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1. Introduction

1960’s Vector Meson Dominance

J.J. Sakurai (1960, ...)

Shadowing in γA interactions

Leo Stodolsky (1967)



1969 DIS SLAC-MIT Collaboration

Bjorken scaling,
parton model

(1972)





1989 Shadowing EMC Collaboration

D. Schildknecht (1973)
C. Bilchak and D. Schildknecht (1989)



1994 HERA

DIS for xbj ≪ 0.1, High-mass diffractive production
(“rap-gap” events) at HERA

Modern picture of low-x DIS:

i) qq̄ internal structure

Nikolaev, Zakharov (1991)

ii) qq̄-dipole interaction

Low (1975)

Nussinov (1975)



2. The CDP: Model-independent Results.

The longitudinal and the transverse photoabsorption cross section
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γ*p  γ*p  (qq)p(qq)p

}W
q
q

A) σγ∗
L,T

(W 2, Q2) =
∫
dz
∫
d2~r⊥|ψL,T (~r⊥, z(1 − z), Q2)|2 σ(qq̄)p(~r⊥, z(1 − z),W 2)

Remarks: i) |ψL,T (~r⊥, z(1 − z), Q2)|: Probability for γ
∗

L,T → qq̄ fluctuation

ii) σ(qq̄)p(~r⊥, z(1 − z),W 2): (qq̄)p cross section dependent on W 2 (not on x ≡ Q2

W 2
)

Lifetime of qq̄ fluctuation:

1
∆E

= 2ν
Q2+M2

qq̄
= 1

x+
M2
qq̄

W2

1
Mp

≫ 1
Mp
, Q2≡−q2≥0

x<0.1



B) Gauge-invariant two-gluon coupling:

σ(qq̄)p(~r⊥, z(1 − z),W 2) =

∫

d2~l⊥σ̃(~l 2
⊥ , z(1 − z),W 2)

(

1 − e−i ~l⊥·~r⊥
)

∼=
π

4
~r 2

⊥

∫

d~l 2
⊥
~l 2
⊥ σ̃(~l 2

⊥ , z(1 − z),W 2).

Nikolaev, Zakharov (1991)

“color transparency” for

~r 2
⊥
~l 2
⊥ < ~r 2

⊥
~l 2
⊥ Max(W

2) < 1



σγ∗

L,Tp
(W 2, Q2) for large Q2

|ψL,T(r⊥, z(1 − z),Q2)|2 ∼ K2
0,1(r⊥

√

z(1 − z)
√

Q2

︸ ︷︷ ︸

≡r′

⊥
Q

) ∼ 1
r′

⊥
Q
e−2r′

⊥
Q for r′

⊥Q ≫ 1.

Dominant contribution from r′2
⊥Q2 < 1.

For l′2⊥ Max(W
2) < Q2,

r′2
⊥l′2⊥ Max(W

2) = r2
⊥l2⊥ Max(W

2) < 1.
(

~l ′2
⊥ =

l2
⊥

z(1−z)

)

Color transparency, σ(qq̄)p ∼ r2
⊥. Using

∫
dyy3K2

0(y) = 1
3
,

∫
dyy3K2

1(y) = 2
3
,

σγ∗

L,T
(W 2, Q2) = α

∑
Q2
q

1
Q2

∫
dz
∫
d~l 2

⊥
~l 2
⊥ σ̃(~l 2

⊥ , z(1 − z),W 2)

{
1,

2ρW .



Substitution rule: σγ∗

Lp(W
2, Q2) → σγ∗

T p(W
2, Q2)

via: K2
0(r

′
⊥Q) → K2

1(r
′
⊥Q),

σ(qq̄)p(~r
2

⊥ , ...) → σ(qq̄)p(ρW~r
2

⊥ , ...)

Transverse-size enhancement (for ρW > 1):

(γ∗
L → qq̄) → (γ∗

T → qq̄)

R(W 2, Q2) ≡
σγ∗
Lp

(W 2,Q2)

σγ∗
T p

(W 2,Q2)
= 1

2ρW



(qq̄)J=1
L,T states : γ∗

L,T → (qq̄)J=1
L,T

σγ∗

L,Tp(W
2, Q2) = α

∑

qQ
2
q

1
Q2

1
6

{ ∫
d~l ′2

⊥
~l ′2
⊥ σ̄(qq̄)J=1

L p(~l
′2

⊥ ,W 2),

2
∫
dl ′2

⊥
~l ′2
⊥ σ̄(qq̄)J=1

T p(~l
′2

⊥ ,W 2).

