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water melon tennis court

Computing Feynman Integrals is hard!
the theory: particles/fields, masses and spin (via its Feynman rules)
Complexity depends primarily on the scattering process being studied (external legs)

the number of loops
Terrible scaling!

Characterising and understanding the general as well as specific properties of Feynman integrals is
crucial to continue making progress towards computing higher precision amplitudes
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Function space Branch structure: — Focus of this talk!

Can we predict all the branch points of a Feynman integral efficiently?
Problem known as Landau analysis — location of branches is given by polynomials in the Mandelstam invariants

A lot of work has gone into this recently!

Knowing the locations of the branch points is crucial information when trying to compute Feynman integrals
and amplitudes
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Goal

Work towards the function:

9

Singularities{ ] = {s,m? s —m?, s — 9Im?}

Important conditions: Needs to find all the genuine singularities
Never generates spurious singularities

Needs to be automated practical and universal
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Outline
Present a new approach that satisfies these criteria

Algorithm

1) Landau Singularities and Euler Characteristics
1) Elimination Theory over Finite Fields

2) Identifying discontinuous changes in
systems of polynomial equations 2) Implementation inside SPQR
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From momentum Space to parameter Space _ _ , , _
Twist: polynomial raised to a non integer (generic) power

l
ddki 1 — 7o dl‘l dxn
I(Sij):/Hz‘wd/ZDl...Dn " I(siy) = [ Gl@,si5,m) "2 ——= A A

Integration variables

Integration over loop momenta is exchanged with integration over (scalar) Schwinger parameters =

G(z, sii,m) is a polynomial in both « and s;;

—4/2js a multivalued function with branch points atG =0

Due to dimensional regularisation G(z, s;;, m)
Parametric integrals are convenient as they avoid the mathematical ambiguities of non integer dimension vectors

Feynman integrals in parametric representation belong to the broad class of Euler/Twisted period integrals
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Computing the Euler characteristic for a Feynman integral

The Euler characteristic X is a number that can be associated to and computed from Euler integral

Computing it is fully algorithmic:

d (011G 0nG )
w = dlog (G(x)_d/z) w=—3 <1de1 + -+ G dmn) X = 7 solutions to w =0
81_G _ 0 8,G =0 — critical points
G
w=0 ' : ' > system of polynomial equations!
G =0 1— .’,U()G =0 _

Linking the Euler characteristic to Landau Singularities

X|yo—o < X <= [(s) is a Landau singularity
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Example — One loop massive bubble
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Example — One loop massive bubble
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Now consider Xs—4m?2
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. . 1 1
Sum first two equations: = (—sz1+ 572 +2) + 5 (s71 — 72 +2) =2#0 — Xs—amz =0 <X
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Testing vs Finding Landau Singularities

The Euler characteristic method has been used extensively before to verify whether a given polynomial is a
Landau singularity

Can we go backwards, and instead use X to find Landau singularities? Yes!

This is a much tricker problem — X|,,., is a “discontinuous functional” of i(s)

Singularities in the limit
Key idea: as the limit i(s) — 0 is approached, a subset of the critical points must behave badly

as I(s) — 0 some solutions fly off to infinity

L1, Tp solutionstow =0 (x = 4)
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Detecting when roots go to infinity (1/2)

Univariate case

How do we detect for which values of parameters do roots move to infinity?

N=ar2+hr+ec

Will always have two solutions unless » = N, As = — () one solution diverges!

—bE+ Vb2 -4 ==/
’ e _ + <10
2a 2a b

n = 0 js the “Landau Singularity”

Generalises straightforwardly to higher degree polynomials:

O=ch 2"+ Cr12™ '+ ---4+ciz+c+0

As c.. — () at least one solution diverges

c.. = (0 is the “Landau Singularity”

12
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Multivariate case

A priori much harder than the univariate case — no immediate way to identify coefficients that cause the singular
behaviour

Solution: project down onto univariate slices!

/

solutionstow =0 (x =4)

L1y s Tp

1
I 1
: I
: I
|
KX
Io \

solution will move to infinity on at least one coordinate projection

Projection algorithm is systematic and can be computed by using Grobner bases (more on this later)

Avoids having to solve the system explicitly —— Never have to deal with complicated roots (only rationals)
13
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How Practical is this Method?

