Pµ
e

<latexit sha1_base64="xNpBZcvyXZjp1QAeHosTXUPkoqo="></latexit>

Pµ

<latexit sha1_base64="tgWo6fI9nCDBl2MvYdvf2v3Bk9Q="></latexit>

qµ
<latexit sha1_base64="nluKGgtvTnNkQZbfH96ESvWh/iA="></latexit>

Pµ
X
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EFT modes and power counting

Center of mass light cone coordinates:

Pµ =

√
s

2
nµ , Pµ

e =

√
s

2
n̄µ

Power counting parameters: λ′ ∼ ΛQCD

Q
and λ ∼ xb .

<latexit sha1_base64="/cQIlrr0ANp0DCmrW9CozMgq7Jo="></latexit>

Pµ
e

<latexit sha1_base64="xNpBZcvyXZjp1QAeHosTXUPkoqo="></latexit>

Pµ

<latexit sha1_base64="tgWo6fI9nCDBl2MvYdvf2v3Bk9Q="></latexit>

qµ
<latexit sha1_base64="nluKGgtvTnNkQZbfH96ESvWh/iA="></latexit>

Pµ
X

Two possible scenarios based on the scaling of the invariant mass of hadronic state:

Hard scattering Forward scattering

P 2
X

s
=

(q + P )2

s
=
Q2

s

(1− xb)
xb

∼ λ0
or ∼ λ

qµ= −Q
2

√
s

nµ

2
+

Q2

xb
√
s

n̄µ

2
+ qµ⊥ ∼

√
s
(
1, λ,
√
λ
)

or ∼
√
s
(
λ, λ2 , λ

)
(collinear to e−)

Forward scattering: P 2
X ∼ (pn + ps)

2 ∼ p−n p+s ∼ sλ .
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EFT modes and power counting

Forward scattering

P 2
X/s ∼ λ

qµ ∼
√
s
(
λ , λ2 , λ

)
pµn ∼

√
s
(
λ2 , 1, λ

)
The photon cannot interact directly with collinear mode without knocking it

offshell. The leading terms start at O(α2
s) due to intermediate soft sector:

ps =
(
p+s , p

−
s , ps⊥

)
∼
√
s
(
λ, λ, λ

)
.

Need additional Glauber modes for soft-collinear interaction:

qµG = q′µ ∼
√
s
(
λ2, λ, λ

)
.
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SCET with Glauber operators

SCET Lagrangian:

LSCET =
∑
ni

Lni + Ls + LG .

Glauber operators derived in Rothstein and Stewart [RS16] account for forward scattering phenomena.

LG =
∑
ni,nj

Oni

1

P2
⊥
Os

1

P2
⊥
Oni +

∑
ni

Oni

1

P2
⊥
Oni

s

S
(nis)
G = 8παs

∑
ij

∫
d
4x

∫
d
4z

∫
d4q

(2π)4
eiq·(x−z)

q2
⊥
OiA

ni
(x)Ojni

A
s (z)

Oni,qA
s = ψ

ni

S T
A
i
n/

2
ψni

S , Oni,gA
s =

1

2
BniB

S⊥µ(if
ABC)

ni

2
· (P + P†)BniCµ

S⊥ ,

OqA
ni

= χni
T
A
i
n̄/i
2
χni , OgA

ni
=

1

2
BB

n⊥µ(if
ABC)

n̄i

2
· (P + P†)BCµ

n⊥ ,

Dotted propagator represents insertion of operators from the Glauber Lagrangian.

DESYª | Small-x Resummation from Glauber SCET | Aditya Pathak | MPP/TUM Collider Phenomenology Seminar, 19.06.2024 Page 24

http://creativecommons.org/licenses/by/4.0/


Recent progress in Glauber SCET
Slide from Anjie Gao, SCET 2024

 

•  : projectiles,   ,  : adjoint color indices 

•  : transverse 2d momentum convolution of  Glaubers 

• 4d Glauber SCET    2d dynamics on the transverse plane 

−iℳ = Jκ ⋅ S ⋅ J̄κ′ 
= ∑

ij
Jα

κ(i)(ℓ1⊥, …, ℓi⊥) ⊗i Sαβ
(i,j)(ℓ1⊥, …, ℓi⊥; ℓ′ 1⊥, …, ℓ′ j⊥) ⊗j J̄β

κ′ ( j)(ℓ′ 1⊥, …, ℓ′ j⊥)