ρW =

∫
d~l ′2

⊥
~l ′2
⊥ σ̄

(qq̄)J=1
T p

(~l ′2
⊥ ,W 2)

∫
d~l ′2

⊥
~l ′2
⊥ σ̄

(qq̄)J=1
L p

(~l ′2
⊥ ,W 2)

.

Numerical value of ρW = ρ:

~l 2
⊥ = z(1 − z)~l ′2

⊥

〈~l 2
⊥ 〉

~l ′2

⊥
=const

L,T = ~l ′2
⊥

{
6
∫
dzz2(1 − z)2 = 4

20
~l ′2
⊥ ,

3
2

∫
dz z(1 − z)(1 − 2z(1 − z)) = 3

20
~l ′2
⊥ .

Uncertainty principle:

ρW =
〈r2

⊥
〉T

〈~r 2

⊥
〉L

=
〈~l 2

⊥
〉L

〈~l 2

⊥
〉T

= 4
3

≡ ρ.

R = 1
2ρ

=

{
0.5 for ρ = 1, ad hoc, helicity independence
3
8

= 0.375 for ρ = 4
3
.

Kuroda, Schildknecht (2008)
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The W-dependence

F2(x,Q
2) ∼=

Q2

4π2α

(

σγ∗
Lp

(W 2, Q2) + σγ∗
T p

(W 2, Q2)
)

=

∑

qQ
2
q

4π2

∫

dz

∫

d~l 2
⊥
~l 2
⊥ σ̃(~l 2

⊥ , z(1 − z),W 2)(1 + 2ρ).
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Low-x Scaling

Empirically : η ≡
Q2 +m2

0

Λ2
sat(W

2)
,

Λ2
sat(W

2) ∼ (W 2)C2

σγ∗p(W
2, Q2) = σγ∗p(η(W

2, Q2))

∼ σ(∞)







ln 1
η(W 2,Q2)

, for η(W 2, Q2) ≪ 1
1

η(W 2,Q2)
, for η(W 2, Q2) ≫ 1

η
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Low-x scaling: Direct consequence of CDP

σ(qq̄)J=1

L,T p
(~r ′

⊥,W
2) =

∫

d2~l ′
⊥σ̄(qq̄)J=1

L,T p
(~l ′2

⊥ ,W
2)(1 − e−i~l ′

⊥
·~r ′

⊥)

= π

∫

d~l ′2
⊥ σ̄(qq̄)J=1

L,T p
(~l ′2

⊥ ,W 2) ·

(

1 −

∫
d~l ′2

⊥ σ̄(qq̄)J=1

L,T p
(~l ′2

⊥ ,W
2)J0(l

′
⊥r

′
⊥)

∫
d~l ′2

⊥ σ̄(qq̄)J=1

L,T p
(~l ′2

⊥ ,W 2)

)

︸ ︷︷ ︸

i) “1 - 1” destructive interference

color transparency

~r ′2
⊥ < 1

~l ′

⊥ Max(W 2)

J0(l
′
⊥r

′
⊥) ∼= 1 − 1

4
(l′⊥r

′
⊥)2 + · · ·

ii) “1-0=1” hadronlike “saturation”
1

l′2
⊥ Max(W 2)

< r′2
⊥

σ(qq̄)J=1

L,T p
(r ′2

⊥ ,W 2) ∼= π

∫

d~l ′2
⊥ σ̄(qq̄)J=1

L,T p
(~l ′2

⊥ ,W 2)

≡ σ
(∞)
L,T (W 2)

Note: a) r′2
⊥ fixed, W 2 → ∞,

b) r′2
⊥ → ∞ , W 2 fixed



σγ∗p(W
2, Q2) ∼







σ(∞)Λ2
sat(W

2)

Q2 ∼ σ(∞)

η(W 2,Q2)
, η(W 2, Q2) ≫ 1 (i)

σ(∞)ln 1
η(W 2,Q2)

, η(W 2, Q2) ≪ 1 (ii)

Direct consequence of CDP, NOT dependent on a specific parameterization dipole cross section.