Computational Bottlenecks

Main computational challenge: eliminating variables ——— Grobner Bases

For anything but the simplest examples, all traditional computer algebra programmes will not terminate in
a reasonable time

Primary reason: Intermediate expressions have overwhelming (Mandelstam) parameter complexity
Computer algebra programs stall attempting to process these large expressions
Final result (the eliminated polynomial) is often much smaller than the intermediate terms

Solution: Build Grobner bases and eliminate variables over Finite Fields — New SPQR package

15
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Finite Field Reconstruction (1/2)

Operations on Matrices M(ay, - ,an)
M; + My M - My RowReduce(M)

\/‘&/‘

Algebraic post processing simplification — can become very intensive!

Finite Fields Approach

Substitute numerical , Perform all operations _ Reconstruct functional output

values for parameters numerically mod primes from numerical sampling

Complicated cancellations will happen numerically — final reconstructed output already “simplified”

How does this help for finding Landau Singularities?
It is possible to recast building Grobner bases as operations on matrices (over finite fields)

Implemented in the new package SPQR

Find 6+ order of magnitude improvement for finding Landau singularities
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Finite Field Reconstruction (2/2

Example

(a-b) (a2+b2 )
1, (@b (a2?) (a%+b2) (b-c) (a2:b2) (-a+c) (asb) (a2+b2) (a2+b2) (brc) (a2+b2) (a+c) a2,b2 st = (1+ab() (1»c)) H(amb) (b-e) (-ave) e { e e aeael T (e ey * (a-0) (a2+c?) (b-c) (b2+c2)  aibec
(1+ab) (1+c) (1+c) (1+bc) (1+c) (1+ac) (1+c)2 (1+a) (1:0) b (1oo) e (1+a+c)  (l+c) (l+abc) ~ (1+b) (l+vac) (1+a) (l+bc) bc+a (bec) |
2 (1+c)
(a-b) (azvbz) 2.2 2.2
(a-b) (b24c2 (b-c) (b2+c2 o b2yc2 2,2 2.2 2 2 p24c2) |- B2V E BT by (b-c) (- (a+c) (b-ac) _(b+c) (a-bc) (a+h) (ab-c) (a-c) (a®+c®) (b-c) (b%+c b
(b ree) 1+ (b () [posie ) (2:b) {b%sc%) (bze) {b%+e?) (arc) (b%+c?) b2+c2 ( ) | e By mee (2D (b-€) () Ty * (Tva) (Teave) Tiec) (Lvabe) * (13B) (Tra @)~ (Lva) ((1+bc))’bci; by
(1+a) (1+ab) (1+a) (1+bc) (1+a) (l+ac) (1+a) (1+c) (1+a)2 (1+a) (1+b) Tea +
2 (1+a)
(a-b) (a2+b2 2
(a-b) (a%+c?) (b-c) (a%+c?) (-a+c) (a%+c?) (a+b) (a2+c?) (brc) (a2+c?) (a+c) (a?+c?) a2.c? faect) "(Wb(ﬁ”a'b) (b=e) (_a+c)+((la:§)) ((f:aaj))) ((f::)) ((137:? B ga‘b) v b:) R ]
