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Abstract

This set of interleaved lectures and exercises will (re)introduce working ex-
perimental particle physicists to the techniques used for computing simple cross
sections in the standard model and its extensions. The approach is deliberately
pedestrian with an emphasis on real world applications.

After an introduction, gradually more and more time will be spent actually
computing stuff in order to build confidence and gain intuition for (new) physics
signals in cross sections.
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1 Introduction

1.1 Scattering Amplitudes

Basic principle of quantum mechanics

e an accelerator prepares an initial state |in)
e thatis transformed by an interaction S

e and a detector measures the overlap of the resulting state with a final state |out).

v
[}

e the transition probability P is given by the absolute square of the transition
amplitude A

Ainsout = (out|S|in) (1a)
Pinsout = |Ain—>out|2 (1b)
e if the initial and final states |in) and |out) are not pure states, the correspond-

ing transition probabilities must be added (e. g. spins and flavors) or integrated
(e.g. angles, energies and momenta)

Task(s):
1. describe |in) and |out):
e pure states: completetely polarized electrons, muons, photons

= Dirac equation, Klein-Gordon equation, &c.

e mixtures: protons, partially polarized or unpolarized electrons, muons,
photons, . ..

2. compute S (i. e. the part of S that contributes to (out|S|in))

quantum electro dynamics (QED)

quantum chromo dynamics (QCD)
standard model (SM)
e “new physics”, “beyond the SM” (BSM)

= Feynman rules

3. square Aj,_,,,: and integrate Pi,_,.:

e Monte Carlo



1.2 Lorentz Transformations
Basic principle of special relativity:
e the velocity of light c is the same in each inertial system.

.. the wavefronts of a spherical light wave is for every observer located at

K] = ct )

¢ introducing the notation x, = ct, this means that the solutions of
x5 —%* =0 (2)
are the same in every inertial reference frame
e adding homogeneity and isotropy of space, this means that
xX? = x5 — X 3)
must be the same in every inertial reference frame.
¢ useful notations:

— 3 vectors: (covariant w.r. t. rotations)
X = (x!,%*,%x°) 4)
— 4vectors: (covariant w.r. t. rotations and boosts into a moving inertial frame)
x = (x%%) = (x%x, %%, %%) = (x0; —x1, —x2, —X3) (5)

e introduce Minkowski metric

0 0 0
g =9"=109 0 —1 0 ©)
0O 0 0 -1
to shift indices X X
W=D gwx’,  Xt=) g"xy @)
v=0 v=0

e convenient summation convention

3
Xp =) xup* =x,p" = x"py = ¢"V X Py = gy XHp”

pu=0

3
=XgPo — )_ XiPi = XgPo — XiPi = XoPo — Xp (8)

i=1



e a Lorentz transformation /A must leave xp invariant because 2xp = (x + p)? —
2 _ .2
X* —p=

Xp = X, = AL %y (mit X7 =x2) = guw = AL ALY Guvr )

e derivatives:
0 0

af(x) = oL f(x) = o"f(x), Mf(x) = 0,f(x) (10)
for example
0% (xp) = 9(xvp")/0x, = p" (11)
Problem 1. Compute the partial derivative w.r.t. x
aue—ipx , (ad)(bd)e 'Px, dre lPX (12)

for constant four vectors a, b and p.

Problem 2. Show that
ouxt =4 (13a)

(NB: 9,,x* = g, vox*/ox" and g,,¥ = ") and compute

Q% ¥/2 (13b)

1.3 Schrodinger Equation

e Wave functions satisfy the Schrodinger equation

d
ih—W(t) = HY(t 14
ih V() = HY(Y) (14a)
with solution (for infinitesimal time intervals)
Y(t 4 ot) = e OV My(¢) (14b)

. scattering amplitude (infinite time intervals)

Ainsout = {out|S[in) = Tim (out(to) et/ in(t))) (15)

try—+o00
e Problems with this approach

— particle production and decay has been observed, but can not be described
by wave functions (without “2nd quantization”), because probability is con-
served (“unitarity”)

— Schrodinger equation (14) not manifestly Lorentz covariant
— free single particle equation
d 1 /1 2\
ih—W(t) =-— | — Y(t 1
gt 2m<ihcv) (t) (16)

is manifestly not Lorentz covariant!



