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(based on many papers, with many collaborators, over the last   15 years)~



Usually

condensed matter theory = relativity

Note: relativity = Lorentz or Galilei 
2

1. v << c  ( = 1 )

2. preferred frame



For us instead

condensed matter theory = relativity

Note: relativity = Lorentz or Galilei 
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spontaneously



Or equivalently

condensed matter theory = relativity

non-linearly


realized

Note: relativity = Lorentz or Galilei 
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Symmetries

Symmetry = Transformation of dynamical variables 
under which dynamics are invariant

Continuous symmetry

}Noether theorem

Goldstone theorem
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Noether theorem

Symmetries Conservation laws

Time translations: Energy
Spatial translations: Momentum
Rotations: Angular momentum
etc.
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Goldstone theorem

IF symmetry broken by state of the system

Gapless excitations

Gapless =

}Zero energy (QM)

Zero frequency (classical)

Dynamics of “Goldstones” constrained by symmetries



Effective field theory (EFT)

� � `UV ! ⌧ !UV
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Low-energy degrees of freedom + symmetries:

Lagrangian:

Derivative expansion:

� ! G[�]

L = f(�, �)

(⇤UV · ⌅�)n , (1/�UV · ⇥t)n
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Low-energy degrees of freedom + symmetries:

Lagrangian:

Derivative expansion:

systematic

� ! G[�]

L = f(�, �)

(⇤UV · ⌅�)n , (1/�UV · ⇥t)n
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� � ` ⇥ ⌧ 1/�

Example 1: Hydrodynamics
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Dof:   volume elements’ positions

I = 1, 2, 3�I(⇧x, t)

EFT for fluids
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Dof:   volume elements’ positions

I = 1, 2, 3�I(⇧x, t)

EFT for fluids

h�Iieq = xI
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Symmetries:   Poincaré + internal

�I � �I + aI

�I � SO(3) �I

⇥I � �I(⇥) det
⇤�I

⇤⇥J
= 1

} recover homogeneity/isotropy

fluid vs solid

h�Iieq = xI                 preserves diagonal combinations
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(Dubovsky, Gregoire, Nicolis, Rattazzi 2005)
(Soper 1976)



Action:

Correct hydrodynamics (      + eom) with:Tµ⇥

Relativistic, non-linear

S =
Z

d4x F (b) b =
q

det @µ�I@µ�J

⇢ = �F

p = F � F 0 b

uµ =
1

6 b
✏✏ @�@�@�
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ground state (at given p): �I = xI

Nambu-Goldstone modes: ⇥I = xI + �I

L⇥
�
�̇I

⇥2 � c2
s

�
⇥I�

I
⇥2 + interactions

longitudinal = sound

transverse = vortices

! = csk
! = 0
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Application: Vortex-sound interactions 

(Endlich, Nicolis 2013)
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Subsonic regime ( v << cs )
Fluid nearly incompressible

sound waves difficult to excite

treat sound 
perturbatively

treat vortices 
non-linearly

integrate it out



Vortex-sound decomposition

= +

16

�I(~x, t) = �I
0(~x, t) + ��I(~x, t)}

compression

Expand the action in powers of       and   �� v0/cs



= Im ( )

The sound of turbulence

P =
�+ p

c5s
hQ̈Q̈i

Qij ⌘
Z

d3x
�
vivj �

c2s
c2

v2 �ij
�

(Lighthill 1954 + 
relativistic correction)
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(similar to Goldberger, Rothstein 2004)



= 

Probing turbulence with sound waves

(Lund, Rojas 1989 + 
relativistic correction)

d�

d⌦
=

!4

c6
s

⇥
1� c2

s

c2
+

c4
s

c4

⇤��ṽ(�~k)
��2
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Sound mediated vortex-vortex potential

Leading order

Next to 

leading

order
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Long range potential:

Useful? Detectable? Known?

20

V ⇠ (⇢+ p)

c2s
· q1q2

r3
⇠ Ekin

�
v/cs

�2
(`/r)3

q ⌘
Z

vortex
d3x v2



Long range potential:

Useful? Detectable? Known?