+a+
(1+b) (1+ab) (1+b) (L+bc) (1+b) (1+ac) (1+b) (1+c) (1+a) (1+b) (1+b)2 1+b ) (L+c) (1rabc) ' (1+b) (1+ac) (1+a) (1+bc) becea (bc) |
2 (1+b)
(a-b) (az+b2) (a+c) (b-ac) 2,22 2 2
2 = B = o Lol iR Sl i A _ - B = (b+c) (a-bc) b b- (a-c) (a“+c b-c) (b
(a-b) (ab-c) (b-c) (ab-c) (ab-c) (-a+c) 1+ (a+b) (ab-c) (ab-c) (b+c) (ab-c) (a+c) ab-c (@bse) (1+ab) (1l+c) w{a=b); (b3e) (Gasch (1+b) (1+a+b) i (1:a) ((1*a+c) - ((1a‘::))((1ia bc(z) (1+b) <(1+;c)) - ((1+a) ((1+:7c )7b a+b‘bc
(1+ab) (1+abc) (1+bc) (1+abc) (l+ac) (l+abc) (1+c) (l+abc) (1+a) (l+abc) (1+b) (1+abc) l1+abec ) c) c+a (b+c)
2 (1+abc)
[ (a-b) (a2+b2?) (aic) (beare 2,02 2,.2
- = - — " I (a- 5 -ac) (b+c) (a-bc b b- (a-c) (a“+c b- b’
(a-b) (-a+bc) (b-c) (-a+bc) (a-c) (a-bc) (a+b) (-a+bc) 1+ (b+c) (-a+bc) (a+c) (-a+bc) —a+bc (sa+be) [ (1+ab) (1+c) +(a-b) (b-c) (-a+c)+ (1+b) (1+a+b) (1:a)) ((1+a+c)) N ((1a+::))<(13+a bcc)) *(1+b) ((1‘; c)) - ((1+ca))(1 ;c )'b a+b+bc
(1+ab) (1+a+c) (l+a+c) (1+bc) (1+a+c) (l+ac) (1+c) (l+a+c) (1+a) (l+a+c) (1+b) (1+a+c) Tiaie (1+bc) c+a (b+c)
2 (1+a+c)
(_(a-b) (a24b?) (a+c) (b-ac 22 3.5
= = - =t = = - -ac) (b+c -b b - (a-c) (a“+c b- b
(a-b) (-b+ac) (b-c) (-b+ac) (-a+c) (-b+ac) (a+b) (-b+ac) (b+c) (-b+ac) 1 4 {axc) (-brac) -b+ac j=e] [ (1+ab) (1+c) +(a-b) (b-c) (-ase)+ (1+b) (1+a+b) (l:a)) ((1a+a+?) - ((13+::))((13+:bcg) (1) ((1+; c)) - ((1 ca) (1 I:C )'b a’b*bc
(1+a+b) (1+ab) (1+a+b) (1+bc) (1+a+b) (1+ac) (1+a+b) (l+c) (1+a) (1+a+b) * (L) (1rash) 1+atb *2) 3xhe) heraihsc)
2 (1+a+b)
(a-b) (a%+b?) (a+c) (b-ac 2.2 2,2
- PR iad el albiladll( ¥ = -ac) (b+c -b b b- (a-c) (a“+c b- b
(a-b) (a+b+c) (b-c) (a+b+c) (-a+c) (a+b+c) (a+b) (a+b+c) (b+c) (a+b+c) (a+c) (a+b+c) 1 a+b+c tasbec) (1+ab) (1+c) #{8=h) (b=c); (=aschs (1+b) (L+a+b) (1:a)) ((la»a+cc)) - (Sli;))(g.ia bcc)) * (1»b)) ((1+; c)) N ((1§C) (1 LC )’b a¢b+bc
(l+ab) (bc+a (b+c)) (1+bc) (bc+a (b+c)) (l+ac) (bc+a (b+c)) (1+c) (bc+a (b+c)) (1+a) (bc+a (b+c)) (1+b) (bc+a (b+c)) i bc+a (b+c) 2 (b b al e crasbe)
c+a (b+c))
2 (a-b) 2 (b¢c) 2 (-a+c) 2 (a+b) 2 (b+c 2 12
—— ol Sl bty ) 2 (a+c) (a-b) (a“+b
l+ab l+bc l:ac l:c l+a ﬁ 2 1- ﬁ +(a-b) (b-c) (-a+c) + (a+c) (b-ac) (b+c) (a-bc) (a+b) (ab-c) (a-c) (a2+c?) (b0 (b2+c2) _ asbic
) (1+c) (1+b) (l+asb) ~ (1+a) (l+a+c)  (lc) (l+abc)  (l+b) (l+ac) (1+a) (1+bc)  bc+a (bec)
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Finite Field Reconstruction (2/2

