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Outline

e Isotropy and the standard model of cosmology

o Averaging the scalar parts of Einstein’s equations
e The question of gauge invariance

o Experimental perspectives
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Isotropy and the standard cosmology

@ Supernovae type la 20

@ Cosmic microwave background
radiation

@ Baryon acoustic oscillations
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Local and averaged equations

A model with space-time dependent energy density:

_ o . Ty = p(z) upuy,
Projected Einstein equations:

%92 =8rGnp(x) — %(3)R —o? and 0+ %92 +20% = —4rGnp
Friedmann equations:
BH? = 8nGnp(t) — £ and 3 (H n H2> =38 = —4rGp
Buchert Equations:
a2 1 Qp i _
3(;) :87TGN<p>—§<R>+T and 35——87TGN<p>+QD

Qo = 3(7) = 110) - 2(0) = 1 (80 ~2(r?)
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Gauge dependence of the average
F

(5,9) = [, V=3 S(@)Wa(2)d"e

— T

f

1)
Desired transformation property of
the Window Function:

Wa = 6(To — T(x))0(ro — B(x))

We need matter!
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Dust coordinates

Ty = Tyt + T,, and S= [d*z\/—g {——87?2,N R+ e(ufu’gu, +1) + Erest}

Wt = —QrT

0]

T := T(t) is the scalar with time-like gradient.

B(z) := Z*hy; Z' is the scalar with space-like gradient, where Z* is the
dust-space coordinate.
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The new averaging

.. . . . wo_ _OHrT
The slicing is defined by: n* = =TT
2 ~
10s __1 R, 1 8rGyn [ TH'nuny
(E BTO) =76 <—auTauT> —§@p+ 753 <—6“T8MT + €>

10% _ 1 1 /0,To"(8,TO"T) 1 /V,.n"*V,n,)
§6T:_§QD+E<“ z >+3< = Z >+

(=8, TONT)5/2 3 —9, TOFT

87G Tuntn?+1T 1 e
55 {< (—NBMTauT)Ql/2> T3 <BMT6HT + 2€>}
Choosing the rest frame of the dust (synchronous N = 1):

ds? = —N2dt?2 + hijdacidxj

2 ~
(%63750) = —5 (Rs) — gQp + %& <T,wn”n” + e>
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Comparison to Buchert equations

T =0
Hp = —§ (Rs) — §Qp + 55 ()
S+ +0 =1
_10%
s 0T2

= _%QD + %‘1 (e)

a=V(A+ B)~' (aaV(A) + agV(B))
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Experimental perspectives

Considering combined cosmological observations we can conjecture (R) = 0,
hence:

2
QD:—6 (%88;0) +%<6> and QD:3 (%g;§)+167TGN<E>

Questions:

@ Are the results for Qp the same for both equations?

@ Is there a scale on which @Qp is the same in all domains?
@ Is there a scale on which Qp is zero in all domains?

© How do those scales depend on the red shift?

Those observations can be done for approximately constant z < 1, for large =
light-cone has to be considered.
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Conclusion

@ The gauge dependence of the backreaction has been clarified.

@ The relevant inhomogeneity measure @ p has been identified and is an
observable.

@ We have to reconsider interpretation of cosmological data.

@ Experimental evidence is needed to check whether backreaction can be
a cause for acceleration.

@ In a toy model it has potential to cause apparent acceleration (S.
Rasanen).

@ More sophisticated computational models and observations needed in
future.

@ Light-cone effects have to be considered for larger domains.

Juri Smirnov (LMU) Gauge invariant Backreaction in Cosmology July 18, 2011 10/21



Backup 0

The Friedmann model, its Metric and the ideal fluid:

ds? = —dt? + a(t) { 1250z + 12d0?}
T = p(tyuu? + p(t)(w'u? + @) = putu® +p Py
The Einstein equations:
Guutu” =8rGnp(t) and Tr(GH) =8rGnTr(TH)
3(2)? =87Gnp—3L% and  —6& = 8xGy(p+ 3p)
Scaling:
p=-3H (p+p)=-3Hp(l+w) & dp=—-31da(l+w)

—3(14w)
Hence: p = po (i)

ao
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Backup |

With the definition of the extrinsic curvature, we can connect the curvature to
the three curvature of X:

0;; = —Kij = h'h¥V,u, and DR, & = hIhIhERIR, [ — Koo K! + Ky K 2

zGabnanb —(4) R+ 2(4)Racnanc —(4) Ruped (gac + nanc) (gbd + nbnd) —(4)
Rabcdhachbd _ (K a)2 _ KbaKab +(3) R

Hence: WR =2 (Gan®n® — Ryynn®) =% R+ K, K® — K?

And with the definitions of the expansion rate and shear:
(E2)? — KpEp =2(562 - 0?)

a

The Hamiltonian constraint therefore reads:

87Gnp+ A = 3((K2)? - KIK] +®) R) = —0? + 102 + 1OR
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Backup I

Perturbations of the energy momentum tensor to first order in gauge invariant
variables:

ﬂti/ = puyUy +p (g;u/ + uuul/)

_ _ - 1 _ - -
STY = b, 5TO = - (€0 +po) (Sup; + du,), 0T! = —0p o}

For dust with ¢ << a only the diagonal elements are affected.

