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Motivations

Strongly-coupled systems described by Quantum Field Theories.
Possible applications: Condensed Matter Physics.

Example:

Two-point function ←→ Conductivity

Gµν(x − y) = iθ(x0 − y0)〈[Jµ(x), Jν(y)]〉 σ(ω) ∼ Ĝ (ω, k)

iω

How do we compute the two-points function?
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Gravity/Gauge correspondence
Weak/strong coupling correspondence
Bulk: Asymptotically Anti-de Sitter spacetime (AAdS)

Bulk Fields ←→ Boundary Operators
F ∼ ρmf(0) + · · · O

f(0) ←→ source for the dual operator O.

∫
M
DF exp(−S [F ])|F∼f(0)

= 〈exp(−
∫
∂M

f(0)O)〉QFT

〈O〉 =
1√
−g(0)

δS

δf(0)
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Matching Fields/Operators

g (0)
µν

A(0)
µ

φ(0)

←→

←→

←→

〈Tµν〉

〈Jµ〉

〈Oφ〉

=⇒

=⇒

=⇒

〈Tµν〉 =
−2√
−g(0)

δS

δgµν(0)

〈Jµ〉 =
1√
−g(0)

δS

δA
(0)
µ

〈Oφ〉 =
1√
−g(0)

δS

δφ(0)
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Why do we need renormalization in AdS/CFT?

Heuristic argument:

S ∼
∫
M

dd+1x
√
−G (R + 2Λ) + · · · ∼ Vol(M) + · · ·

↓
The action itself is divergent ∞

Infrared divergences in the bulk −→ Ultraviolet divergences for the QFT
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2+1 dimensions - Vector Field coupled to BTZ black hole
T. Andrade, M. Bañados, R. Benguria, A. Gomberoff The 2+1 charged
black hole in topologically massive Electrodynamics (2005) arXiv:
hep-th/0503095v2

Maxwell and Chern Simons term for the U(1) Vector field

S = 1
16πG3

∫
M d2xdρ

√
−G(R + 2− κ

4
FMNF

MN) − α
2

1
16πG3

∫
M d2xdρ εMNPAMFNP

+ 1
16πG3

∫
∂M d2x

√
−γ2K .

Rejecting the solution that diverges at the boundary (Aµ ∼ rα) we can
find only a BTZ black hole with Coulomb charge C=0.

Which is the dual theory of this
system?

Can we restore a charged BTZ
using Holographic
Renormalization?
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The procedure: Action and Equations of Motion

AAdS in D = d + 1 dim. (Graham-Fefferman coordinates):

ds2 = GMNdx
MdxN =

dρ2

4ρ2
+ γµνdx

µdxν ,

γµν(ρ, x) =
gµν(ρ, x)

ρ
, Boundary: ρ = 0.

S =
1

16πGD

∫
M

ddxdρ
√
−G (R+d(d−1)+...)+

1

16πGD

∫
∂M

ddx
√
−γ2K ,

K = second fundamental form.

Einstein eqs:
δS

δGMN
= 0,

(
Maxwell eqs:

δS

δAM
= 0, · · ·

)
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The procedure: the Radial Behaviour

Generic Field

F(x , ρ) = ρm
(
f(0)(x) + ρf(2)(x) + ...+ ρnf(2n)(x) + ρn log ρ f̃(2n)(x) + ...

)
f(2k)(k < n), f̃(2n) algebraically determined by f(0) (using eom)

f(2n) undetermined.

The metric

gµν = g
(0)
µν +ρg

(2)
µν + · · ·+ ρd/2 g

(d)
µν +ρd/2 log ρ h

(d)
µν + · · ·

↓ ↓
source VEV

Tr(g(d)) = · · · , ∇νg (d)
µν = · · · .
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The procedure: the Regulated Action

Radial cut-off: ρ ≥ ε

Sreg =

∫
ρ≥ε

ddxdρ
√
−G (R + d(d − 1) + ...) +

+

∫
ρ=ε

ddx
√
−γ2K =

rad.beh.
=

sol .