κ, κ′ = q, g, gg, … α = a1…ai β = a′ 1…a′ j

⊗i i

⇒

1 2 3 i

1 2 3 j

i j

Jκ(i)

J̄κ (j)

p1

p2 p3

p4

= ∑
ij

Factorization of the Regge amplitudes
into jet & soft functions

9

A simpler organization 
[our paper 2401.00931]
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Recent progress in Glauber SCET
Slide from Anjie Gao, SCET 2024

Rapidity Renormalization for 1 Glauber
• Can be extracted either through collinear or soft loop calculation 

• At one loop (“=“ in the sense of rapidity divergent piece) 

                                       

Resummation gives Regge pole solution

11

= J[1]
(1) S[0]

(1,1) J̄[0]
(1) = (J[0]

(1) Z
[1]
J(1,1)) S[0]

(1,1) J̄[0]
(1)

that is proportional to nf is the soft loop graph in Fig. 21d which gives the same results as the

quark vacuum polarization in the full theory,

n

n

n

n
S =

i↵2
s

t
S
nn̄

4


�

8

3✏
�

8

3
ln
⇣µ2

�t

⌘
�

40

9

�
. (7.13)

So the full theory S
nn̄

4 term in Eq. (7.10) is also exactly reproduced.

This leaves the final color structure CATA
⌦ T̄A, ie. Snn̄

3 . Here things are more complicated,

many graphs contribute, and there is no one-to-one correspondence between graphs in the full

theory and e↵ective theories. For our SCETII calculation we have contributions from Figs. 21i,n

given above in Eq. (7.12), as well as from Figs. 21c,e,f,g,h,k,l,m which we will consider in turn.

We will encounter rapidity divergences in these diagrams. There are also additional collinear

graphs given in Figs. 22 which we will discuss, but which do not in the end contribute (those in

Fig. 22a because the integral vanishes, while those in Fig. 22b vanish only after accounting for

their soft 0-bin subtraction).

First consider the contribution from the T-product of two Glauber operators, Oqg
ns with O

qg

n̄s,

which is shown in Fig. 21c. The Feynman rules for these soft-collinear scattering operators are

given in Fig. 9. Due to the presence of 1/n · k and 1/n̄ · k propagators this soft loop graph will

have rapidity divergences, and we must include the rapidity regulator. Note that if we collapse

our dashed Glauber propagators to blobs that this graph can also be drawn as

n

n

n

n

S =
n

n

n

n

S

(7.14)

and for this reason, and to remind the reader that this graph contains more than just vacuum

polarization, we will refer to it as a “soft eye” graph. For this “soft eye” diagram we find

n

n

n

n

S =
4g4

t2
S
nn̄

3 ◆✏µ2✏
Z

d�dk |2kz|�⌘ ⌫⌘

[k2 �m2][(k + q)2 �m2]

⇢
4w2[k? · (k? + q?)]2

n̄ · k n · k
+ (d� 2)n · k n̄ · k

+ 2(k? + q?)
2 + 2k2?

�
1

2

= �
i↵2

s

t
S
nn̄

3

⇢
8

⌘
g(✏, µ2/t) +

4

✏2
+

4

✏
ln
⇣µ2

⌫2

⌘
+ 4 ln

⇣µ2

⌫2

⌘
ln
⇣µ2

�t

⌘
� 2 ln2

⇣µ2

�t

⌘
+

⇡2

3

+ 2
⇣
�

11

3✏
�

11

3
ln

µ2

�t
�

67

9

⌘�
. (7.15)

Here inside the integral the denominators in square brackets have a +i0, the factor of (d� 2) =

gµ⌫
?
g?µ⌫ , and the rapidity divergence comes only from the first term in curly brackets. The factor

– 70 –

= J[0]
(1) S[1]

(1,1) J[0]
(1) = J[0]

(1) (Z[1]
S(1,1)S

[0]
(1,1)) J[0]

(1) + J[0]
(1) (S[0]

(1,1)Z
[1]
S(1,1)) J[0]

(1)

