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Motivation: Higher-genus endeavors

Special functions on higher genus Riemann surfaces are useful to describe
observables in QFT and string theory.

m Scattering amplitudes in terms of polylogarithms

m Riemann theta function, Weierstrass g, ...
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Need ways to describe higher-genus surfaces.
m Jacobi parametrization
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Motivation: Higher-genus endeavors

Special functions on higher genus Riemann surfaces are useful to describe

observables in QFT and string theory.
m Scattering amplitudes in terms of polylogarithms
m Riemann theta function, Weierstrass g, ...

Need ways to describe higher-genus surfaces.
m Jacobi parametrization

m Schottky uniformization

Understand, compare and translate the auxiliary symmetries in the
different descriptions of higher-genus surfaces.
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Review: Jacobi and Schottky languages

Compact genus-g Riemann surface 3 = yields a period matrix 7.
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Review: Jacobi and Schottky languages

Compact genus-g Riemann surface 3 = yields a period matrix 7.

Lattice A, = 79 + 779,

Y — Jac(X) == CI/A,.

Freedom: Sp(2g,Z) action 7+ M - 7, sympletic transformations.
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Review: Jacobi and Schottky languages

Compact genus-g Riemann surface 3 = yields a period matrix 7.

Jacobi
Lattice A, = 79 + 779,

Y — Jac(X) == CI/A,.

Freedom: Sp(2g,Z) action 7+ M - 7, sympletic transformations.

Schottky

Schottky group G = Iy, generated by Mobius transformations 71, ... ,7q.

f 0&’

Freedom: Aut(F,) action 4 — «(¥), changes of marking.
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Translating the languages

Decorated Schottky

Additional parameter, “decoration” S € Zgyxnff, fixes B-cycles up to

reference (given by log branch choice).

Decorated Schottky group: (S, 7).
Freedom: R, := Zdnil x Aut(F,) action (S,7) — 7o (S,7).
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Translating the languages

Decorated Schottky

Additional parameter, “decoration” S € Zhil, fixes B-cycles up to

reference (given by log branch choice).

Decorated Schottky group: (S, 7).
Freedom: R, := Zdnil x Aut(F,) action (S,7) — 7o (S,7).

Translating the languages and their freedom

Period matrix from Schottky data:
Jacobi 7 =17(S,7) Schottky.

Translation of the freedoms via homomorphism
®,: Ry — Sp(29,7)

such that . .
7-(7‘<> (57 7)) = (I)Q(T) : T(S, '7) + Bdet-

“Defect” Byef(r,7) € Zdxi takes care of log branch choice.
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A-cycle degeneration

A-cycle degeneration

Easy to describe in Schottky language:

@2E

Yir---5Yg replace 7 with ;' n — 00
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A-cycle degeneration

A-cycle degeneration

Easy to describe in Schottky language:

el

M5V replace 7 with ;' n — oo

For the period matrix:

T(:y’)k — T(:Y'k> = Tdegen> T(?)kk — 100.
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Application: More general degenerations

What about other cycles?

'Not always possible.
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Application: More general degenerations

What about other cycles?

Switch to new homology basis via symplectic matrix M:*

a2 (G2
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Application: More general degenerations

What about other cycles?

Switch to new homology basis via symplectic matrix M:*

aeNcalcale

If 3r € Ry: M = <I> , then

Taceen = 7((r = (S

'Not always possible.
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Outlook and open questions

Proof of main statement requires numerical checks.

®, is not surjective; i.e. the translation is not yet complete.

Other languages for Riemann surfaces such as Fuchsian models and
algebraic curves.

Possible application: Tune Schottky covers to speed up numerical
computations.
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Appendix: Additional details

m Symplectic group action. For M = (é [B,) € Sp(29,Z):
M -7 := (At + B)(CT + D)™ L. (1)

m Schottky period matrix formula & decorated version:

L1 1 / /
v€Gi\G/G;
v#id
o 1 L,
TMig=5= D, W{PyP. PR}, i#j, (2b)
’YEGj\G/Gi
7(5,7) =S+ 7(7), (2¢)

with \; the multiplier, and P;, P/ the attractive and repulsive fixed
points of ~;.
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m %, group action:

ab [/—— ’L/Jg Sp(2g,Z)

[Bva] ¢ (Sv:);) o= (a‘9+ B,Oz(’_); )7
%8 = 1y () Sty ().

m Defect (for standard log branch):

Manuel Berger

Byet(a,7) = 1(a(7)) — ¥y(a) - 7(7)
)

= —rhd Re(¥y(a) - 7(
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