(William Irvine, U. of Chicago)

? ? No

20

V ⇠ (⇢+ p)

c2s
· q1q2

r3
⇠ Ekin

�
v/cs

�2
(`/r)3

q ⌘
Z

vortex
d3x v2



Spontaneously broken Q 


Finite density for Q


Symmetries: Poincaré + shift 


Bulk action:

Example 2: String theory for superfluids
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Superfluid: same classical eom as fluids, but:

light Goldstone �(x)

�(x) = µt+ ⇡(x)

phonon

S =

Z
d4xP (X) + . . .

�(x) ! �(x) + a

X ⌘ (@µ�)
2

eq. of state
(Son 2005)



zero T super-fluid vs. ordinary fluid

Hydrodynamics
 Hydrodynamics

compressional (sound) sector

transverse (vortex) sector

Hard (gapped)
 Soft (gapless)

⇥⇥� ⇥v = 0

⇥⇤� ⇥v ⇥= 0
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For vortex lines

~v(~x) = � �

4⇡

Z
(~x� ~x 0)

|~x� ~x 0|3 ⇥ d~x 0 1st order EOM!

Vortex dynamics (incompressible limit)

� =

I
~v · d~̀ $ I

~v $ ~B

Biot-Savart:

~r · ~v = 0 ~! = ~r⇥ ~v
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Unlike m~a = ~Fext

No room for “forces”

No free initial 

condition for v

Instantaneous v 
determined by 


geometry
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For vortex rings

Far away:

~v =
�

4⇡R
log(R/a) n̂

with ~µ = (⇡R2)� n̂~v(~x) = ~Bdipole



Excitations: Kelvin waves

Two modes overall (         )6= 2 + 2

!± =
�

2⇡
k2 log(1/ka)

fewer modes than 2-derivative eom


``non-local’’ dispersion relation

26



27

William Irvine
U. of Chicago
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William Irvine
U. of Chicago
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William Irvine
U. of Chicago
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William Irvine
U. of Chicago
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William Irvine
U. of Chicago
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other groups...
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other groups...



Problem: 


Solution:   dual 2-form


Analog of dual EM field for magnetic monopoles


Equivalent bulk dynamics:

Coupling with bulk modes
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eq. of state

� ! �+ 2⇡ (“defect”)

@[µA⌫⇢] / ✏µ⌫⇢↵@
↵�

S =

Z
d4x ⇢(Y ) + . . .

Y ⌘ (@[µA⌫⇢])
2



Effective string theory
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Bulk: A[µ⌫]

A00 = 0

A0i = nAi(x)

Aij = n ✏ijk(x
k +Bk(x))

Aµ⌫ ! Aµ⌫ + @µ⇠⌫ � @⌫⇠µ

~r · ~A = 0

~r⇥ ~B = 0

phonon

analog of Coulomb V

String: Xµ(⌧,�)

world-sheet coordinates

Lorentz 4-vector



Action
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S = Sbulk + SKR + . . .

Bulk: Y ⌘ (@[µA⌫⇢])
2

Kalb-Ramond:

Z
d4x ⇢(Y ) + . . .

�

Z
d�d⌧ Aµ⌫ @�X

µ@⌧X
⌫

q

Z
Aµdx

µ(analog of                )

Perturbation theory:
Xµ ! background + ~⇡(⌧,�)

Aµ⌫ ! background + ~A(x), ~B(x)

(Horn, Nicolis, Penco 2015)



Energy of straight string
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The idea is to formally perform the path-integral over ~A and ~B, for given ~X fields,

eiSe↵ [X] =

Z
DADB eiS[X,A,B] . (6.5)

To lowest order, this shifts the e↵ective action of ~X by

Se↵ [ ~X] �

Z
d4xd4y

⇥
1
2J

i
A(x) iG

ij
A(x� y) J j

A(y) +
1
2J

i
B(x) iG

ij
B(x� y) J j

B(y)
⇤
, (6.6)

where the G’s are the propagators (2.18). This is depicted by the self-energy diagram of
Fig. 1: a string in its ground state exchanges ~A and ~B fields with itself; such a process
shifts the action of the string, and thus its energy. For a static configuration such as
ours, the energy is defined by S = �

R
dtE. The shift in the energy thus is

E � �

Z
d3~p

(2⇡)3
⇥
1
2J

i
A(�~p ) iGij

A(~p ) J
j
A(~p ) +

1
2J

i
B(�~p ) iGij

B(~p ) J
j
B(~p )

⇤
, (6.7)

where the propagators have to be computed at zero frequency, and the J ’s now stand
for purely spatial Fourier transforms.