1.4 Units

e from now on, we will use units which will give us numbers with natural order
of magnitude for quantum mechanics and relativistic kinematics

h=c=1. (17)

e velocities and actions are dimensionless and therefore

1
[energy] = [momentum] = [mass] = {length} ) (18)

e inparticular, our Feynman rules, will later yield cross sections in units of [energy 2,

e.g.
4o

- 3E2 (19)

e the relevant conversion factors are
he = 197.327053(59) MeV fm (20)
(hc)2 = 0.389 379 66(23) TeV> nb (21)

(TeVZnb = GeV?mb) and therefore
470l
_ 0. 19/

o 3(E/TeV)20 39nb (19/)

2 Asymptotic States

e described by wave equations, that are

1. linear: superposition principle of quantum mechanics

2. relativistic: matrix elements of observables must transform under rotations
and Lorentz boosts like scalars, four vectors, tensors, &c.

3. and have the correct dispersion relation: E? = p* + m?
e objects of interest

— spin-0 particles: not yet(?) observed as an elementary particle, but possible
(e.g. Higgs)
* one invariant component
— spin-1/2 particles: leptons, quarks
+ at least two components: spinor under rotations
- spin-1 particles: gauge bosons
+ massive three components (polarizations)
+ massless two components (polarizations)

4



2.1 Klein-Gordon Equation
(10020 (x) = [ (<13 +m?| §(x)

e is obviously a covariant wave equation, because
(O+m?) d(x) =0

e fourier transform

d(x) =J

4 d4‘p

(2m)*

2z P Blp), 10,00 = |

. algebraic equation )
(0" =m?) d(p) =0
“mass shell”:

Po =+ /P> +m?,
p>=m?po >0

—

Pl

Po=—Vp*+m?
e correct relativistic dispersion relation E = + /p? + m?
e but what about the other solution E = — /p% + m? ?

2.2 Free Spin-0 Particles

e general solution of the Klein-Gordon equation

4

b(x) = [ 5B 2n@(pol8p? —m) (o) (Ple ™ + 01 7)e)

_ r\ﬂ (cb(Jr)(ﬁ) 1px+d) (ﬁ) l‘px)
271)32
J (27)32py Y

= |dp (0" (Ple ™ + 01 (p)e™)

e P*p.d(p), etc

(22)

(23)

(24)

@3)

(25)
(26)

(27)

e conserved current 0pjo(x) — ﬁj’(x) = 0,j"(x) = 0 out of two solutions ¢, and ¢,

of the Klein-Gordon equation with the same mass:

(x)i0, da(x) = b} (x) [0, p(x)] — [0, (x)]ba(x)

e indeed

04" (x) = 0" (b (X)(i0u 2 ()] ) — 0 ([0, b; () b2 (x))
0% 7 (X)) [0 p2 (X)) + b7 (x)[0% 2 ()] — (027 (x)Jpa )
0

=i

[
—i[

5

(28)

b7 )I[0" P2(x)] = —id] (x)m* P2 (x) + im*bi (x)da(x) =0 (29)



e invariant and time independent overlap out of the conserved current

Q= J Pjo(x) = J PR G110 dalx) =

xo=t xo=t

P51 . R L y
J(z’n)szpozpo<cb§+) (P)¢£+)(p) ,elpotlgge lpot_’_d)g ) (_P)Cb p lpotI?e ipot

+ O B)0) ) (—p) - ePtioge Tt + o (—F)oL ) () Wotl?emot)
— [dp (o 10 ) - ol B0k ) G0

¢ normalization only positive on the positive mass shell!
". ju(x) must not be interpreted as a probability current!

e ... anyway: the existence of the negative mass shell makes the energy un-
bounded from below and no ground state exists!

. ¢(x) must not be interpreted as Schrodinger wave function!

2.3 Anti Particles

Observations:

e the positive and negative mass shells of free (i.e. not interacting) particles are
independent

. one can simply project out the negative mass shell in this case . ..

e ... unfortunately, all local and Lorentz invariant interactions couple positive
and negative mass shell (see below)

e ... however, asymptotic states are assumed to be noninteracting
. we can at least reinterpret the negative mass shell
however:

e theamplitude d'")(F)e P*on the positive mass shell corresponds to the momem-
tum +p, but the amplitude ¢~ (p)e*P* on the negative mass shell corresponds
to the reversed momemtum —p

. the formalism is consistent, if all quantum numbers are reversed on the negative
mass shell

" in a stationary, i. e. time independent, state, the cases

Qp

=

_Q’_



can not be distinguished.

. the states on the negative mass shell describe not particles with “negative energy”,

24

but anti particles with opposite quantum numbers instead!

in stationary states, this can be taken a ste further: instead of anti particles moving

forward in time . ..
—_—— ‘

. one can use particles moving backward in time, without noticing a difference
in the overall balance!

caveat: it is not (yet) obvious that this makes sense of interactions are switched
on...