Example

(a2+b2) ,Mqa_b) (boc) (carc). (a+€) (b-ac) (bc) (abc) _ (ash) (ab-c)  (a-0) (a2:c?) (b-c) (b2+c?)  aibic
(a-b) (a2+b?) (a2+b?) (b-c) (a2+b?) (-a+c) (a+b) (a2+b2?) (a2+b2) (b+c) (a2+b2) (a+c) a2.p2 (1+ab) (1+c) (1+b) (1+a+b) ~ (1+a) (1+arc) (l+c) (vabc)  (1+b) (1vac) (1+a) (1+bc) bcra (bsc) |
(l+ab) (l+c) (1+c) (1+bc) (1l+c) (1+ac) (1+<:)2 (1+a) (l+c) (1+b) (1+c) 1l+c 2 (1l+c)
(bz*cz) fwﬂa—b) (b-c) (-atc)+ (atc) (b-ac) (b+c) (a-bc)  (a+h) (ab-c) | (a-c) (32*‘32) _(b-c) (bZ*CZ) _a+bic
(a-b) (b2+c?) 1, (b0 (b2+c2) (-a+c) (b2+c?) (a+b) (b%+c2?) (b+c) (b2+c?) (asc) (b2+c?) b2,c2 (1+ab) (1+c) (1+b) (L+a+b) " (L+a) (L+atc) (1+c) (lrabc) ' (1+b) (1vac) (1+a) (1+bc) becva (bec) |
(1+a) (1l+ab) (1+a) (1+bc) (1+a) (l+ac) (1+a) (l+c) (1+2)2 (1+a) (1+b) l+a 2 (1+a)
Dapi2 22 2.2
2,2y [_(a-b) (a%+b%) s T (arc) (b-ac) _ (bsc) (a-bc)  (ash) (ab-c) (a-c) (a®+c?) (b-c) (b%+c?)  aibic
(a-b) (a2+c?) (b-c) (a2+c?) L 20 (2] () (a2e?) (brc) [a2ec?) (avc) (a2+c?) S25e2 (+%e%) |- am) g * () (B0) (200 T T iarhy * (1ea) (Lave) (1e6) (Lrabe]* (1b) (ia<)  (Tra) (1vbe) “beva (boc) |
(1+b) (1+ab) (1+b) (1+bc) (1+b) (1+ac) (1+b) (1+c) (1+a) (1+b) (1+b)2 1+b 2 (1+b)
(ab-c) |- (a-b) (32+b2) +(a-b) (b-c) (-a+c)+ (a+c) (b-ac) (b+c) (a-bc) (ath) (ab-c) (a-c) (32+C2) _(b-¢) (b2+c2) ___a+bsc
(a-b) (ab-c) (b-c) (ab-c) (ab-c) (-a+c) 1+ (a+b) (ab-c) (ab-c) (bc) (ab-c) (a+c) ab-¢ (l+ab) (1l+c) (1+b) (1+a+b) (1+a) (l+a+c) (1l+c) (l+abc) (1+b) (l+ac) (l1+a) (1+bc) bec+a (b+c)
[\iz _— (l+ab) (1+abc) (1+bc) (1+abc) (l+ac) (l+abc) (1+c) (l+abc) (1+a) (l+abc) (1+b) (1+abc) l+abc 2 (1+abc)
(-a+bc) '_ (a-b) (az*bz) +(a-b) (b-c) (-a+c)+ (a+c) (b-ac) R (b+c) (a-bc)  (a+b) (ab-c) R (a-c) (az*cz) ~ (b-c) (bz*cz) _asbic
(a-b) (-a+bc) (b-c) (-a+bc) (a-c) (a-bc) (a+b) (-a+bc) 14 (b+c) (-a+bc) (a+c) (-a+bc) Y (l+ab) (1l+c) (1+b) (l+a+b) ~ (1+a) (l+a+c) (l+c) (l+abc) (1+b) (l+ac) (1+a) (1+bc) bc+a (b+c)
(1+ab) (1l+a+c) (1+a+c) (l+bc) (l+a+c) (l+ac) (1+c) (l+a+c) (1+a) (l+a+c) (1+b) (1+a+c) l+a+c 2 (1+a+c)
(Jsatey [ (a-b) (a?+b?) +(ab) (boc) (Larc)s (a+€) (b-ac) (brc) (a-bc)  (ash) (ab-c) (a-c) (a2+4¢2) (b-c) (b%+c?)  aibic
(a-b) (-b+ac) (b-c) (-b+ac) (-a+c) (-brac) (a+b) (-b+ac) (bsc) (-bsac) 1+ (a+c) (-b+ac) _b+ac (1+ab) (1l+c) (1+b) (1+a+b) (1+a) (1+a+c) (1l+c) (l+abc) (1+b) (1+ac) (1+a) (1+bc) bc+a (b+c)
(l1+a+b) (l+ab) (1+a+b) (1+bc) (l+a+b) (1+ac) (l+a+b) (l+c) (1+a) (l+a+b) (1+b) (1+a+b) l+a+b 2 (l+a+b)
(aebeg) |22 Aa7eb7) (&%) +{a-b) (b-c) (-asc)sJ2*C) (b-aC) _(bsc) (a-be) (ath) (ab-c)  (a-c) (22e2) (b-c) (B24c?)  aubec
(a-b) (a+b+c) (b-c) (arb+c) (-a+c) (arbrc) (a+b) (a+b+c) (b+c) (a+bic) (a+c) (a+b+c) 14+ _atbic (1+ab) (1+c) (1+b) (1+a+b) ~ (1+a) (1+a+c) (l+c) (l+abc) ~ (1+b) (l+ac) (1+a) (I+bc) bec+a (b+c)
(l+ab) (bc+a (b+c)) (1+bc) (bc+a (b+c)) (l1+ac) (bc+a (b+c)) (1+c) (bc+a (b+c)) (1+a) (bc+a (b+c)) (1+b) (bc+a (b+c)) bc+a (b+c) 2 (bc+a (b+c))
2 (a-b) 2 (b-c) 2 (-a+c) 2 (a+b) 2 (b+c) 2 (asc) 5 1 (a-b) (a2+b2) +(a-b) (b-c) (-a+c) + {2 (b-ac) | (bsc) (a-bc) _ (ash) (ab-c)  (a=C) (a2+c?) _ (b9 (b%+c?) __asbsc
l+ab 1+bc l+ac 1+cC 1l+a 1+b (1+ab) (1+c) (1+b) (l+a+b) (1+a) (l+a+c) (l+c) (1+abc) (1+b) (1+ac) (1+a) (1+bc) bc+a (b+c)