Λ2
sat(W

2) ≡

∫
d~l ′2

⊥
~l ′2
⊥ σ̄(qq̄)J=1

L p(
~l ′2
⊥ ,W

2)
∫
d~l ′2

⊥ σ̄(qq̄)J=1
L p(

~l ′2
⊥ ,W

2)

=
1

σ
(∞)
L (W 2)

π ·

∫

d~l ′2
⊥
~l ′2
⊥ σ̄(qq̄)J=1

L p(
~l ′2
⊥ ,W

2)



The limit of η(W 2, Q2) → 0, or W 2 → ∞ at Q2 fixed

lim
W2→∞
Q2 fixed

σγ∗p(η(W
2, Q2))

σγ∗p(η(W 2, Q2 = 0))
= lim

W2→∞
Q2 fixed

ln
(

Λ2
sat(W

2)

m2
0

m2
0

(Q2+m2
0)

)

ln
Λ2
sat(W

2)

m2
0

= 1 + lim
W2→∞
Q2 fixed

ln
m2

0

Q2+m2
0

ln
Λ2
sat(W

2)

m2
0

= 1.

σγ∗p

(
η(W 2, Q2 = 0)

)
= σγp(W

2) D. Schildknecht, DIS 2001 (Bologna)

Q2[GeV 2] W 2[GeV 2]
σγ∗p(η(W

2,Q2))

σγp(W 2)

1.5 2.5 × 107 0.5

1.26 × 1011 0.63



Observation by Caldwell

σγ∗p(W
2, Q2) = σ0(Q

2)
(

1
2Mp

W 2

Q2

)λeff(Q
2)

A. Caldwell (2008)

Q2-independent limit at approximately

W 2 ≃ 109Q2.

Photon-Proton Cross Section
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Summarizing this Section on model-independent results:

R = 1
2ρ

= 3
8
;

Low − x scaling : σγ∗p ∼ σ(∞)







1
η(W 2,Q2)

, η(W 2, Q2) > 1,

ln 1
η(W 2,Q2)

, η(W 2, Q2) < 1.

W 2 → ∞,

Q2 fixed : Q2 − independent limit coinciding with Q2 = 0 photoproduction, σγp(W
2).



3. The CDP, the Gluon Distribution Function and Evolution.

CDP ↔ Photon-Gluon Fusion of pQCD

FL(x,Q
2) = αs(Q

2)
3π

∑

qQ
2
q · 6Ig(x,Q

2),

where Ig(x,Q
2) ≡

∫ 1

x
dy
y

(
x
y

)2 (

1 − x
y

)

yg(y, Q2).

FL(ξLx,Q
2) = αs(Q

2)
3π

∑

qQ
2
qG(x,Q2). Cooper-Sarkar et al. (1988)

F2(x,Q
2) = 5

18
x
∑

(x,Q2).

∂F2(ξ2x,Q
2)

∂ lnQ2
= αs(Q

2)
3π

∑

qQ
2
qG(x,Q2). rescaling factors:

(ξL, ξ2) ≃ (0.40, 0.50)

(ξL, ξ2) = (0.45, 0.40) for specific Prytz (1993)

gluon distribution.

Accuracy <∼0.5 %.



Using FL(x,Q
2) = 1

2ρ+1
F2(x,Q

2):

(2ρ+ 1) ∂
∂ lnQ2F2

(
ξ2
ξL
x,Q2

)

= F2(x,Q
2)

i) CDP: F2(x,Q
2) = F2(W

2):

(2ρW + 1) ∂
∂ lnW 2F2

(
ξL
ξ2
W 2

)

= F2(W
2)

ii) Power law

F2(W
2) ∼ (W 2)C2 =

(
Q2

x

)C2

Compare: “hard Pomeron” solution of DGLAP evolution:
(

1
x

)λ= fixed
.

“hard Pomeron” Regge:
(

1
x

)ǫ0≃0.43

(2ρW + 1)C2

(
ξL
ξ2

)C2

= 1

with ρ = 4
3
,

C2 = 1
2ρ+1

(
ξ2
ξL

)C2

= 0.29 Kuroda, Schildknecht (2011)



F2(W
2) = f2 ·

(
W 2

1GeV2

)C2=0.29

f2 = 0.063 (fitted parameter)
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2) = F2(W

2 ∼= Q2/x)

and for the prediction of C2 = 0.29.