Figure 1: Diagrams contributing to the self-energy of the vortex line. In the first dia-

gram, the hydrophoton (red, dashed line) is emitted and reabsorbed by the worldsheet.

In the second diagram, the same process occurs for the phonon (blue, wavy line).

Including the tension contribution, we get an energy per unit length

dE

dz
= T +

1

2

n̄2�2

w̄

Z
d2p?

(2⇡)2 p2?
� 2

T 2
(01)

w̄c2s

Z
d2p?
(2⇡)2

= T +
n̄2�2

w̄

1

4⇡
log(L⇤)�

T 2
(01)

w̄c2s

1

2⇡
⇤2 , (6.8)

where we integrated from an IR momentum cuto↵ 1/L—the typical size of the container—
to a UV cuto↵ ⇤. The second term is the standard hydrodynamical result, which is due
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~A ~B dE

dz
=

n2�2

w2
log(L · ⇤)

UV

cutoff

container size

Add ``tension”: S ! S � T

Z
d�d⌧

p
det @↵Xµ@�Xµ

RG running:
d

d logµ
T (µ) = � 1

4⇡

n2�2

w

momentum scale



(nonlinear) Kelvin waves
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~A

Figure 2: Contribution to the propagator of Kelvin waves (black, curly lines) coming

from the mixing with hydrophoton and phonon. The Kelvin waves “live” on the world-

sheet, whereas phonons and hydrophotons can also propagate in the bulk.

string in the form (6.10), we can interpret the running tension T (µ) as the sum of all UV
contributions, which include those associated with the microphysics of the string (our
original T ) as well as those coming from the exchange of bulk modes up to scales of order
1/µ. Then, for our new computation, if we choose the renormalization scale µ to be at
the typical momentum scale of our process—the wavenumber k of the perturbation—
we can neglect the contribution of bulk modes of wavelengths larger than 1/µ, thus
e↵ectively concentrating all e↵ects of bulk mode exchange in the running tension.

In conclusion, we can consistently describe string excitations of typical momentum
k by the simple world-sheet e↵ective action

Se↵ =

Z
dtd�

⇥
�

1
3 n̄� ✏ijk X

k@tX
i@�X

j
� T (k)

��@� ~X
�� ⇤ (6.20)

!

Z
dtdz

⇥
�

1
2 n̄� ✏ab ⇡

a@t⇡
b
� T (k)

p
1 + (@z~⇡)2

⇤
, (6.21)

where in the second line ✏ab is restricted to the xy plane. Note that although we
have only checked this result explicitly to quadratic order in the perturbation ~⇡, the
symmetries of the action allows us to extend it to the higher order terms as well.

Given that rotations about the unperturbed string are unbroken, our excitations will
carry a conserved ‘quantum’ number associated with that symmetry, which is nothing
but the z component of angular momentum. To make use of this, it is convenient to
combine the two components of ~⇡ into a complex world-sheet scalar describing circularly
polarized waves,

� ⌘
1p
2
(⇡x + i⇡y) , (6.22)

in terms of which the e↵ective action becomes

Se↵ =

Z
dtdz

⇥
n̄��⇤i@t�� T (k)

p
1 + 2|@z�|2

⇤
. (6.23)

The action is now symmetric under a global U(1) symmetry, and � and �⇤ carry opposite
charge under it.
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~⇡~⇡

~B

Se↵ [~⇡] =

Z
dtdz

⇥
n� ✏ab⇡

a@t⇡
b � T (k)

p
1 + (@z~⇡)2

⇤

one time

derivative

typical

momentum

(linear)

“self-pipe” with

!± =
�

4⇡
log(µ0/k) k

2

~v = ẑ
�k

2⇡
(nonlinear)
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Mechanics of system of vortex rings

Peculiar conservation laws:

E =
X

n

µ3/2
n logµn +

X

n 6=m

~µn · ~µm � 3(~µm · r̂)(~µn · r̂)
r3

~P =
X

n

~µn

~L =
X

n

~xn ⇥ ~µn

L =
X

n

⇥
~µn · ~̇xn + ~µn · (~r⇥ ~A)

