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Introduction

▶ Observed matter-antimatter asymmetry:

5.8 · 10−10 ≤ nB
nγ

≤ 6.6 · 10−10

▶ Could be explained by initial conditions, another explanation more intriguing
▶ Sakharov conditions:

▶ Baryon number violation
▶ C and CP violation
▶ Deviation from the thermal equilibrium
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Overview of electroweak baryogenesis
▶ Electroweak symmetry breaking through a first order phase transition – extension

of the SM necessary
▶ CP-violating current generated in the bubble wall by the gradients of the Higgs

expectation value
▶ Sphalerons generate baryon-plus-lepton number from the produced charges
▶ The bubble captures the baryon-plus-lepton number, and sphaleron processes

freeze out
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Classical example
▶ Classical point particle with spacetime-dependent mass m(x) and momentum

pµ = mdxµ

dτ :

S =

∫ τB

τA

dτ
[
−m(x)c2

]
d

dτ
pµ = c2

dm

dxµ

▶ Apply the Liouville theorem to a distribution function g(x , p):

d

dτ
g(x , p) =

1

m
pµ

∂g(x , p)

∂xµ
+

dpµ

dτ

∂g(x , p)

∂pµ
= 0 (∗)

▶ Insert distribution of the quasi-particle form:

g(x , p) = 2πδ(p2 −m2)f (x ,p)
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Classical example

▶ Take the zeroth moment of eq. (∗)
∫ 2dp0

(2π) [eq. (∗)] to get a kinetic equation:

uµ
∂f (x ,p)
∂xµ

+
dpµ

dτ

∂f (x ,p)
∂pµ

= 0,

with uµ = dxµ

dτ
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Ansatz in QFT
▶ Described by Wightman functions:

i∆>(x , y) =
〈
ϕ(x)ϕ†(y)

〉
▶ Consider its Wigner transform:

∆>(x , k) =

∫
d4reik·r∆>

(
x +

r

2
, x − r

2

)
▶ Ansatz:

i∆>(x , k) = 2πδ(k2 −m2)[θ(k0)(1 + f (k , x)) + θ(−k0)f̄ (−k , x)]

=
π

ω(k)
δ(k0 ∓ ω(k))[θ(k0)(1 + f (k , x)) + θ(−k0)f̄ (−k , x)]

ω(k) =
√

k2 +m2

▶ Corrections necessary if going beyond 2nd order in derivatives of the mass
7 / 16



Kadanoff-Baym equation

▶ Schwinger-Dyson equation for the Wightman functions on CTP
(Schwinger-Keldysh closed time-path method), also called Kadanoff-Baym
equation:[

−∂2 −M2
]
∆>(x , y)−

∫
d4z(ΠH(x , z)∆>(z , y) + Π>(x , z)∆H(z , y))

=
1

2

∫
d4z(Π>(x , z)∆<(z , y)− Π<(x , z)∆>(z , y))
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Kadanoff-Baym equation

▶ Perform a Wigner transform:[
−1

4
∂2 + ik · ∂ + k2 −M2e−

i
2

←−
∂ ·
−→
∂k

]
∆> − e−i⋄{ΠH}{∆>} − e−i⋄{Π>}{∆H}

=
1

2
e−i⋄({Π>}{∆<} − {Π<}{∆>})

⋄{G (k , x)}{F (k, x)} =
1

2

(
∂G (k, x)

∂xµ
∂F (k, x)

∂kµ
− ∂G (k , x)

∂kµ
∂F (k, x)

∂xµ

)
▶ Set the collision term to zero:[

−1

4
∂2 + ik · ∂ + k2 −M2e−

i
2

←−
∂ ·
−→
∂k

]
∆<,> = 0
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Time dependent case

▶ Time dependent mass matrix:

M2 =

[
m2

1 eiφ(t)v(t)

e−iφ(t)v(t) m2
2

]
▶ Take moments of the Kadanoff-Baym equation

▶ Under which conditions do charges get generated?

▶ Numerical solution for selected off-diagonal elements
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Time dependent case

▶ For example:

M2 =

[
0.9 eiπt

10 cosh(10(t−1))
e−iπt

10 cosh(10(t−1)) 1.1

]
k2 = 1

2 4 6 8 10
t

0.02

0.04

0.06

0.08

0.10

v

Magnitude of the off-diagonal elements

2 4 6 8 10
t

-0.00006

-0.00004

-0.00002

0.00002

0.00004

0.00006

q

Charges

q1

q2
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Solving the equation
▶ Mass matrix:

M2 =

[
m2

1 eiφv(z)
e−iφv(z) m2

2

]
▶ Take the hermitian and antihermitian parts of the Kadanoff-Baym equation and

expand up to order 2 in derivatives, ∂t → 0, kx∂x + ky∂y → 0, [2]:
▶ Kinetic equation (hermitian part):

ikz∂z∆
> +

1

2
[∆>,M2]− i

4
{∂kz∆>, ∂zM

2}+ 1

16
[∂2

zM
2, ∂2

kz∆>] = 0

▶ Constraint equation (antihermitian part):

−1

4
∂2∆> + k2∆> − 1

2
{M2,∆>}+ i

4
[∂kz∆>, ∂zM

2] +
1

16
{∂2

zM
2, ∂2

kz∆>} = 0

▶ Expand the off-diagonal elements of the Wightman functions:

∆>
ij = ∆

>,(0)
ij +∆

>,(1)
ij +∆

>,(2)
ij +O(v ′3, v ′′v ′, v ′′′)
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Solving the equation

▶ Solve the kinetic equation order by order for the off-diagonal elements up to order
1 in derivatives

▶ Substitute into the constraint equation, and solve it up to order 1 in derivatives
and order 2 in v to obtain an ansatz for the diagonal elements:

i∆>
ii (x , k) =

π

ωii (k)
δ(k0 ∓ ωii (k))[θ(k0)(1 + fii (k, x)) + θ(−k0)f̄ii (−k, x)]

ωii (k) =
√
k2 +m2

i +
miδmi√
k2 +m2

i

δm1 =
v2

2m1(m2
1 −m2

2)
+O(v4)

δm2 =
v2

2m2(m2
2 −m2

1)
+O(v4)
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Solving the equation

▶ Insert the off-diagonal elements and the ansatz into diagonal components of the
kinetic equation at order 1 in derivatives

▶ Integrate over positive and negative k0 to get equations for the distribution
functions of particles and antiparticles, respectively

▶ Insert the Bose-Einstein distribution

(–)

fii (k , z) = (exp[βγw(ωii (k) + vwk
z −

(–)

µ i )]− 1)−1

with the wall velocity vw and expand up to the first order in vw and
(–)

µ i

▶ Subtract the equation for antiparticles from the equation for particles to derive a
Boltzmann equation for the deviation δfii = fii − f̄ii with a source Sii :

(vz,ii∂z + Fii∂kz )δfii + Sii = 0

▶ Sii ̸= 0, but Sii = 0 for vector density δf vs,ii of fermions
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Summary

▶ Use Wightman functions in Wigner space

▶ Kinetic and constraint equations from the Kadanoff-Baym equation

▶ Solve for the off-diagonal elements

▶ Obtain an ansatz for the diagonal elements

▶ Take the zeroth moment

▶ Insert the Bose-Einstein distribution to get a Boltzmann equation and extract a
source
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