The Gluon Distribution Function

αs(Q
2)G(x,Q2) =

3π
∑

qQ
2
q

FL(ξLx,Q
2)

=
3π

∑

qQ
2
q

1

(2ρ+ 1)
F2(ξLx,Q

2)

=
3π

∑

qQ
2
q(2ρ+ 1)

f2

ξC2=0.29
L

(
W 2

1GeV2

)C2=0.29

Comments:

CDP: FL,2 = FL,2

(

W 2 = Q2

x

)

,

ρ = const. = 4
3
,

C2 = 0.29 from evolution

f2 = 0.063 fit parameter



Comparison with gluon distributions from Durham data file using αs(Q
2) = αs(Q

2)NLO



4. Models for the Dipole Cross Section Cvetic, Schildknecht,

Surrow, Tentyukov (2001)

Model-independently:

σγ∗p ∼

{

ln 1
η(W 2,Q2)

, η(W 2, Q2) ≪ 1
1

η(W 2,Q2)
, η(W 2, Q2) ≫ 1

Detailed ansatz for dipole cross section: Interpolation between η(W 2, Q2) < 1 and η(W 2, Q2) > 1.

Simple ansatz with ρ = 1,
(

R = 1
2ρ

= 1
2

)

:

σ(qq̄)p(~r⊥, z(1 − z),W 2) = σ(∞)(W 2)
(

1 − J0

(

r⊥

√

z(1 − z)Λsat(W
2)
))

σγ∗p(W
2, Q2) = σγ∗p(η(W

2, Q2)) + O

(
m2

0

Λ2
sat(W

2)

)

=

=
αRe+e−

3π
σ(∞)(W 2)I0(η) + O

(
m2

0

Λ2
sat(W

2)

)

, Re+e− = 3
∑

q

Q2
q.

I0(η(W
2, Q2)) =

1
√

1 + 4η(W 2, Q2)
ln

√

1 + 4η(W 2, Q2) + 1
√

1 + 4η(W 2, Q2) − 1
∼=

∼=

{
ln 1

η(W 2,Q2)
+ O(η ln η), for η(W 2, Q2) →

m2
0

Λ2
sat(W

2)
,

1
2η(W 2,Q2)

+ O
(

1
η2

)

, for η(W 2, Q2) → ∞,



Generalization to ρ = 4
3
.

Constraint: m2
0 ≤ M2

qq̄,M
′2
qq̄ ≤ m2

1(W
2); Kuroda, Schildknecht (2011)

σγ∗p = σγ∗p

(

η(W 2, Q2),
m2

0

Λ2
sat(W

2)
, ξ ≡

m2
1(W

2)

Λ2
sat(W

2)

)

,

η(W 2, Q2) =
Q2+m2

0

Λ2
sat(W

2)
,

Λ2
sat(W

2) = C1

(
W 2

W 2
0

+ 1
)C2 ∼= const

(
W 2

1GeV 2

)C2

C1 = 1.95GeV 2

W 2
0 = 1081GeV 2

C2 = 0.27(0.29)

m2
0 = 0.15GeV 2

m2
1(W

2) = ξΛ2
sat(W

2) = 130Λ2
sat(W

2)

Normalization by Q2 = 0 photoproduction (Regge fit):

σ(∞)(W 2) ∼=

{
30mb, (for 3 active flavors, Re+e− = 2)

18mb, (for 4 active flavors, Re+e− = 10
3
)
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The approach to saturation.



Comparison with Caldwell 6-parameter 2 P-fit: σγ∗p = σ0
M2

Q2+M2

(
l
l0

)ǫ0+(ǫ1−ǫ0)

√

Q2

Q2+Λ2

where l = 1
2xbjMp





Comparison with the experimental data directly Prabhdeep Kaur (2010)
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Saturation limit: lim
W2→∞
Q2fixed

F2(x∼=Q2/W 2,Q2)
σγp(W 2)

= Q2

4π2α

Consider Q2
1 = 0.036 GeV 2

and Q2
2 = 0.1GeV 2

F2(W
2, Q2

2 = 0.1GeV2) =
Q2

2

Q2
1

F2(W
2, Q2

1 = 0.036GeV2)

= 2.78F2(W
2, Q2

1 = 0.036GeV2).