⇤
�

Z
d3x

�
@iAj

�2

!
X

n

�
~µn · ~̇xn � µ3/2

n logµn

�
�

X

n 6=m

~µn · ~µm � 3(~µm · r̂)(~µn · r̂)
r3

~µ = �⇡R2n̂

(Garcia-Saenz, Mitsou, Nicolis 2018)



Interactions of string modes with sound
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initial phonon propagates perpendicularly to the string, with momentum k and energy
! = csk. The string breaks translations perpendicularly to itself, which means that
the momentum of the phonon in the transverse direction is not conserved. However,
momentum along the string is conserved, and so is energy. The leading contribution
to absorption thus comes from converting the energy of the phonon into two quanta of
Kelvin waves (kelvons) with equal energies E = !/2 and opposite momenta ±q along
the string, as in the diagram of Fig. 5.

Figure 5: Absorption of a phonon into a pair of kelvons.

Notice that the final kelvon momenta are much larger than the initial phonon mo-
mentum. To see this, observe that, for given initial energy ! = csk, the momentum q
of the two final kelvons is given implicitly by their dispersion law:

E = !/2 =
1

n̄�
T (q) q2 . (7.28)

Up to logarithmic corrections, q scales as
p
!, while the phonon momentum k scales

as !, which makes q much bigger than k in the low-frequency limit. This implies that,
if we now consider the more generic case in which the initial phonon propagates at an
angle ✓ relative to the string, the kinematics of the process are essentially unaltered.
The reason is that even though now there is a mismatch in the final kelvon momenta,
it is only �q = k · cos ✓ ⌧ q and can thus be neglected in first approximation.6 For a
generic initial angle ✓ we thus have

q1 ' �q2 ⌘ q , E1 ' E2 ⌘ E = !/2 . (7.29)

Keeping in mind the remarks of section 7.1, the leading contribution to kelvon pair
production by sound comes from expanding the ✏ · B @X@X coupling in (6.39):

n̄� · ✏ijkB
k( ~X, t) @tX

i@zX
j
�

1
4 n̄� · �⇤2⇥@xḂy + @yḂx + i

�
@yḂy � @xḂx

�⇤
. (7.30)

6
Another consequence of the large q/k hierarchy—which turns out not to be relevant for the compu-

tation at hand—is that one should choose µ ⇠ q as renormalization scale for all string-sound running

couplings.
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6.3 Other running couplings

We can apply the same techniques to processes that involve external ~A and ~B fields
as well. Consider for instance the way an external sound mode ~B can couple to the
string: there is a direct world-sheet interaction in (5.9), as well as a more non-local one
mediated by ~A, as depicted in Fig. 3. As before, it is useful to phrase the physical e↵ect
of the latter in terms of an e↵ective action, now for ~X and ~B,

eiSe↵ [X,B] =

Z
DAeiS[X,A,B] . (6.24)

Using standard perturbation theory for the path integral, we get a correction to the
e↵ective action which to leading order is given by

Se↵ [ ~X, ~B] � 1
2w̄(1� c2s)

Z
d4p

(2⇡)4
d4q

(2⇡)4
J i
A(�p)J j

A(�q)(~r · ~B)(�p� q)

⇥
⇥
� p · q Gik

A (p)G
kj
A (q) + qkplGik

A (p)G
lj
A(q)

⇤
, (6.25)

This is definitely a non-local correction to the action. However, we can get a sense of the
kind of non-locality involved by working at very low momenta for the string excitations
and for the external ~B field. To this end, let us take the simplified configuration in
which the string is straight, so that the source ~JA is simply that given in (6.3). After
changing the q integration variable, �(p+ q) ! q, we get

Se↵ �
1

2

n̄2�2

w̄
(1� c2s)

Z
d2p?
(2⇡)2

d2q?
(2⇡)2

(~r · ~B)(~q?)
~p? · (~q? + ~p?)

p2?(~q? + ~p?)2
, (6.26)

where now (~r · ~B)(~q?) is evaluated at zero frequency and zero qz.
The integral in ~p? diverges logarithmically in the UV. We can first isolate and

compute the divergent piece, and then recover with logarithmic accuracy the finite
piece by dimensional analysis. To do so, recall that the external ~B field is concentrated
at low momenta: expanding the integrand in powers of ~q?, to zeroth order we get

Se↵ �
1

2

n̄2�2

w̄
(1� c2s)

 Z
d2q?
(2⇡)2

(~r · ~B)(~q?)