. will be shown later.

NB: this is a calculationally convenient interpretation — there is no time travel
going on, since we're in a steady state

The equivalent picture with anti particles moving forward in time requires the
tull machinery of quantum field theory

Dirac Equation

task: find “objects” y*, such that

(y0,)* = 9 (31)
because the solutions of the Dirac equation
(iy*0, —m)h(x) = 0 (32)
automagically satisfy the die Klein-Gordon equation as well
(iy*0,. 4+ m) (iy* 0, — m)p(x) = (—0* —=m?) P(x) =0 (33)

the Dirac equation is obviously linear and its solutions satisfy the proper rela-
tivistic dispersion relation.

can we construct “objects” y", that satisfy (31))?
a sufficient condition is

[YLL/YV]+ = ‘Yu‘Yv_’_‘Yv‘Yu = zguv -1 (34)

because partial derivatives commute 9,0, = 0,0,,.

using a useful and ubiquitous notation, the Feynman slash

¢- :yHau :Vuau (35)
this reads equivalently [¢, ] | := dp+pd =2-ab =2 a,b"*

7



2.5 Gamma Matrices

e recall the Pauli matrices with the defining property
[(Yk, 0‘1} =o*ct —olo* =2i Z ektmgm (36a)

(68)" = o* (36b)
using the totally antisymmetric tensor e

€123 — €231 — €3]2 — 1, €213 _ €321 — €132 -1 (37)

e concrete realisation

Y0 w

e with ;
oot =81 4i) emo™ (39)
m=1
e in particular
[ok, c‘} — 2511 (40)
+

e Dirac realisation of the gamma (a. k. a. Dirac) matrices:

Y=o %)= %) @)

e there are (infinitely) many more realisations, but no smaller one
e we can verify the anti commutation relations by explicit calculation.

NB: block matrices are multiplied just like ordinary matrices with non commuting
matrix elements

AR
Vv, =y ey = ((1) _01> (_(3)-1 %) + (_?).i (8) ((1) _01)
0 1.0t 0 (—ot) -1

0 o 0 —o
(0 9) (2 ) 0

Problem 3. Verify the remaining (k,1 = 1,2, 3) anti commutation relations :
e, vy, =—26 1. (43)



2.6

in the Dirac realization (1) we have obviously
Yo=v0, vi=—v (44)

however, since (yy)> =1and (yi)> = —1

". Yo must have only real eigenvalues, and
. all y; must have only imaginary eigenvalues

*. this must be true in all realizations.

Another useful and ubiquitous notation is therefore the Dirac adjoint for matrices

A =vAYo, ¥u=vovivo=7vu (45)

NB: on the next page we will meet the related, but different Dirac adjoint for
column vectors

v =1y, (46)
Don’t mix them up!
Free Spin-1/2 Particles
Ansatz:
900 = [dp (0 (ple ™+ 4 (p)e™) @)
| o fg-mtp) =0
the adjoint solution
B0 = bixl o = [dp (B (ple™* 4§ (ple ) (49)

satisfies

PP = 10, (XY™ = 0,0 Yoy vavo
=i0,1h () "y*Pyo = (=10, y* D (x) v = (=i (x)) = —md(x) (50)

Px) (i% +m) =0, (51)
or

VI p)(F—m)=0 (52a)

VO p)(p+m) =0 (52b)



general solution of the Dirac equation

1P(+)(P) = Zuk(P)bk(P) (53a)
k=1
2
D)= Y vilp)dilp) (53b)
k=1

(54a)
(54b)

and the corresponding expansion coefficients bq(p), ba2(p), di(p), d2(p)-

in the rest frame of the particle, i.e. for p = (m, 6), we have p = my( and the
Dirac equation simplifies to

miyvo - Uuel0) = (§ ) wl®) =0 (552)
miyo + @) = (2751 9)vld =0 (55b)

the independent solutions in the rest frame are therefore

w (0) = (56a)

v1(0) = (56b)

—ooo coor
OO0 " coroO

from which we can construct solutions for arbitrary on shell momenta with p? =

welp) = %uuﬁ) (572)
velp) = %Vk@ (57b)

since (p+m)(Pp—m) = p>—m?, these are obviously solutions of the Dirac equation
for on-shell momenta

the motivation for the not obviously covariant normalization will be apparent
after problem