∫
ρ=ε

ddx
√
−g(0)

[
ε−d/2(a(0) + εa(2) + · · · ) +

+a(2d) log ε+O(ε0)
]

Holographic Renormalization Riccardo Borsato Supervisor: Michael Haack



The procedure: the Counterterm Action
We translate back, using the boundary fields:

f(0) → F
g (0)
µν → γµν

· · ·

Sct [F , ε] ≡ −divergent terms of (Sreg [f(0)[F ], ε])

Ssub[F , ε] ≡ Sreg [F , ε] + Sct [F , ε]

SRen = lim
ε→0

Ssub
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The procedure: Renormalized Operators

〈Tµν〉 =
−2√
−g(0)

δSRen
δgµν(0)

= lim
ε→0

1

εd/2−1

−2√
−γ

δSsub
δγµν

〈Jµ〉 =
1√
−g(0)

δSRen

δA
(0)
µ

= lim
ε→0

f (ε)

εd/2

1√
−γ

δSsub
δAµ

〈Jµ(x)Jν(y)〉 =
−1√
−g(0)(y)

δ〈Jµ(x)〉
δA

(0)
ν (y)
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Check: Ward Identities

δSRen =

∫
ddx

(
−1

2
Tµνδg

µν
(0) + JµδA(0)

µ + · · ·
)

Weyl transformations

δε = 2σε,

δgµν
(0)

= 2σgµν
(0)
,

· · ·

〈Tr(T )〉 = · · ·+A

Boundary Diffeomorphisms

δε = 0,

δgµν
(0)

= −(∇µξν +∇νξµ),

· · ·

〈∇νTµν〉 = · · ·
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2+1 dimensions - Vector Field coupled to gravity

Maxwell and Chern Simons term for the U(1) Vector field

S = 1
16πG3

∫
M d2xdρ

√
−G(R + 2− κ

4
FMNF

MN) − α
2

1
16πG3

∫
M d2xdρ εMNPAMFNP

+ 1
16πG3

∫
∂M d2x

√
−γ2K .

−2ρκ∂µ(
√
−ggµνA′ν)− αεµνFµν = 0,

2κ∂ρ(
√
−gρgµνA′ν) +

κ

2
∂σ(
√
−gFλνgσλgµν) + 2αεµνA′ν = 0,

−
1

2
gαβg ′′αβ +

1

4
gαβg ′βγg

γδg ′δα +
κ

16
FαβFγδg

αγgβδ = 0,

∇αg ′µα −∇µ(gαβg ′αβ)− κρgαβA′αFµβ = 0,

Rµν [g ]− 2ρg ′′µν + gµν(gαβg ′αβ)− ρg ′µν(gαβg ′αβ) + 2ρg ′µαg
αβg ′βν

+κgµν(2ρ2A′αA
′
βg

αβ +
ρ

4
FαβFγδg

αγgβδ)− 2κρ2A′µA
′
ν +

κ

2
ρFµαFβνg

αβ = 0.
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The BTZ black hole and the exploding vector field

Bañados et al.: radially symmetric solutions.
We want functions also of the boundary coordinates.

New Ansatz for the radial expansion (0 < α < 1/2)

gµν = g (0)
µν + ρg (2)

µν + ρ log ρ h(2)
µν + ρ−2α+1g (−)

µν + ρ2α+1g (+)
µν + ...,

Aµ = A(0)
µ + ρA(2)

µ + ραA(+)
µ + ρ−αA(−)

µ + ρ log ρ Bµ + ...
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Solutions

Fµν(0) = 0,(
κ
√
−g(0)g

µν
(0) ± ε

µν
)
A(±)
ν = 0,

A(±)
σ A

(±)
λ gσλ(0) = 0,

Trg(2) = −
R[g(0)]

2
+ 2κα2A(+)

σ A
(−)
λ gσλ(0) ,

Trh(2) = 0,

Trg(±) = 0.
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Present status and future work

Sreg =
1

16πG3

∫
ρ=ε

d2x
√
−g(0)

[
2 ε−1 + ε−2α

(
− καA(−)

σ A
(−)
λ gσλ(0) +

+(4α−
1

2α
)Trg(−)

)
+ log ε

(
Trg(2) − 4κα2A

(+)
σ A

(−)
λ gσλ(0)

)]
+O(ε0).

Future questions:

• which are the correct covariant counterterms?

• is the system renormalizable even with A
(−)
µ 6= 0 (⇐⇒ C 6= 0)?
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