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The aim of this thesis consists to explore the modular symmetry, extension of duality
symmetry, in the context of Maxwell theory and study its Non-Invertible counterpart,
exploiting the modern advancement in the context of Generalized Symmetries.

What is the importance of Generalized Symmetries?
e IR Constraints

e Symmetries in String theory/Holography b } M(:th

e Quantum Gravity Constraints gQ
Relation to Condensed Matter
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Generalized symmetries

Ordinary self-duality symmetry —————— Non invertible self-duality symmetry
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Anomalies in Maxwell theory Anomalies in Maxwell theory
Topological constraints Topological constraints
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Duality # Symmetry

2 SL(2,Z) symmetry in Maxwell theory and anomaly computation

Duality transformation

Theory A < » Theory B

\ J
!

Physical equivalence

Duality Symmetry
TheoryA < » Theory A
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Setup

2 SL(2,Z) symmetry in Maxwell theory and anomaly computation

[Witten, 1995]
We are in a 4d compact, torsion-free, manifold.
Free Maxwell theory with topological 8 term

1 0

1 174 2 0 vpo
— /X d4xl4€2\/§FWF“ +igo e’ F,“,Fp(,}

Here
0 e [0, 27] if X Spin Manifold
[0, 4] if X non-Spin Manifold
given
0 4ri
— 4+ cH
27 + g2
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The Maxwell action can be written as
B L R A
sfﬂ/x[ﬁ AF¥ 4 7F~ AF ]7
= o [ atB[FE ) (B () ()

We want to analyze transformations of the kind

a b
Tt ad—bc=1 a,b,c,dc€Z
ct+d
11
T = +—T:T—>71+1, PSL(2,7) = 7SL(2’Z)
0 1 =+
- 2 _ 3 _
0 , S2=1 (ST)® =1
S = — ST = —=
1 [] T Since 7 + 1 <T> 6 + 27, for a not Spin manifold we should consider the
subgroup (S, T*) C PSL(2,Z).
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Anomaly result

2 SL(2,Z) symmetry in Maxwell theory and anomaly computation

Z[aT—i—b
ct +d

] = (i)7%(cr + d) X2 (¢ + d)XF)/277]

o Hirzebruch signature
X Euler characteristic
7 = ifixed under S, not anomalous
7 = e2™/3 fixed under ST, anomalous
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Validity conditions for o and y

2 SL(2,Z) symmetry in Maxwell theory and anomaly computation

Spin Manifold non Spin Manifold

Symmetry group generated by S and T Symmetry group generated by S and T?

o=16n withne Z Z[—l] _ (l-)v/Z(T)X%”(ﬂX%z[T]
1 N=@ , | XNAE@ T

2-2] = ()% (@) F ) Zpr 1 2] = 2]

Z[r + 1] = Z[7]

a . 2,
charge conjL'lgation: SP=-I= (-1)*?=1= ’ ,(Air;?;v;?l(y_dlliip/)?iner%(liri?ri o+ x€A4Z
x =4n withn € Z.

It implies that under S* the anomaly disappears. e Anomaly disappearing under S*:
Therefore B =l =
X € 47 Therefore
g _ X

759 mod2 with x,o0 € 2Z
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¢ Parameter of the
. . transformation: 0-form
Ordinary symmetries =. charged objects: fields
* Group-like composition
rules

Higher-form symmetries  Non-Invertible symmetries

» Parameter of the transformation: g-form

« Charged objects: operators supported
on g-dimensional submanifolds

« Group-like composition rules

= Abelian group structure

Not group-like fusion rules

Symmetry - > Topological operator
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3 Generalized symmetries

Non-invertible symmetries lack a group-like composition law.

The topological operators instead obey the so-called fusion
rules:

U*(B4—q—1) ® UP(Zg—q—1) = @(Nq)?bUC(Ed—q—l)

c

withg =,..,d — 1

g pF

Figure 2.5. Representation of the fusion product for generic (d — ¢ — 1)-dimensional non invertible
defects
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Non-invertible Symmetries

How do we construct defects with non-invertible fusion
rules?

General construction: Stacking with a TQFT and gauging of a
global symmetry.

Example:
Q gauge G 9/G
I— I—
TQFT§ Da-1

Qx TQFTY., Q/G with defect Dy_y

Figure 2.6. d-dimensional theory Q with global symmetry G twisted with the (d — 1) topological
field theory having the same global symmetry. After gauging the TQFT has become a defect
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Construction of the Non-Invertible symmetry
4 Non-invertible duality

We make a composition of the S-duality with the following two operation:

e Stacking with the topological term iﬂ’g‘f f B. A B, [Choi, Cordova, Hsin, Lam, Chao
2022]
e Gauging of Zl(\,le) X Zl(\,lm) with ged(Ne, Ny ) = 1 [Cordova, Ohomori 2023]
We find

Z = (Nm)X - Z
G77(r) = (Nm) %(Hpm)

i.e. the p-twisted theory is isomorphic to the original one, with a rescaling of the coupling

The goal now consists to find the fixed points of S o g[(Zb(i))p X Z&)]
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SL(2,Q)

4 Non-invertible duality

The non-invertible transformation consists of:

(ql q2> €SL(2,Q) 7 DTTD
qs qa q3T + Q4

q194 — 9293 =1 q1,42,43,92 € Q

. —_ i N
Forp =0:  Tixed = ix"
Forp = Np:  Tixed = %ezm/s

Zg(Tﬁxed) =A- Ly 7 Lrye
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How to find the anomalies?
4 Non-invertible duality

First step in this direction could be to analyze the zeros of the partition function. In fact,
under certain conditions

Z[T] = 0 <= Presence of an anomaly

However we should have:
e A manifold for which 3G such that Z[G, 7, 7] = Z[G, 7]Z[G, 7]
e Anintersection form for which the corresponding generalize theta functions becomes
0 in correspondence of "interesting 7 values” (example: rational multiples of i)

e An indefinite metric G (for Donaldson’s theorem)
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Summary and outlook

5 Conclusions

The main results of this thesis are: Developing the proposed
e An extension of Witten’s calculation of the procedure fO_r ident-i'fying
SL(2, Z)-duality anomaly to non-Spin manifolds. anomalous fixed points

could bring us closer to

the goal of finding a

functional expression for

the anomaly, potentially

allowing for the imposition

e A conceptual idea for studying anomalies associated with of new constraints.
non-invertible duality.

¢ Identification of topological constraints on four-manifolds
that can support Maxwell theory.

e A generalization of SL(2,7) symmetry to its
non-invertible counterpart, SL(2, Q).
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