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EXTREMAL BLACK HOLES

▸ Extremal black holes are those that saturate the bound 
between their charge or spin and their mass. 

▸ Roughly speaking, they have  and . TBH = 0 MBH ≠ 0

▸ They can appear in different forms, the most famous being:

A. Reissner–Nordström black holes (charged):    MBH = |QBH |Mpl

B. Kerr black holes (spinning): M2
BH = JBH M2

pl

▸ In our universe, near-extremal spinning black holes are very 
likely to exist. Schematic representation of a Kerr  

black hole
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EXTREMAL BLACK HOLE AND STRING THEORY
▸ String theory, as the only viable framework for quantum gravity, provides a 

natural setting to study these black holes.

Trade offer:

1. We gain a fully controlled quantum gravity framework.

2. Regular black holes in this context are supersymmetric and therefore extremal.

In this presentation, we will focus on non-perturbative effects to charged 
extremal black holes in string theory, and discuss what they can teach us about 
general black holes.
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NON-PERTURBATIVE EFFECTS

▸ They are corrections to observables that cannot be seen from perturbation theory 

                                           

‣ Usually we start from  with : “one-loop in ” 

‣ The one-loop term contains all the power expansion , and if done properly also 
the non-perturbative effects . 

Γ1l[A] = − log det (iγμDμ − m) D = ∂ − igA ℏ

gn

exp(−1/g)
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very similar near-horizon geometry — both feature an 
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THE NEAR-HORIZON REGION OF EXTREMAL BLACK HOLES

• Spinning and charged extremal black holes share a 
very similar near-horizon geometry — both feature an 
AdS -like spacetime.2 × 𝕊2

• This region is quite special: from the (conformal) entry 
door of the throat one needs infinite amount of proper 
time to reach the horizon. 

• This is different from the usual Schwarzschild black 
holes.
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THE ATTRACTOR MECHANISM 
▸ Extremal black holes in Minkowski have a really nice propriety: the so-called 

attractor mechanism. 

▸ Let’s consider for instance a system with gravity, gauge field , and a scalar 
field 

U(1)
ϕ(r)

AdS2 × S2

ℝ1,3…

Near-horizon 

ϕ(r)ϕ(r*) = f(Q, P)

Q, P
All the quantities at 
the NHR depends only 
on the charges!
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What do we need to do to obtain non-perturbative information about these backgrounds?

1. We need to understand the spectrum of a charged particle in  and  with a 
constant electromagnetic background (Landau problem in  and ).

AdS2 S2

AdS2 S2
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A QUANTUM PICTURE

What do we need to do to obtain non-perturbative information about these backgrounds?

1. We need to understand the spectrum of a charged particle in  and  with a 
constant electromagnetic background (Landau problem in  and ).

AdS2 S2

AdS2 S2

2. We need to understand how to integrate-out charged particles in such background.

3. For String Theory applications: we specialize the analysis to a tower of D-brane 
particles in the near-horizon region of a BPS black hole in  supergravity. 4d 𝒩 = 2

• This recipe would lead us to integrate out (BPS) particles at the near-horizon of (BPS) 
black holes! 
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THE LANDAU PROBLEM IN S2
• Let us first consider a constant field strength in the  background 

 

S2

ds2 = R2 (dθ2 + sin2 θdϕ2) =
2
B (1 +

|z |2

2qm )
−2

dzdz̄
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THE LANDAU PROBLEM IN S2
• Let us first consider a constant field strength in the  background 

 

S2

ds2 = R2 (dθ2 + sin2 θdϕ2) =
2
B (1 +

|z |2

2qm )
−2

dzdz̄

• In those coordinate the Hamiltonian of such charged particle is

HM = B −(1 +
|z |2

2qm )
2

∂∂̄ −
1
2 (1 +

|z |2

2qm )(z∂ − z̄∂̄) +
1
4

|z |2 .