Let’s start by looking at the single Glauber exchange case,

� iM1n1G =
k q � k

p1

p2 p3

p4p1 + k

q

(A.5)

⇠ i

Z d̄
d
k

h
|k

�
|
�⌘ ~k? · (~q? � ~k?)/k�

i

�
k�k+ � ~k2? + i0

�⇥
k�k+ � (~k? � ~q?)2 + i0

⇤h
p
+

1
+ k+ �

(~p1?+~k?)2�i0

p�
1
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i +O(⌘0)
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Z dk
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k? ✓(�k
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1
+ k
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h
|k

�
|
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i

�
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�⇥
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⇤

�����
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1
+

(~p
1?+~k?)2�i0

p�
1

+k�

+O(⌘0)

⇠ �i
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⌘

Z
d̄
d0
k? ~q

2

?
~k2?(

~k? � ~q?)2
+O(⌘0)

=)
F.T.?

1

⌘
i�(b?) .

Here in the second line, we keep only the rapidity divergent term in the numerator, which comes

from the third term in Eq. (A.1); the remaining terms have higher powers of k�, which are not

rapidity divergent in the k
� integral. To get the third line, we integrate k

+ by contours. The

third line is log-divergent in the limit that k� goes to zero, corresponding to a soft scaling of the

collinear loop momentum. Such log divergences can be regulated by |k
�
|
�⌘; further integrating

k
� gives an ⌘ pole as expected. The Fourier transform operation, according to Ref. [27], is defined

to be

=)
F.T.?

=

Z
d
�d�2

q? e
i~q?·~b? . (A.6)

The 1-n-collinear-loop 2-Glauber-exchange graph is calculated in the main text in Eq. (4.12).

Now let’s look at the 1-n-collinear-loop i-Glauber-exchange graph with general i,

� iM1niG
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. (A.7)

To get the second line, we have integrated `
±
1
, ... `

±
i using Eq. (9.16) of Ref. [27] with the

Glauber ⌘
0 regulator, giving 1/i!. We keep only the rapidity divergent term in the numerator,

which comes from the second term in Eq. (A.1) for Glauber 1 and i, and the first term (the g?

– 43 –

⇒ ν∂νJ(1) = ωG(q⊥) J(1)

J8A
(1) ∼ eωG(q⊥) log s

ν2

denominator factors as
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and calculate the amplitude,
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Here, to get the second line, we first perform the `
0 and `

z integrals using Eq. (B.5) of Ref. [27],

and take ⌘
0
! 0, w0

! 1; then we do the k
0 integral by contours, and the remaining k

z integral

gives a ⌘ pole. Again, we have chosen the poles for k+ and k
� to be on the same side so that the

zero bin vanishes. Notice that we only keep the last term in the big bracket of Eq. (B.6), since

it is the only term that is rapidity divergent. In the last line, the k? integral is recognized to be

the Regge trajectory (eg. from [81]),
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2
. (B.9)

The complementary graph with the soft loop on the right Glauber rung is identical up to the

substitution `? ! q? � `?,

�iM0
SE =

1

2

64⇡2
↵
3
sPSE

⌘

✓p
�t

⌫

◆�⌘ Z
d̄
d0
`?

~̀2
?
�
~q?�~̀?

�
2

Z
d̄
d0
k?
�
~q?�~̀?

�
2

~k2?
�
~q? � ~̀? � ~k?

�
2
+O(⌘0) . (B.10)

where the k? integral is now �
1

↵sNc
!G(q? � `?).
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Small-x factorization formula
We include two insertions of the ns Glauber action:

Sns
G = 8παs

∑
i,j,A

∫
d
dy

∫
d
dx

∫
ddq′

(2π)d
ei(x−y)·q′

q′2
⊥

OiA
n (x)OjnA

s (y) .

Factorization formula at NLL:

Wαβ(q, P ) =

∫
d
d−2q′⊥ Sαβ

(
q, q′⊥,

ν

xbP− , ε
)

C
(
q′⊥, P,

ν

P− , ε
)

+ . . . .
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Small-x factorization formula
We include two insertions of the ns Glauber action:

Sns
G = 8παs

∑
i,j,A

∫
d
dy

∫
d
dx

∫
ddq′

(2π)d
ei(x−y)·q′

q′2
⊥

OiA
n (x)OjnA

s (y) .