det(M) = —ba® + a’c + ab® — ac® — b*c +bc* + 1

super simple!
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Finite Field Reconstruction (2/2

Example

(a2+b2) ,Mqa_b) (boc) (carc). (a+€) (b-ac) (bc) (abc) _ (ash) (ab-c)  (a-0) (a2:c?) (b-c) (b2+c?)  aibic
(a-b) (a2+b?) (a2+b?) (b-c) (a2+b2) (-a+c) (a+b) (a2+b2?) (a2+b2) (b+c) (a2+b2) (a+c) a2.p2 (1+ab) (1+c) (1+b) (1+a+b) ~ (1+a) (1+a+c) (l+c) (lvabc) (1+b) (1+ac) (1+a) (1+bc) bcea (b+c)
» at+b? )
(1+ab) (1+c) (1+c) (1+bc) (1+c) (1+ac) (1+¢)2 (1+a) (1+c) (1+b) (1+c) l+c 2 (1+c)
(b2+c2) _(a-b) (az‘bz) +(ach) (b=c) (cakc)+ (a+c) (b-ac) _(b+c) (a-bc)  (a+b) (ab-c) | (a-c) (32*‘32) _(b-c) (bz*cz) __a+bsc
(a-b) (b2+c?) 1, (b0 (b2+c2) (-a+c) (b2+c?) (a+b) (b%+c2?) (b+c) (b2+c?) (arc) (b2+c?) b2.c2 (L+ab) (l+c) (1+b) (1+a+b) * (1+a) (L+asc) (L+c) (l+abc) (1+b) (1+vac) (1+a) (I+bc) bcva (bic)
(1+a) (1l+ab) (1+a) (1+bc) (1+a) (l+ac) (1+a) (l+c) (1+2)2 (1+a) (1+b) l+a 2 (1+a)
(a2+c?) [- (a-b) (a2+b?) (ab) (boc) (-arc)s (at€) (b-ac) (bic) (a-bc)  (ash) (ab-c)  (a-C) (2+4¢2) (b-c) (b%+c?)  aibic
(a-b) (a2+c?) (b-c) (a%+c?) (-a+c) (a?+c?) (a+b) (a2+c?) (brc) (a2+c?) (a+c) (a?+c?) B2 (1+ab) (1+c) (1+b) (1+a+b) ~ (1+a) (1+a+c) (1+c) (l+abc) (1+b) (1+ac) (1+a) (1+bc) bc+a (brc)
" )
(1+b) (1+ab) (1+b) (1+bc) (1+b) (1+ac) (1+b) (1+c) (1+a) (1+b) (1+b)2 1+b 2 (1+b)
(ab-c) |- (a-b) (32+b2) +(a-b) (b-c) (-a+c)+ (a+c) (b-ac) . (b+c) (a-bc)  (a+b) (ab-c) N (a-c) (32+C2) - (b-c) (b2+cz) ___a+bsc
(a-b) (ab-c) (b-c) (ab-c) (ab-c) (-a+c) 1 (a+b) (ab-c) (ab-c) (b+c) (ab-c) (a+c) abe (l+ab) (1l+c) (1+b) (1+a+b) (1+a) (l+a+c) (1l+c) (l+abc) (1+b) (l+ac) (l1+a) (1+bc) bec+a (b+c)
[\iz _— (l+ab) (1+abc) (1+bc) (1+abc) (l+ac) (l+abc) (1+c) (l+abc) (1+a) (l+abc) (1+b) (1+abc) l+abc 2 (1+abc)