The metric perturbations in a flat FRW universe can be written in the so called
Longitudinal gauge, with ¢ and ¢ being the scalar perturbations and » the
conformal time, as:

ds* = a(n)® [— (1 +2¢) dn? + (1 — 2¢) 6;;dx’da” |

We expect the most relevant contributions to the diagonal elements.
Furthermore the information about perturbations is completely in the trace
and the zero zero component.
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Backup Il

The active diffeomorphisms are generated by the Lie derivative. This shows
that any scalar action, invariant under passive diffeomorphisms is also
invariant under active diffeomorphism if the generating vector vanishes at the
boundary.

LoV = ¢4V, 0
Lev/=9 = 5vV=99" Legu = (Vué") V=g
08 = [o Le (Ty/=g)d'a = [, (£"V, T + IV ) /=g d'a =
= [ (UER) P, =0

For the Einstein Hilbert action this yields the Bianchi identity:

08 = fQ d*z V=9(Guv) Legh” = — fQ d*z /=g (&) (V.GH)
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Backup IV

The projected Einstein equations:

Groutu? = L(K2)?2 — KIKT + R) = 162 — 02 + 1R = 87Gyp + A (1)

9+%92+202+4ﬁGNp—A=0(2)
With:

1 1.
045 = Hij — gé’h” ;0’2 = 50’;-(72]» and 0,7- = _Kij = hi‘hJ”V,,u#

Average of a scalar ¥:
(W(t, X1)) == [ JA*X U(t, X7) where J:=Vhand J = 6.

Domain scale factor:

with Vo = (1), ap(t) = (¥2)° = (), =322
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Backup V: Active and passive diffeos

@ Passive Diffeos. «» pure change of coordinates (corresponds to renaming
the locations on a temperature-map).
@ Active Diffeos. + a push-forward followed by a coordinate renaming

(corresponds to the action of winds on a temperature-field).
@ Scalar, Vector and tensor field, under a diffeomorphism:

= f(z) =z — &\

S(&) = 5(x) S(a) = S(f ()
Au(@) = Aa() 355 =

Ap(@) + {Aa(2) 0,87 dA

A, (x) = An(z + €dN) 22

i = Au(@) + {70 Ap(2) + Aa(2)0,8%} dA
guu(aj) = g,“,(x) + {§O‘8aglw(x) + gow(x)aufa + g;wc(x)aufa} dA
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Backup VI: Diffeos and gen. covariance

@ Any scalar action under passive diffeo.s is a scalar under active diffeo.s if
¢ = 0 at the boundary.

@ This led to the hole “paradox” and its resolution with material coordinates.

@ Active diff. invariance of GR action leads to Bianchi identity, hence active
diff.s are gauge trafos!

@ Observables are gauge invariant quantities, so called space-time
coincidences.
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Backup VII: Gauge trafo & average

Apply a gauge transformation (active) # = f(z):
F(S,Q) = [\, v/—95(@)Wa(z)d"z — F(S,Q)
= | 2| 510 VI FTT@)S (U (@) Wal@)d'a

Followed by coordinate transformation (passive) # = f~(z) :

F(5,9) = [y V=9@)S@)Wa(f(@)d"s = [\, /—9(&)S(3)Wq(2)d"&
Use a field as reference: W (z) = Wo(f~1(z)) = Wo(f(2)) = Wa(2)

F($,9) = [y V=9@)S@)Wa(f(@)d"s = [y, /~9(@)S(&)Wa(#)d"&

Wo = 8(Ty — T(x))0(ro — B(=))




Backup VIII: Observables from matter

Consider a freely falling , its position X“(T( )) := X*#(7) is a physical point. A
scalar R(y) at the particle’s position R := R(X(0)) is an observable.

= R = 6R(X(0)) + 0, R(X (0))5 X" =

Note: (Luminosity-distance)

f dx
aoHo JO (Qr+Qm (142)3+QRr (142)?)

dp(z) = agr(z)(1+ z) and for k = 0: r(z) =

Fﬁ4ﬂzz [1+(( H) —1)z]+...
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Backup IX: Dust coordinates

@ T :=T(t) is the scalar with time-like gradient.
@ 7% is a scalar on M, but a vector component on S. We need the tensor
on S, hi;(Z, T(Z,1)) := hij(Z,t) where: Lha,(Z,t) = {Bab(z, 1), H(f)}.
@ Pull back the projector orthogonal to 9, T on the dust space, under
X : S — M tofind the induced metric:

_ oXM aox"
hu = gz Gt

@ Contract with hy;, now B(x) := Z*h;; Z! is the scalar with space-like
gradient!

0@

Juri Smirnov (LMU) Gauge invariant Backreaction in Cosmology



Backup X: Variation of dust action

Generalize the idea of a freely falling particle to a field. The result is dust, with
the action:

S = [dz\/—g {—ﬁR—F p (uru? g, + 1)} s ut = —orT + W, (04 Z7)

0S8 =
Jdav/=g { <_% Guop (W0 gy +1) + g (R — 59 R) + puuu”) 6g““} +

+ [ d*a/=g {(w'u’ g + 1) dp + 2put g, du”} =0
put g du” = puturg,, 0V (z¥), = =V (pururgu,) dz” =0
Vi (pururgu) = w, Vi (put) + purVy (u,) = pVyu, = 0= VU =0

5S=O<:>{Gul,=puuu,,,EUZi:O, LyT =1, VUUZO}
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