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Outline

Isotropy and the standard model of cosmology
Averaging the scalar parts of Einstein’s equations
The question of gauge invariance
Experimental perspectives
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Isotropy and the standard cosmology

Supernovae type Ia

Cosmic microwave background
radiation

Baryon acoustic oscillations
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Local and averaged equations

A model with space-time dependent energy density:

Tµν = ρ(x)uµuν
Projected Einstein equations:

1
3θ

2 = 8πGNρ(x)− 1
2

(3)
R− σ2 and θ̇ + 1

3θ
2 + 2σ2 = −4πGNρ

Friedmann equations:

3H2 = 8πGNρ(t)− k
3a and 3

(
Ḣ +H2

)
= 3 äa = −4πGNρ

Buchert Equations:

3
(
ȧ
a

)2
= 8πGN 〈ρ〉 − 1

2 〈R〉+ QD
2 and 3 äa = −8πGN 〈ρ〉+QD

QD = 2
3

〈
θ2
〉
− 2

3 〈θ〉
2 − 2

〈
σ2
〉

= 2
3 (∆θ)

2 − 2
〈
σ2
〉
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Gauge dependence of the average

F (S,Ω) =
∫
M
√
−g S(x)WΩ(x)dnx

Desired transformation property of
the Window Function:

W̃ (f(x)) = W (x)

WΩ = δ(T0 − T (x))θ(r0 −B(x))

We need matter!
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Dust coordinates

Tµν = T dustµν + T̃µν and S =
∫
d4x
√
−g
{
− 1

8πGN
R+ ε (uµuνgµν + 1) + Lrest

}
uµ = −∂µT

T̃ := T (t) is the scalar with time-like gradient.

B(x) := Zkhkl Z
l is the scalar with space-like gradient, where Zk is the

dust-space coordinate.
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The new averaging

The slicing is defined by: nµ = −∂µT√
−∂νT∂νT

.

(
1
s
∂s
∂T0

)2

= − 1
6

〈
Rs

−∂µT∂µT

〉
− 1

6QD + 8πGN
3

〈
T̃µνnµnν
−∂µT∂µT + ε

〉
1
s
∂2s
∂T 2

0
= 1

3QD + 1
6

〈
∂µT∂

µ(∂µT∂
µT )

(−∂µT∂µT )5/2

〉
+ 1

3

〈
∇µ(nµ∇µnν)
−∂µT∂µT

〉
+

+ 8πGN
3

{〈
T̃µνn

µnν+ 1
2 T̃

(−∂µT∂µT )1/2

〉
+ 1

2

〈
ε

∂µT∂µT
+ 2ε

〉}
Choosing the rest frame of the dust (synchronous N = 1):

ds2 = −N ²dt² + hijdx
idxj(

1
s
∂s
∂T0

)2

= − 1
6 〈Rs〉 −

1
6QD + 8πGN

3

〈
T̃µνn

µnν + ε
〉

− 1
s
∂2s
∂T 2

0
= − 1

3QD + 8πGN
3

〈(
T̃µνn

µnν + 1
2 T̃
)

+ ε
〉
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Comparison to Buchert equations

T̃µν = 0

H2
D = − 1

6 〈Rs〉 −
1
6QD + 8πGN

3 〈ε〉

⇔ Ωk + ΩQ + Ωε = 1

− 1
s
∂2s
∂T 2

0
= − 1

3QD + 8πGN
3 〈ε〉

ȧ = V (A+B)−1 (ȧAV (A) + ȧBV (B))
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Experimental perspectives

Considering combined cosmological observations we can conjecture 〈R〉 = 0,
hence:

QD = −6
(

1
s
∂s
∂T0

)2

+ 8πGN
3 〈ε〉 and QD = 3

(
1
s
∂2s
∂T 2

0

)
+ 16πGN 〈ε〉

Questions:
1 Are the results for QD the same for both equations?
2 Is there a scale on which QD is the same in all domains?
3 Is there a scale on which QD is zero in all domains?
4 How do those scales depend on the red shift?

Those observations can be done for approximately constant z < 1, for large z
light-cone has to be considered.
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Conclusion

The gauge dependence of the backreaction has been clarified.
The relevant inhomogeneity measure QD has been identified and is an
observable.
We have to reconsider interpretation of cosmological data.
Experimental evidence is needed to check whether backreaction can be
a cause for acceleration.
In a toy model it has potential to cause apparent acceleration (S.
Räsänen).
More sophisticated computational models and observations needed in
future.
Light-cone effects have to be considered for larger domains.
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Backup 0

The Friedmann model, its Metric and the ideal fluid:

ds2 = −dt2 + a(t)
{

dr2

1−kr2 + r2dΩ2
}

Tµν = ρ(t)uµuν + p(t)(uµuν + gµν) = ρuµuν + pP⊥

The Einstein equations:

Gµνu
µuν = 8πGN ρ(t) and Tr(Gµν) = 8πGN Tr(T

µ
ν)

3
(
ȧ
a

)2
= 8πGNρ− 3 k

a2 and −6 äa = 8πGN (ρ+ 3p)

Scaling:

ρ̇ = −3H (ρ+ p) = −3H ρ (1 + ω)⇔ dρ = −3 1
ada (1 + ω)

Hence: ρ = ρ0

(
a
a0

)−3(1+ω)

Juri Smirnov (LMU) Gauge invariant Backreaction in Cosmology July 18, 2011 11 / 21



1

Backup I

With the definition of the extrinsic curvature, we can connect the curvature to
the three curvature of Σ:

θij = −Kij = hµi h
ν
j∇νuµ and (3)R d

abc = h fa h
g
b h

k
c h

d
j R

j
fgh −KacK

d
b +KbcK

d
a

2Gabn
anb =(4) R+ 2(4)Racn

anc =(4) Rabcd (gac + nanc)
(
gbd + nbnd

)
=(4)

Rabcdh
achbd = (K a

a )
2 −K a

b K
b
a +(3) R

Hence: (4)R = 2
(
Gabn

anb −Rabnanb
)

=(3) R+KabK
ab −K2

And with the definitions of the expansion rate and shear:
(K a

a )
2 −K a

b K
b
a = 2

(
1
3θ

2 − σ2
)

The Hamiltonian constraint therefore reads:

8πGNρ+ Λ = 1
2 ((Ka

a )2 −Ki
jK

j
i +(3) R) = −σ2 + 1

3θ
2 + 1

2
(3)R
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Backup II

Perturbations of the energy momentum tensor to first order in gauge invariant
variables:

Tµν = ρuµuν + p (gµν + uµuν)

¯δT 0
0 = δ̄ε, ¯δT 0

i =
1

a
(ε0 + p0)

(
¯δu‖i + δu⊥i

)
, ¯δT ij = −δ̄p δij

For dust with ε0 << a only the diagonal elements are affected.
The metric perturbations in a flat FRW universe can be written in the so called
Longitudinal gauge, with φ and ψ being the scalar perturbations and η the
conformal time, as:

ds2 = a(η)2
[
− (1 + 2φ) dη2 + (1− 2ψ) δijdx

idxj
]

We expect the most relevant contributions to the diagonal elements.
Furthermore the information about perturbations is completely in the trace
and the zero zero component.
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Backup III

The active diffeomorphisms are generated by the Lie derivative. This shows
that any scalar action, invariant under passive diffeomorphisms is also

invariant under active diffeomorphism if the generating vector vanishes at the
boundary.

LξΨ = ξµ∇µΨ

Lξ
√
−g = 1

2

√
−g gµνLξgµν = (∇µξµ)

√
−g

δS =
∫

Ω
Lξ (Ψ

√
−g) d4x =

∫
Ω

(ξµ∇µΨ + Ψ∇µξµ)
√
−g d4x =

=
∫
∂Ω

(Ψξµ) d3σµ = 0

For the Einstein Hilbert action this yields the Bianchi identity:

δS =
∫

Ω
d4x
√
−g (Gµν)Lξgµν = −

∫
Ω
d4x
√
−g (ξν) (∇µGµν) = 0
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Backup IV

The projected Einstein equations:

Gµνu
µuν = 1

2 ((Ka
a )2 −Ki

jK
j
i +(3) R) = 1

3θ
2 − σ2 + 1

2

(3)
R = 8πGNρ+ Λ (1)

θ̇ + 1
3θ

2 + 2σ2 + 4πGNρ− Λ = 0 (2)

With:

σij := θij −
1

3
θhij ;σ2 :=

1

2
σijσ

j
i and θij = −Kij = hµi h

ν
j∇νuµ

Average of a scalar Ψ:〈
Ψ(t, Xi)

〉
D

:= 1
VD

∫
D
J d3X Ψ(t, Xi) where J :=

√
h and J̇ = θJ

Domain scale factor:

with VD = 〈1〉D aD(t) :=
(
VD
VD0

) 1
3 ⇒ 〈θ〉D = 3 ȧDaD
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Backup V: Active and passive diffeos

Passive Diffeos. ↔ pure change of coordinates (corresponds to renaming
the locations on a temperature-map).
Active Diffeos. ↔ a push-forward followed by a coordinate renaming
(corresponds to the action of winds on a temperature-field).
Scalar, Vector and tensor field, under a diffeomorphism:

x̃ = f(x) = x− ξdλ

S̃(x̃) = S(x) S̃(x) = S(f−1(x))