1
W 2 [GeV−2] F2(W

2, Q2
1 = 0.036GeV2)

Q2
2

Q2
1
F2(W

2, Q2
1 = 0.036GeV2)

2 · 10−5 ∼= 0.055 0.15

10−4 ∼= 0.04 0.11



F2(W
2) and gluon distribution.

F2(W
2) = f2

(
W 2

1 GeV 2

)0.29

, f2 = 0.063

10GeV 2 ≤ Q2 ≤ 100GeV 2

In terms of gluon distribution:

F2(W
2 = Q2

x
) =

(2ρ+1)
∑
Q2
q

3π
ξC2
L αs(Q

2)G(x,Q2), η(W 2, Q2) ≫ 1.

Saturation behavior:

F2(W
2, Q2) ∼ Q2σ

(∞)
L ln

Λ2
sat(W

2)

Q2 +m2
0

∼ Q2σ
(∞)
L ln

(

αs(Q
2)G(x,Q2)

σ
(∞)
L (Q2 +m2

0)

)

, η(W 2, Q2) ≪ 1.



)-2(GeV21/W

-6
10

-5
10 -410

-3
10 -210 -110

)
2

,Q
2

F
2(

W

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14 2=0.036 GeV2Q

)-2(GeV21/W

-6
10

-5
10 -410

-3
10 -210 -110

)
2

,Q
2

F
2(

W

0

0.05

0.1

0.15

0.2

0.25

0.3
2=0.1 GeV2Q

)-2(GeV21/W

-6
10

-5
10 -410

-3
10 -210 -110

)
2

,Q
2

F
2(

W

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
2=0.31 GeV2Q

)-2(GeV21/W

-6
10

-5
10 -410

-3
10 -210 -110

)
2

,Q
2

F
2(

W

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
2=1. GeV2Q

E665
EMC
NMC
pQCD

BCDMS
H1
ZEUS
CDP

)-2(GeV21/W

-6
10

-5
10 -410

-3
10 -210 -110

)
2

,Q
2

F
2(

W

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
2=3.16 GeV2Q

)-2(GeV21/W

-6
10

-5
10 -410

-3
10 -210 -110

)
2

,Q
2

F
2(

W

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
2=10 GeV2Q

CDP and pQCD-improved parton model



)-2(GeV21/W

-6
10

-5
10 -410

-3
10 -210 -110

)
2

,Q
2

F
2(

W

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
2Q2=31.6 GeV

)-2(GeV21/W

-6
10

-5
10 -410

-3
10 -210 -110

)
2

,Q
2

F
2(

W

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
2Q2=100 GeV

E665
EMC
NMC
BCDMS
H1
ZEUS
CDP
pQCD

)-2(GeV21/W

-6
10

-5
10 -410

-3
10 -210 -110

)
2

,Q
2

F
2(

W

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
2Q2=316 GeV

CDP and pQCD-improved parton model



The longitudinal structure function, FL(x,Q
2)



5. Conclusions

Gauge-invariant (two-gluon) interaction of color dipole:

i) Color transparency

σ(qq̄)p(~r
2

⊥ ,W
2) ∼ ~r 2

⊥ , destructive interference

relevant for η(W 2, Q2) =
Q2+m2

0

Λ2
sat(W

2)
> 1, Λ2

sat(W
2) ∼ (W 2)C2=0.29

F2(x,Q
2) = F2(W

2 = Q2/x)

∼ Λ2
sat(W

2) , (10GeV 2, Q2 < 100GeV 2)

∼ αs(Q
2)G(x,Q2).

Peaceful coexistence between CDP and pQCD-improved parton model



ii) Saturation

σ(qq̄)p(~r
′

⊥,W
2) ∼ σ(∞), destructive interference has died out,

relevant for η(W 2, Q2) < 1,

F2(x,Q
2) ∼ Q2σ(∞)lnαs(Q

2)G(x,Q2)

σ(∞)(Q2+m2
0)
.

Smooth transition from η(W 2, Q2) ≫ 1 to η(W 2, Q2) ≪ 1, including Q2 = 0.

There is only a single Pomeron.

Concrete model, interpolating the regions of η(W 2, Q2) > 1 and η(W 2, Q2) < 1, descri-

bes experimental data for x<∼0.1, including Q2 = 0 photoproduction.