Factorization formula at NLL:

Wαβ(q, P ) =

∫
d
d−2q′⊥ Sαβ

(
q, q′⊥,

ν

xbP− , ε
)

C
(
q′⊥, P,

ν

P− , ε
)

+ . . . .

The collinear and soft functions are defined as

C ≡ 1

πν

1

q′2
⊥

∑
i,j,A

∫
dq′+

2π

∫
d
dx ei

x−q′+
2

+ix⊥·q′⊥〈P |Oi A
n (x)Oj A

n (0)|P 〉ν ,

Sαβ ≡ ν

q′2
⊥

(2πιµ2)4−d
(
8παs(µ

2)
)2

16π2 (N2
c − 1)

∑
i,j,A

∫
dq′−

4π

∫
d
dz eiz·q

∫
d
dyLd

dyR

×e−i
q′−(y

+
L

−y
+
R

)

2
−iq′⊥·(yL⊥−yR⊥)〈0|T̄{Jα(z)Oin A

s (yL)}T{Jβ(0)Ojn A
s (yR)}|0〉ν .
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Small-x factorization formula
We include two insertions of the ns Glauber action:

Sns
G = 8παs

∑
i,j,A

∫
d
dy

∫
d
dx

∫
ddq′

(2π)d
ei(x−y)·q′

q′2
⊥

OiA
n (x)OjnA

s (y) .

Factorization formula at NLL:

Wαβ(q, P ) =

∫
d
d−2q′⊥ Sαβ

(
q, q′⊥,

ν

xbP− , ε
)

C
(
q′⊥, P,

ν

P− , ε
)

+ . . . .

Here small-xb logs are resummed via rapidity evolution for νS ∼ xbP−

and νC ∼ P−

νS

νC

=xb
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Process independence and the BFKL equation

Rothstein and Stewart [RS16] showed that for pp → pp forward scattering

σpp→pp ∼ Cn ⊗ Spp ⊗ Cn̄

and Spp satisfies the BFKL equation:

ν
d

dν
Spp ∼ +2ᾱsι

εK ⊗⊥ Spp

The collinear function is process independent and is expected to satisfy

the BFKL equation from RG consistency: Drell-Yan

ν
d

dν
C = −C − ᾱsι

εK ⊗⊥ C .
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Collinear function at NLO

We computed the collinear function at NLO

CLO
κ (q′⊥) =

P−

ν

cκ
πq′2

⊥
, cκ = CF , CA (bad boundary condition!)

CNLO
q = ᾱsC

LO
q × (−2π) Iε

[
q′2
⊥
] ( 1

η
+ ln

( ν

P−

)
+

3

4

)
,

CNLO
g = ᾱsC

LO
g × (−2π) Iε

[
q′2
⊥
]

×
(

1

η
+ ln

( ν

P−

)
+

11

12
− nfTR

4CA

(
1− 1

3(1− ε)

))
,

(2π)Iε
[
r2
⊥
]
= −1

ε
+ ln

(r2
⊥
µ2

)
+O(ε) , ᾱs ≡

αsCA

π

The one-loop contribution is IR divergent and exhibits a rapidity divergence consistent with BFKL.
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More IR divergences

1

xb
Fa(q, P ) =

∫ ∞

0

d
d−2q′⊥ Sa

(
q, q′⊥,

ν

xbP− , ε
)
C
(
q′⊥,

ν

P− , ε
)
,

[
Sµν] = 4− d ,

[
C
]
= −2 .

The convolution itself generates IR divergences as nothing prevents q′
⊥ from entering the IR region. To

see this explicitly, let us note that the SCETII collinear function has the all-orders expansion:

C

(
q′⊥,

ν

P− , αs(µ
2), ε

)
=

1

q′2
⊥

∞∑
`=0

C(`)

(
αs(µ

2),
ν

P− , ε

)(q′2
⊥
µ2

)−`ε

.

Alternative form of the factorization formula:

1

xb
Fa =

∞∑
`=0

(q2
⊥
µ2

)−(`+2)ε

C(`) × S̃a

(
γ = −`ε

)
.