Ãµ(x̃) = Aα(x) ∂x
α

∂x̃µ = Aµ(x) + {Aα(x)∂µξ
α} dλ

Ãµ(x) = Aα(x+ ξdλ) ∂x
α

∂x̃µ = Aµ(x) + {ξα∂aAµ(x) +Aα(x)∂µξ
α} dλ

g̃µν(x) = gµν(x) + {ξα∂agµν(x) + gαν(x)∂µξ
α + gµα(x)∂νξ

α} dλ
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Backup VI: Diffeos and gen. covariance

Any scalar action under passive diffeo.s is a scalar under active diffeo.s if
ξ = 0 at the boundary.
This led to the hole “paradox” and its resolution with material coordinates.

Active diff. invariance of GR action leads to Bianchi identity, hence active
diff.s are gauge trafos!
Observables are gauge invariant quantities, so called space-time
coincidences.
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Backup VII: Gauge trafo & average

Apply a gauge transformation (active) x̃ = f(x):

F (S,Ω) =
∫
M
√
−g S(x)WΩ(x)dnx→ F̃ (S̃,Ω)

=
∫
M

∣∣∣∂x∂f ∣∣∣ f−1(x)

√
−g(f−1(x))S(f−1(x))WΩ(x)dnx

Followed by coordinate transformation (passive) x̂ = f−1(x) :

F̃ (S̃,Ω) =
∫
M

√
−g(x̂)S(x̂)WΩ(f(x̂))dnx̂ =

∫
M

√
−g(x̂)S(x̂)W̃Ω̃(x̂)dnx̂

Use a field as reference: W̃Ω(x) = WΩ(f−1(x))⇒WΩ(f(x̂)) = WΩ(x̂)

F̃ (S̃,Ω) =
∫
M

√
−g(x̂)S(x̂)WΩ(f(x̂))dnx̂ =

∫
M

√
−g(x̂)S(x̂)WΩ(x̂)dnx̂

WΩ = δ(T0 − T (x))θ(r0 −B(x))
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Backup VIII: Observables from matter

Consider a freely falling , its position X̃µ(T (τ)) := Xµ(τ) is a physical point. A
scalar R(y) at the particle’s position R̃ := R(X̃(0)) is an observable.

ỹ = y + ξdλ

δR(y) = −ξµ(y)∂µR(y)dλ

δXµ(τ) = ξµ(X(τ))dλ

⇒ δR̃ = δR(X̃(0)) + ∂µR(X̃(0))δX̃µ =

∂µR(X̃(0))
[
−ξµ(X̃(0)) + ξµ(X̃(0))

]
dλ = 0

Note: (Luminosity-distance)

dL(z) = a0r(z)(1 + z) and for k = 0: r(z) = 1
a0H0

∫ z
0

dx

(ΩΛ+Ωm(1+x)3+ΩR(1+x)4)

F w LH2
0

4πz2

[
1 +

((
− ä
aH

)
0
− 1
)
z
]

+ ...
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Backup IX: Dust coordinates

T̃ := T (t) is the scalar with time-like gradient.
Zk is a scalar onM, but a vector component on S. We need the tensor
on S, h̄ij(Z , T (Z, t)) := h̃ij(Z, t) where: d

dt h̃ab(Z, t) =
{
h̃ab(Z, t) , H(f)

}
.

Pull back the projector orthogonal to ∂µT on the dust space, under
X : S →M to find the induced metric:

hkl = ∂Xµ

∂Zk
∂Xν

∂Zl
hµν

Contract with hkl, now B(x) := Zkhkl Z
l is the scalar with space-like

gradient!
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Backup X: Variation of dust action

Generalize the idea of a freely falling particle to a field. The result is dust, with
the action:

S =
∫
d4x
√
−g
{
− 1

8πGN
R+ ρ (uµuνgµν + 1)

}
; uµ = −∂µT +Wi

(
∂µZi

)
δS =∫

d4x
√
−g
{(
− 1

2 gµνρ (uµuνgµν + 1) + −1
8πGN

(
Rµν − 1

2gµνR
)

+ ρuµuν

)
δgµν

}
+

+
∫
d4x
√
−g {(uµuνgµν + 1) δρ+ 2ρuµgµνδu

ν} = 0

ρuµgµνδu
ν = ρuµuλgµνδ∇ (xν)λ = −∇λ

(
ρuµuλgµν

)
δxν = 0

∇λ
(
ρuµuλgµν

)
= uν∇λ

(
ρuλ

)
+ ρuλ∇λ (uν) = ρ∇uuν = 0⇒ ∇UU = 0

δS = 0⇔
{
Gµν = ρuµuν , LUZi = 0 , LUT = 1 , ∇UU = 0

}
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