�
⇥

 Z
d2p?
(2⇡)2

1

p2?

�
. (6.27)

Figure 3: Hydrophoton correction to the coupling of sound to the worldsheet.
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of the coupling T(10)(µ), which accompanies the term in the action (5.7) of order Ḃ · Ẋ,

SNG0 �

Z
dtd�|@� ~X|

h
2T(10)( ~̇B? · ~v?)

i
, (6.31)

which will be renormalized by the diagram in Fig. 4 via the ~̇B · (~r ⇥ ~A)(~r · ~B) bulk
coupling in eq. (5.2). The corresponding contribution to the e↵ective action is given

Figure 4: Leading contribution to the running of T(10).

by

Se↵ [ ~X, ~B] �� w̄(1� c2s)

Z
d4p

(2⇡)4
d4q

(2⇡)4
J i
B(�p)J j

A(�q)Ḃk(�p� q)

⇥ ✏kab(�iqa)G
jb
A (q)(�ipl)G

il
B(p) .

(6.32)

Here we are taking the configuration in which the string is straight but moving with
constant transverse velocity ~v?, which is o↵-shell and does not satisfy the equations of
motion, since an infinite straight string does not move unless we change the boundary
conditions at infinity:

~X = (~v?t, �) , (6.33)

and then we have

~JA =
�
n̄�+ 2T(10)va✏

ab
rb

�
ẑ · �2(~x? � ~v?t) , (6.34a)

~JB =
�
n̄�(~v ⇥ ẑ)� 2T(01)

~r+ 2T(10)~v?v
j
?rj

�
· �2(~x? � ~v?t) . (6.34b)

As in the previous subsection, a, b run over the transverse directions, and we ignore
the terms with a derivative on the Dirac delta function in the low-momentum limit.
Furthermore, we keep only the leading terms in ~v = ~v? in the small-velocity limit. In
this case ~JA is given by (6.3), and

~JB(~x) = n̄�(~v ⇥ ẑ)�2(~x?) . (6.35)
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. . .

� =
1

16wc3s
!2q sin4 ✓ ⇠

p
!5/ log!

Phonon —> kelvons conversion: 
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Example 3: early universe cosmology

�T/T ⇠ 10�5



The early universe: homogeneous and 
isotropic


Usually modeled via


Time-translations spontaneously broken


Systematic effective field theory:

'a = 'a(t)

Goldstone = adiabatic perturbations

37

Inflation

h�T (~x1)�T (~x2)i , h�T (~x1)�T (~x2)�T (~x3)i , . . .

(cf. superfluid)
(Creminelli, Luty, Nicolis, Senatore 2006)

(Cheung, Creminelli, Fitzpatrick, Kaplan, Senatore 2007)



t-independent, x-dependent fields:


time-translations unbroken


spatial translations and rotations, broken

38

Alternative: Solid inflation

�a = �a(⇥x)

use EFT for homogeneous, isotropic solid

(Endlich, Nicolis, Wang 2012)



Dof:   volume elements’ positions

I = 1, 2, 3�I(⇧x, t)
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EFT for solids



Dof:   volume elements’ positions

I = 1, 2, 3�I(⇧x, t)

39

EFT for solids

h�Iieq = xI
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Three scalar fields: 


Internal symmetries:


Action:

⇥I = xI + �I

�I � �I + aI

�I � SO(3) �I

<latexit sha1_base64="MCJQTJL62xFkySpEQY9vXMJ3RQg="></latexit>

S =

Z
d4x

p
g


1

16⇡G
R+ F

�
@µ�

I@µ�J
��

Cosmological solid
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New Goldstone EFT w/ novel predictions



42

Quadrupolar “squeezed limit”

fNL ⇠ 1

�

1

c2L

2% overlap w/ “local” shape
39% w/ “equilateral”

h���i ! fNL ⇥ h��ih��i ⇥ (1� 3 cos2 ⇥)

32% w/ “orthogonal”
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Conclusions

Spontaneously broken symmetries, Goldstone 
modes, effective field theories:


Many potential applications in condensed 
matter, hydrodynamics, and cosmology

Extremely general concepts 
and powerful tools