(-a+bc) '_ (a-b) (az*bz) +(a-b) (b-c) (-a+c)+ (arc) (b-ac) (bsc) (a-bc)  (a+b) (ab-c) (a-c) (az*cz) ~ (b-c) (bz‘cz) _asbic
(a-b) (-a+bc) (b-c) (-a+bc) (a-c) (a-bc) (a+b) (-a+bc) 1 (b+c) (-a+bc) (asc) (-a+bc) “azbic (l+ab) (1l+c) (1+b) (l+a+b) ~ (1+a) (l+a+c) (l+c) (l+abc) (1+b) (l+ac) (1+a) (1+bc) bc+a (b+c)
+ zarbec
(1+ab) (1l+a+c) (1+a+c) (l+bc) (l+a+c) (l+ac) (1+c) (l+a+c) (1+a) (l+a+c) (1+b) (1+a+c) l+a+c 2 (1+a+c)
[ (a-b) (a2+b2?) (arc) (b-ac) (bsc) (a-bc) (ash) (ab-c) (a-c) (a+c?) (b-c) (b%:c?) atbic
(-b+ac) |-—————L+(a-b) (b-c) (-a+c)+ + - + - -
(a-b) (-b+ac) (b-c) (-b+ac) (-a+c) (-brac) (a+b) (-b+ac) (bsc) (-bsac) 1 (a+c) (-b+ac) _b+ac (1+ab) (1l+c) (1+b) (1+a+b) (1+a) (1+a+c) (1l+c) (l+abc) (1+b) (1+ac) (1+a) (1+bc) bc+a (b+c)
" cbrac
(1+a+b) (1+ab) (1+a+b) (1+bc) (1+a+b) (l+ac) (1+a+b) (1l+c) (1+a) (1l+a+b) (1+b) (1+a+b) l+a+h 2 (1+a+b)
T ) (a2+b2) +(acb) (boc) (-asc)s (@r€) (b-ac) (bic) (abc)  (ath) (ab-c)  (a-c) (a%4c2) (b-c) (b24c?)  aipbic
(a-b) (a+b+c) (b-c) (a+bc) (-a+c) (a+bic) (a+b) (asbic) (bsc) (atbirc) (asc) (atbse) arbic (1+ab) (1+c) (1+b) (1+a+b) (1+a) (1+a+c) (1+c) (lvabc) (1+b) (1+ac) (1+a) (1+bc) besa (brc)
+
(l+ab) (bc+a (b+c)) (1+bc) (bc+a (b+c)) (l1+ac) (bc+a (b+c)) (1+c) (bc+a (b+c)) (1+a) (bc+a (b+c)) (1+b) (bc+a (b+c)) bc+a (b+c) 2 (bc+a (b+c))
2 (a-b) 2 (b-c) 2 (-a+c) 2 (a+b) 2 (b+c) 2 (asc) 5 1 (a-b) (a2+b2) +(a-b) (b-c) (-a+c) + {2 (b-ac) (bsc) (a-bc) _ (a+h) (ab-c) (a-c) (a2+c?) _ (b9 (b%+c?) __asbsc
l+ab 1+bc l+ac 1+cC 1l+a 1+b (1+ab) (1+c) (1+b) (l+a+b) (1+a) (l+a+c) (l+c) (1+abc) (1+b) (1+ac) (1+a) (1+bc) bc+a (b+c)
( ) M // Det
(( +a2b5cB+4a3bcB+3a*b5cB-a8b5cB+a2bcB+3a3b6cB+3a*bfcB+abbcBrab? B+