• It can be proven that the spectrum is described by [V. Dunne ’92]

En = B (n +
1
2

+
n(n + 1)

2qm ) , with n ≥ 0

ρn

4πR2
=

B
2πqm (qm + n +

1
2 )
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LANDAU PROBLEM IN ADS2
• Let us again consider a constant field strength in  background     AdS2

ds2 = R2 (dρ2 + sinh2 ρ dθ2) =
2
B (1 −

|τ |2

2qm )
−2

dτdτ̄
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LANDAU PROBLEM IN ADS2
• Let us again consider a constant field strength in  background     AdS2

ds2 = R2 (dρ2 + sinh2 ρ dθ2) =
2
B (1 −

|τ |2

2qm )
−2

dτdτ̄

• With similar steps one can show that  Landau problem has a 
principal series [Comtet '87]

AdS2

Eλ =
E

2qe ( 1
4

+ λ2 − q2
e ) , where λ ∈ ℝ

ρE(λ) =
VAdS

2πR2

λ sinh(2πλ)
cosh(2πλ) + cosh(2πqe)

.
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ONE-LOOP DETERMINANT

• We have now enough information to calculate the one-loop partition function of a charged 

boson in  :       AdS2 × S2 log 𝒵ϕ = − ∫
∞

0

dτ
τ

e− ϵ2
4τ Tr [e−τ(−𝒟2 + m2)]
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ONE-LOOP DETERMINANT

S2 trace

• We have now enough information to calculate the one-loop partition function of a charged 

boson in  :       AdS2 × S2 log 𝒵ϕ = − ∫
∞

0

dτ
τ

e− ϵ2
4τ Tr [e−τ(−𝒟2 + m2)]

log 𝒵ϕ = − ∫
∞

0+

dτ
τ

e− ϵ2
4τ e−τm2 [∫

∞

−∞
dλ ρB(λ) e− τ

R2 (λ2+ 1
4 −q2

e )] 2 e
τ

R2 (q2
m + 1

4 ) ∑
n≥0

(n + qm +
1
2 ) e− τ

R2 (n + qm + 1
2 )

2

AdS2 trace
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ONE-LOOP DETERMINANT

S2 trace

• We have now enough information to calculate the one-loop partition function of a charged 

boson in  :       AdS2 × S2 log 𝒵ϕ = − ∫
∞

0

dτ
τ

e− ϵ2
4τ Tr [e−τ(−𝒟2 + m2)]

log 𝒵ϕ = − ∫
∞

0+

dτ
τ

e− ϵ2
4τ e−τm2 [∫

∞

−∞
dλ ρB(λ) e− τ

R2 (λ2+ 1
4 −q2

e )] 2 e
τ

R2 (q2
m + 1

4 ) ∑
n≥0

(n + qm +
1
2 ) e− τ

R2 (n + qm + 1
2 )

2

• This looks pretty bad. One cannot sum it, or use the usual tricks to rewrite them in a better form. We need 
to find a way to rewrite those traces in a more treatable way [Hubbard, Stratonovich ’58-’59]

AdS2 trace
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SUPERSYMMETRIC ONE-LOOP DETERMINANT

• If we perform such integral for a supersymmetric multiplet, after some manipulations, we 
arrived to  

 

This term coincides with the Gopakumar-Vafa integral evaluated on the horizon. There is a 
nice story about it you can find in [Castellano, CM, Zatti '26]. 

‣ We can now compute it in some explicit examples in String Theory: the most general BPS 
black hole solution in 4d, the D0-D2-D4-D6 black holes with a tower of particles (D0).

log 𝒵 = ∫ d4x −g
1

(4πR2)2
Re ∫

∞

ϵ

dτ
τ

e(iqe−|qm|)τ

sinh2 ( τ
2 )

+ …
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• To compute it, we may deform the integration line in a closed contour 

I = − ∑
n∈ℤ0

Re∫
∞

ϵ

ds
s

ei4π2n2s

sinh2 (πnαs)

NON-PERTURBATIVE EFFECTS TO BPS BLACK HOLES
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• To compute it, we may deform the integration line in a closed contour 

I = − ∑
n∈ℤ0

Re∫
∞

ϵ

ds
s

ei4π2n2s

sinh2 (πnαs)