The γ-transform of the soft function:

S̃a

(
γ
)
∼
∫

d2−2εq′⊥
q′2
⊥

(q′2
⊥
µ2

)γ
Sa

(
q⊥, q

′
⊥, ε
)
.
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More IR divergences

Leading order soft function calculated from

is IR finite for γ 6= 0:

S̃LO
2 (γ) = α2

snfTF

( ν

xbP−

)(π2
(
− 3γ2 + 3γ + 2

)
csc2

(
πγ
)

8Γ( 5
2
− γ)Γ( 3

2
+ γ)

)
+O(ε) ,

S̃LO
L (γ) = α2

snfTF

( ν

xbP−

)(π2
(
− γ + 1

)
csc2

(
πγ
)

4Γ( 5
2
− γ)Γ( 3

2
+ γ)

)
+O(ε) .
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More IR divergences

In the convolution the collinear function forces us to set γ = −`ε,

1

xb
Fa =

∞∑
`=0

(q2
⊥
µ2

)−(`+2)ε

C(`) × S̃a

(
γ = −`ε

)
.

which implies

lim
ε→0

S̃LO
2

(
− `ε

)
=

2α2
snfTF

3π

1

(`+ 1)(`+ 2)

(
1

ε2
+

2

ε
+O(ε0)

)
,

lim
ε→0

S̃LO
L

(
− `ε

)
=

2α2
snfTF

3π

1

(`+ 1)

(
−1

ε
+O(ε0)

)
.

The S̃a soft function will also contribute to the PDF despite being a vacuum matrix element.
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More IR divergences

In the convolution the collinear function forces us to set γ = −`ε,

1

xb
Fa =

∞∑
`=0

(q2
⊥
µ2

)−(`+2)ε

C(`) × S̃a

(
γ = −`ε

)
.

We find that for γ 6= 0, S̃L and S̃2 are proportional to the off-shell cross section that appear in [CH94]:

S̃2

(
γ, ε = 0

)
=
( ν

xbP−

)
αs
h2(γ)

γ2
, (1)

S̃L

(
γ, ε = 0

)
=
( ν

xbP−

)
αs
hL(γ)

γ
.

This is not the right limit for us and the full ε dependence is needed to perform small-xb resummation.

> In [CH94] these IR divergences were separately captured in the gluon and quark Green’s functions.
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Leading log small-xb resummation
Setting ν = νS trivializes rapidity logs in the soft function:

1

xb
Fκ
a (xb, Q

2) =

∫
d
d−2q′⊥Sa

(
1, q⊥, q

′
⊥, ε
)
Cκ

(
xb, q

′
⊥, ε
)

Mellin space : C̄κ

(
n, q′⊥, ε

)
=

cκ
nπq′2

⊥
+
ᾱsι

ε

n
K ⊗⊥ C̄κ

(
n, q′⊥, ε

)
, cκ = CF , CA , ᾱs =

αsCA

π

Solve for C̄κ as a power series as before:

C̄κ,LL(n, q
′
⊥, ε) =

1

n

cκ
πq′2

⊥

∞∑
`=0

c`+1(ε)

(
ᾱs

n

eεγE

Γ(1− ε)

(q′2
⊥
µ2

)−ε
)`

, c`(ε) =
1

`!

(−1
ε

)`(
1 +O(ε2)

)
Now include the soft contribution to arrive at small-xb resummed structure functions:

F̄κ
a,LL(n,Q

2) =
cκ
nπ

(q2
⊥
µ2

)−2ε
∞∑
`=0

da,`+1(ε)

(
ᾱs

n

eεγE

Γ(1− ε)

(q2
⊥
µ2

)−ε
)`

, da,`+1(ε) ≡ c`+1(ε)S̃a(1,−`ε, αs, ε)
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BFKL Resummation of FL
We set µ2 = Q2 and start with formula involving unknown pieces (HP = higher power)

F̄ g
L,HP + F̄ g

L,LL(n) = H̄
(g)
L

(
n,
Q2

µ2
= 1, αs

)
Γ̄gg

(
αs, n

)
.

Parameterize the the terms we want to determine for LL results as

H̄
(g)
L =

αs

π

∞∑
k=0

εkh
(0,k)
L,g +

αs

π

∞∑
`=1

( αs

πn

)` ∞∑
k=0

εkh
(`,k)
L,g ,

γgg =

∞∑
`=1

γgg,`−1

( ᾱs

π

)`
,

F̄ g
L,HP =

αs

π

∞∑
k=−1

εkf
(k)
L,g .