SuperSimpIE! CAS (—2(1+a) (L+b) (L+a+b) (L+ac) (ab+rac+bc) (1+abc)( + )+ o
) /(128 (1+2)? (1+b)° (1+a+b)? (1+ab)® (1+¢c)% (1+a+c)® (1+ac)® (1+bc)B (abrac+b

Size in memory: 0.8 GB 4 Show more Show all | [-++ Iconize ¥ | 3| Store full expression in notebook



Finite Field Reconstruction

Example

(a-b) (az¢b2) (a2+b2) (b-c) (a2+b2) (-a+c) (a+b) (az+b2) (a2+b2) (b+c) (az+b2) (a+c)
(1+ab) (1+c) (1+c) (1+bc) (1+c) (1+ac) (1+c)2 (1+a) (l+c) (1+b) (1+c)
(a-b) (bz*cz) 1+ (b-c) (b2+c2) (-a+c) (b2+c2) (a+b) (b2+c2) (b+c) (b2+c2) (a+c) (b2+cz)
(1+a) (1+ab) (1+a) (1+bc) (1+a) (l+ac) (1+a) (1+c) (1+a)2 (1+a) (1+b)
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M // FFDet // AbsoluteTiming
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M // Det
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182> &'t = Iom2 8% 6+ 27m2" 2« 162:i2° s&° «45:m27 5% = 20i2is? 2 = Y5+ 54m2* s 7= 6NZiss v =28 Pl fidisa® 824",
27m2* &% = 54m2? 56+ 162m2° §%t=54m2% 57 & + 4 n2. 8%+ 2Tm2? t2« 162 m2° st? = 117m22.8% ¥+ 22m2 s % =s* 2= 54 m2° s £¥ '« 22m2s®%° =287 ¢ vaAm2 s t*= s> t4,
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3072m2% s t° - 412416 m2° s? t° + 448416 m2* s> t° - 92320 m23 s* t° + 7680 m22 s t° -336m2s® 7+ 45T t° + 1024 m2° t® - 137472 m2° s t% + 149472 m2% s? t° -
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thus scattering amplitudes, across a broad range of physical applications.

A new algorithm was presented for finding all Landau singularities by probing the Euler characteristic of the
associated integral. Can be applied to any Euler/Mellin integral, not just Feynman integrals (cosmological
correlators, Fourier integrals etc)

The algorithm is practical due to the variable elimination routines implemented inside the package SPQR.
This approach avoids heavy symbolic cancellations, often leading to significant speedups compared to
traditional implementations of Groebner basis algorithms.

Long term goal is to release an open-source Mathematica package — possible integration with future versions
of SOFIA.

For certain with this work: a proof-of-concept set of functions that can already push the state of the art in
multiple examples (such as the non-planar envelope)
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