= Ip + Inp

= − Re∮
ds
s

1
1 − e−2πis

1
sinh2 (πnαs)

NON-PERTURBATIVE EFFECTS TO BPS BLACK HOLES
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A PUZZLE

• The residue theorem applied to two branch of poles returns the perturbative and non-perturbative 
contribution to entropy of the D0—D6 black hole [Castellano, Lüst, CM, Zatti ’25] 

Im G(np) =
χE

8π2

∞

∑
n,k=1

n
k

e−4π2kn Re Y0 [ p0

2
cos (2π2knp0) − (Re Y0 +

1
4π2kn ) sin (2π2knp0)] ,

Im G(np)
0 = −

χE

2

∞

∑
n,k=1

n2 e−4π2kn Re Y0 [ p0

2
cos (2π2knp0) − Re Y0 sin (2π2knp0)]

13
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Im G(np) =
χE

8π2

∞

∑
n,k=1

n
k

e−4π2kn Re Y0 [ p0

2
cos (2π2knp0) − (Re Y0 +

1
4π2kn ) sin (2π2knp0)] ,

Im G(np)
0 = −

χE

2

∞

∑
n,k=1

n2 e−4π2kn Re Y0 [ p0

2
cos (2π2knp0) − Re Y0 sin (2π2knp0)]

13

• The  D2-D6 limit is obtained considering There is no exponential suppression, and 
the series is not-well defined! The limit breaks the contour integral procedure, and we 
cannot take into account non-perturbative corrections!

ReY0 = 0 ⟹
α = i |α |
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• The D0-D2-D4 limit (black string limit) is obtained considering 
 . The non-perturbative corrections do not enter in the 

entropy
p0 = 0 ⟹ G(np) ≠ 0 , Im Gnp = 0
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• The general case, due to the partial shift between the black hole central charge and the tower 
one, has non-perturbative corrections to the entropy.
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THE WORLD-LINE INSTANTON PERSPECTIVE 

▸ In order to study the semi-classical rationale of this phenomena, we need to compute 
the world-line instanton process of this particle probe in this region.  

▸ Strangely, from a semi-classical perspective we do not find any such effects if the 
particle is not super-extremal . This is nothing else than the Schwinger pair 
production effects seen from a particle, which give instability to the background 

 

▸ From a quantum picture we find non-perturbative effects in any case [Castellano, 
Lüst, CM, Zatti ’25] [Castellano, CM, Zatti; to appear]. 

(qe > m̃)

iΓ ∼ e2π[qE − |Δ(qE, qM) |] , iff |Δ(qE, qM) | = q2
E + q2

m − m̃2 > qM +
1
4

> 0
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PARTICLES IN THE NEAR-HORIZON REGION
‣  metric:         

‣ Conserved quantities:  

‣ EoM :           

‣ Trajectory:         

                       

AdS2 × S2 ds2 =
R2

AdS

ρ2 (−dt2 + dρ2) + R2
AdSdΩ2

2

j = pϕ = sin2 θ ·ϕ + qm cos θ ,

E = − pt =
·t

ρ2 −
qe

ρ .

AdS2 + S2 p2
ρ +

m̃2
eff(ℓ)
ρ2

− (E +
qe

ρ )
2

= 0

𝒞S2 + 𝒞AdS2
= − Δ2 = − ( m̄2 − q2

e − q2
m )

⟺ (ρ −
qe

K+ )
2

− (t −
K0

K+ )
2

=
m̃2 + ℓ2

K2
+

Classical trajectories of a charged particle in the Poincaré patch of  
(grey). The green (red) line shows the branch corresponds to the particle 
(anti-particle) trajectory. For , the vacuum is stable, and the particle 
returns to the black hole. For , particles with  can be pair 
produced in the bulk.  For the (relative) BPS case the anti-particle 
trajectory disappears into the boundary, while the particle trajectory is 
tangent to the boundary [Castellano, Lüst, CM, Zatti; ’25]

AdS2

qe < m̄
qe > m̄ qeE > 0

m̄ = |qe |
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‣ Nevertheless, within the string theory framework, we still find other non-zero non-perturbative 

contributions.   What do these contributions correspond to?
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THE SCHWINGER PAIR PRODUCTION
‣ Nevertheless, within the string theory framework, we still find other non-zero non-perturbative 

contributions.   What do these contributions correspond to?