We have truncated the higher power pieces to O(αs) which is sufficient for LL resummation in small-xb.
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BFKL Resummation of FL
We set µ2 = Q2 and start with formula involving unknown pieces (HP = higher power)

F̄ g
L,HP + F̄ g

L,LL(n) = H̄
(g)
L

(
n,
Q2

µ2
= 1, αs

)
Γ̄gg

(
αs, n

)
.

By sequentially comparing the coefficients of (αs/ε)
`, αs(αs/ε)

`, . . . terms we find

γgg =
ᾱs

n
+ 2ζ3

( ᾱs

n

)4
+ . . . ,

H̄
(g)
L =

2αsnfTF

3π

(
1− 1

3

ᾱs

n
+
(34

9
− ζ2

)( ᾱs

n

)2
+
(
− 40

27
+
π2

18
+

8

3
ζ3
)( ᾱs

n

)3
+ . . .

)
,

F̄ g
L,HP =

2αsnfTF

3π

(
1 + 3ε+

(
6− 1

2
ζ2
)
ε2 +

(
12− π2

4
− 7

3
ζ3
)
ε3 + . . .

)
.

X Series agree with LL results in Catani and Hautmann [CH94]. Interestingly, we simultaneously

determine the LL results for γgg and H̄
(g)
L .

X We determined the unknown power suppressed pieces self-consistently!

X F g
L,HP has no IR poles→ All the poles in FL channel generated through BFKL evolution.
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Resummation of F2

For F2, we write

F̄ g
2,HP + F̄ g

2,LL(n) = 2nf Γ̄qg + H̄
(g)
2 Γ̄gg

Following the same steps as before, we find

γqg =
αsTF

3π

(
1 +

5

3

ᾱs

n
+

14

9

( ᾱs

n

)2
+
(82
81

+ 2ζ3
)( ᾱs

n

)3
+ . . .

)
,

H̄
(g)
2 =

αsnfTF

3π

(
1 +

(43
9
− 2ζ2

) ᾱs

n
+
(1234

81
− 13

3
ζ2 +

4

3
ζ3
)( ᾱs

n

)3
+ . . .

)
,

F̄ g
2,HP =

αsnfTF

3π

(
−2

ε
+ 1 + (1 + ζ2)ε+

(
1− 1

2
ζ2 +

14

3
ζ3
)
ε2 + . . .

)
.

The IR pole in F̄ g
2,HP does not result from BFKL evolution. This required [CH94] to introduce a new

auxiliary object, the quark Green’s function. For us it results straightforwardly from our soft function S̃2.
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Comparison with previous work

The Glauber-SCET approach is special: it avoids many problems in the kT -factorization framework.

Feature kT -Factorization Glauber-SCET

Gauge Invariance
off-shell cross sections: gauge inv.

only at LO

Constructed from gauge invariant

Glauber ops.

Power Counting

Obscured due to attempting simul-

taneous twist and high-energy fac-

torization

Manifest power counting from the

start

Objects
Requires auxiliary Green’s func-

tions

Nothing beyond collinear and soft

functions

Isolating 1/εIR
Additional non-trivial conversion

for 1/εIR in MS
Sαβ and C can be computed with

1/εIR in MS

Handling collinear (non-

BFKL) 1/εIR

New non-BFKL 1/εIR → new

Green’s functions

No mixing of BFKL and collinear 1/εIR
poles.
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The Collinear function
Avoids two more problems in the kT -factorization framework

> For extension to NLL, kT -Factorization requires computation
of Impact Factors:

> Impact factors are process-dependent.

> Finite pieces are ambiguous: factorization scheme

dependence.

In the EFT approach, the collinear function is universal and has

a well-defined operator definition.

Q
1

Q
2

φ φ

k k’

j(  ) (  )k
G

BFKL exchange contribution to γ∗γ∗ scattering in

Colferai, Li and Stasto ’23 [CLS24]
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The Collinear function
Avoids two more problems in the kT -factorization framework

> For extension to NLL, kT -Factorization requires computation
of Impact Factors:

> Impact factors are process-dependent.

> Finite pieces are ambiguous: factorization scheme

dependence.