▸ We propose that these contributions arise from virtual SPP. In the near-horizon region, particle–
antiparticle pairs are continuously pair-produced and annihilated.
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THE SCHWINGER PAIR PRODUCTION

Δ → iΔ
Super-extremal  Sub-extremal→

AdS  
throat

2

Observer

AdS  
throat

2

‣ Nevertheless, within the string theory framework, we still find other non-zero non-perturbative 
contributions.   What do these contributions correspond to?

▸ We propose that these contributions arise from virtual SPP. In the near-horizon region, particle–
antiparticle pairs are continuously pair-produced and annihilated.

▸ This is a non-perturbative effect, and it happens exclusively in the near-horizon region which 
cannot be seen from an observer outside!
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THE SCHWINGER PAIR PRODUCTION

NP corrections 
to  the Area law

‣ Nevertheless, within the string theory framework, we still find other non-zero non-perturbative 
contributions.   What do these contributions correspond to?

▸ We propose that these contributions arise from virtual SPP. In the near-horizon region, particle–
antiparticle pairs are continuously pair-produced and annihilated.

▸ This is a non-perturbative effect, and it happens exclusively in the near-horizon region which 
cannot be seen from an observer outside!

m̃ = q2
e + q2

m > qe
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CONCLUSION 

▸ String theory allows us to calculate non-perturbative effects.  Thanks to it we can infere 
general features and new phenomena of extremal black holes.
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CONCLUSION 

▸ String theory allows us to calculate non-perturbative effects.  Thanks to it we can infere 
general features and new phenomena of extremal black holes.
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CONCLUSION 

▸ String theory allows us to calculate non-perturbative effects.  Thanks to it we can infere 
general features and new phenomena of extremal black holes.

▸ If particles satisfy the generalised BF bound, then such particles can tunnel outside the 
horizon and the extremal black holes evaporate. This is the SPP for extremal black 
holes.

▸ If the BF is not fulfilled, the SPP is a virtual non-perturbative effects which changes the 
black hole thermodynamics in a non-perturbative way. 

▸ The near-horizon region of such objects is a see of pair-produced particles that cannot 
be seen from outside which may change or not the black hole thermodynamics.



EXTRA SLIDES
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DETAILS ON NON-PERTURBATIVE CORRECTIONS

‣ In general, higher-derivative corrections may be expressed through the GV formula 
[Gopakumar, Vafa '98]  

          

‣ However, due to the attractor mechanism, the topological string coupling evaluated at the 
attractor point depends on the black hole charges and it can be complex 

                                                                

G(Υ, Y0) =
i

2(2π)3
χ(CY3) (Y0)2 α2

4 ∑
n∈Z0

∫
+∞

0+

ds
s

1
sinh2(πnsα)

e−4π2n2is = G(p)(α) + G(np)(α)

α = |α |e−iθα = −
Υ
64

1
(Y0)2

hor
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DETAILS ON THE SEMI-CLASSICAL PICTURE

• From the particle instanton perspective non-perturbative effects appear only for .  This defines an 
instability of the vacuum, and consequently the evaporation of the extremal black hole. 

• However, if we perform an analytic continuation  , the Schwinger pair production

 

reproduce exactly a part of the non-perturbative corrections to the entropy of the underlying black hole 

 

• Additionally, the contribution to the Lagrangian is now real and the background is not unstable. Hidden complex 
saddles?

m ≤ |qe |

qm → iqm

SE = 2meff ∫
1

−1
dy

1 − y2

y + qe/meff
= 2π (qe − m̃2 − q2

e )

e−K/2CZD0 = nCX0 =
1
2 (q(n)

e − iq(n)
m ) ⟹ Im G(np) ⊃ −

χE

16π2

∞

∑
n,k=1

q(n)
m

k
Re [e−2π2k(q(n)

e − iq(n)
m )] .