In the EFT approach, the collinear function is universal and has

a well-defined operator definition.

> For NLL small x, we would like to go to two loops.

> Find over 1000 diagrams!!!

Q
1

Q
2

φ φ

k k’

j(  ) (  )k
G

BFKL exchange contribution to γ∗γ∗ scattering in

Colferai, Li and Stasto ’23 [CLS24]

G

G
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G
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G
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G

G
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G
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G
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G

G
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G
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G
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G
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G

G

(370)

G

G

(371)

G

G

(372)

G

G

(377)

G

G
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G

G

(379)

G

G

(387)

G

G

(388)
G

G

(389)

G

G

(390)

G

G
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G

G
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G

G
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G
G

(395)
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G

G

(397)

G

G
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G

G
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G

G
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G

G

(411)

G

G
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G

G
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G

G
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G

G
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G
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G
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Need for automation
At two loops computing by hand becomes impractical.

However, standard tools for Feynman Diagrams do not

straightforwardly apply:

> SCET Lagrangian is not Lorentz Invariant

> Presence of Wilson lines leads to vertices with arbitrary

valency

> Nontrivial problem to represent operators: χn,Bµ
n⊥,On, . . .

The SCETCalc framework:

> Being built on FeynCalc [SMO20] development version that

supports light-cone vectors.

> QGRAF [Nog93] to build the SCET “model”

> Automate all SCET Feynman rules

> Combine with Tapir [GHL23] for filtering cut diagrams

> In-house software in Mathematica for accessing and playing

with cut edges. Acces cut edges, contour 
integrations, ….

QGRAF
Model, generate diagrams

Tapir

Filter cut diagrams

FeynCalc

Apply Feynman Rules

In-House packages
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Collinear function @ NNLO: First Step

Operator definition:

C
( ν

n̄ · p , q⊥, ε
)
≡ 1

q2
⊥

1

πν

∑
i,j,A

∫
dn · q
2π

∫
d
dx eix·q〈P |Oi A

n (x)Oj A
n (0)|P 〉ν

Amore useful starting point for computation:

Cκ

(
ν

n̄ · p , q⊥, ε
)

= 2

∫
dn · q
2π

Im Cκ
(

ν

n̄ · p , q
µ, ε

) p p

q qPX

Cκ
(

ν

n̄ · p , q
µ, ε

)
≡ 1

q2
⊥

1

πν

1

2Nκ

∑
i,j=q,g

∑
A

i

∫
d
dx eix·q〈κ(P )|T

{
OiA

n (x)OjA
n (0)

}
|κ(P )〉 ,

Make use of the Glauber collapse rule by integrating over q+ = n · q:∫
dq+d`+

1

(p+ q)2 + i0

1

(`+ p+ q)2 + i0

1

`2 + i0

=

∫
dq+d`+

1

p−q+ + q2⊥ + i0

1

(`− + p−)(`+ + q+) + (`⊥ + q⊥)2 + i0

1

`−`+ + `2⊥ + i0

=
(−i
p−

)∫
d`+

Θ(−(`− + p−))

(`− + p−)(`+ + q+) + (`⊥ + q⊥)2 + i0

1

`−`+ + `2⊥ + i0

∣∣∣∣
q+→

−q2⊥
p−

= 0 .

p

q

p

q

p + q

`1 + p + q

`1

G G

(2)

1
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Collinear function @ NNLO: First Step

Operator definition:

C
( ν

n̄ · p , q⊥, ε
)
≡ 1

q2
⊥

1

πν

∑
i,j,A

∫
dn · q
2π

∫
d
dx eix·q〈P |Oi A

n (x)Oj A
n (0)|P 〉ν

Amore useful starting point for computation:

Cκ

(
ν

n̄ · p , q⊥, ε
)

= 2

∫
dn · q
2π

Im Cκ
(

ν

n̄ · p , q
µ, ε

) p p

q qPX

Cκ
(

ν

n̄ · p , q
µ, ε

)
≡ 1

q2
⊥

1

πν

1

2Nκ

∑
i,j=q,g

∑
A

i

∫
d
dx eix·q〈κ(P )|T

{
OiA

n (x)OjA
n (0)

}
|κ(P )〉 ,

> Take the imaginary part after doing n · q integral:

Cκ

(
ν

n̄ · p , q⊥, ε
)

= 2 Im

∫
dn · q
2π

∣∣∣∣n · qν′
∣∣∣∣−η′

Cκ
(

ν

n̄ · p , q
µ, ε

)
This requires a non-analytic regulator.
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Filter graphs using collapse rule

> Exploiting the collapse rule allows us to filter a

range of graphs.

> Previously these one-loop graphs were computed

via taking cuts:

C(1),real
q

( ν

n̄ · P , ~q
2
⊥

)
=

2αs

π~q 2
⊥

n̄ · P
ν

Iε
[
~q 2
⊥
] ∫ 1

0

dz P η
gq(z)

×
[(
C2

F −
CFCA

2

)
z−2ε +

CFCA

2

(
(1− z)−2ε + 1

)]
.

> All pieces except for the highlighted term cancel

against virtual graphs.

G

G

(1)

G G

(2)

G G

(3)

G

G

(4)

G

G

(5)

G

G

(6)

G

G

(7)

G

G

(8)

G

G

(9)

G

G

(10)

G

G

(11)

G G

(12)

G

G

(13)

G

G

(14)

G

G

(15)

G

G

(16)

G G

(17)

G G

(18)

G

G

(19)

G

G

(20)

1
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Filter graphs using collapse rule

> Exploiting the collapse rule allows us to filter a

range of graphs.

> Previously these one-loop graphs were computed

via taking cuts:

C(1),real
q

( ν

n̄ · P , ~q
2
⊥

)
=

2αs

π~q 2
⊥

n̄ · P
ν

Iε
[
~q 2
⊥
] ∫ 1

0

dz P η
gq(z)

×
[(
C2

F −
CFCA

2

)
z−2ε +

CFCA

2

(
(1− z)−2ε + 1

)]
.

> All pieces except for the highlighted term cancel

against virtual graphs.

G

G

(1)

G

G

(4)

G

G

(5)

G

G

(6)

G

G

(7)

G G

(17)

G G

(18)

G

G

(19)

G

G

(20)

1

> This can be avoided by invoking the collapse rule (implemented as `+1 contour integration).
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Filter graphs using collapse rule

> Exploiting the collapse rule allows us to filter a

range of graphs.

> Previously these one-loop graphs were computed

via taking cuts:

C(1),real
q

( ν

n̄ · P , ~q
2
⊥

)
=

2αs

π~q 2
⊥

n̄ · P
ν

Iε
[
~q 2
⊥
] ∫ 1

0

dz P η
gq(z)

×
[(
C2

F −
CFCA

2

)
z−2ε +

CFCA

2

(
(1− z)−2ε + 1

)]
.

> All pieces except for the highlighted term cancel

against virtual graphs.

G

G

(19)

G

G

(20)

1

> This can be avoided by invoking the collapse rule (implemented as `+1 contour integration).

> Further drop scaleless integrals:

> Left with a single graph!

C[1]q = CFCAg
2P

−

πν

∫ 1

0

dz
1 + (1− z)2

z

∫
dd−2`⊥

`2⊥(`⊥ + q⊥)2
,
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NNLO graphs: What's left?

> At two loops this is a must. Start with 763 (of

1866) graphs that have valid cuts

> Applying collapse rule results in 179 graphs.
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G
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G
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G
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NNLO graphs: What's left?

> At two loops this is a must. Start with 763 (of

1866) graphs that have valid cuts

> Applying collapse rule results in 179 graphs.

> Further drop scaleless graphs with dangling

Glaubers:

→ Left with 155 graphs.
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Conclusion

> Glauber SCET is a promising framework for reliably and efficiently computing NLL small-x corrections.

> Offers several advantages over previous approaches.

Factorization functions gauge invariant to all orders.
No separate Green’s functions needed to be calculated.
Off-shell cross sections replaced by one soft function Sαβ for all DIS channels.
Manifest power counting.
No factorization or scheme dependencies.
Universal, process independent, collinear-function.

> This work provides a new framework for extending resummed calculations for coefficient functions and

anomalous dimensions to higher logarithmic orders.

> First step towards NLL small-x resummation: two loop computation in SCET requires automation. Aim
is to create a much more general tool-set for the community.
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Thank you!

Contact
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