10



mathematical reminder:

e compare the inner product of a row vector with a column vector

bs
b n
((l*] a --- (ln) :2 = Z a-Lb-l (58)
: i=1
bn

to the outer product of a column vector with a row vector

aq Cl]b] aq b2 . a1bm
as Clzb*] Clzbz cen Clzbm

® (bl b2 T bln) - . . . (59)
an a,b; a,b, ... a b

e these are two very different operations

— the inner product produces a number

— the outer product produces a matrix

Problem 4. Determine . (p) und vy (p) from the definitions and show that for p* = m?
2 2
> wpli(p) =p+m, Y wlp)(p)=p-m (60)
k=1 k=1
Problem 5. Compute (always assuming p*> = m?)
U (phw(p), Vk(pvi(p), tklplvilp), Vklplwlp). (61)
Problem 6. Compute (always assuming p*> = m?)

e (P)yuw(p), Vi(p)yuvi(p), t(P)vovi(—P), V(=P vow (P) . (62)

e this is a special case of the Gordon decomposition for arbitrary solutions of the
Dirac equation:

)]zs’YLL +YH¢iu (

We(p)yin(q) = te(p)——— 1(q)
1 1
_ L_Lk(p)pv(glw + Z[YV,vu]_)Zqu(gw + 2[w,vv]_)ul(q)
+ v~ MPv _ i
= P B phw(q) + TP ap) S o) w(a) (63)

11



e there are alltogether 16 independent (anti-)hermitian 4 x 4-matrices:

1 1 “scalar” (64a)

Yu 4 “vector” (64b)
Oy = % Y vyl 6 “tensor” (64¢)
Y5Yu 4 “axial vector” (64d)
vs = iy'ylyHy? 1 “pseudo scalar” (64e)

e NB: the bare gamma matrices do not transform like vectors, tensors, axial vectors,
or pseudo scalars!

e there are additional nontrivial transformations L(/\) that have to be applied on
the left and right, e. g.
Yi = AL LAY LTI A) (65)

e however since
b(x) = LIAW(Ax), b(x) = DA X)L H(A) (66)
the L(A) compensate each other in matrix elements (a. k. a. “sandwiches”)
YOJyud(y) = DAL HAALTA) Y L HAILAJD (A )
= A DA Sy (A (67)
". and the L(A) can be ignored in the computation of matrix elements
.. the characterization as vector, tensor, axial vector, or pseudo scalars is meaningful

Problem 7. Compute [ys,v,.]+

Problem 8. Show the conservation of the vector current for two solutions 1 (x) und Py (x) of

the Dirac equation (32) and (51)
0" [ (x)y,uba(x)] =0. (68)
e invariant overlap from conserved current:

Q= | @il = | ExBi0vobalix = | U] (xIbalx)

xo=t xo=t xo=t

B 1 ) |
~ [ 2o (OB ) 0l el ) e

+ T BE T (—p) - et T T (—p)pl (—ﬁ))
2

J—dsﬁ f 5 t .
= | 2r2p, ;(bl,k(p)bz,k(p)+dllk(p)d2/k(p)> (69)

12



. normalization positive everywhere!

Problem 9. Show the Partial Conservation of the Axial Current (PCAC) for solutions 1\ (x)
und \,(x) of the Dirac equation

0" [h1 (X)yuysa(x)] = 2impa (x)ysa(x) . (70)

Problem 10. Compute oy, = % lYx, Yil_ for k,1 = 1,2,3 in the Dirac realization of the
Gamma matrices.

.. the matrices {023, 031, 012} can take over the role of the Pauli matrices {07, 0y, 03}
and distinguish spin up from spin down in the rest frame

1 I T 1 1
501211«1(0) = +§u1(0) , 501211«2(0) = —Euz(o) (71a)
L 1v1(0) = + 2w (0) Lol = —2wna(@)  (71b)
20'12V1 = 2"1 ’ 2012\’2 = 2"2

e just as before in the case of scalar particles, we can interpret solutions on the
negative energy mass shell for spin-1/2 particles as anti particles that move in
the opposite direction in space time:

- Ui (p) amplitude for a particles in the initial state

— Tk (p) amplitude for a particle in the final state

— Vi (p) amplitude for an anti particle in the final state
- Vx(p) amplitude for an anti particle in the initial state

e in addition to the other quantum numbers, we must flip the spins so that the
overall balance is maintained

2.7 Free Spin-1 Particles

e combine E and B into field strength tensor
0 - —E —E;
B2 0 —-Bs B

Fuv =0 Av=0Au = | g 5 7§ (72)

Es —B, By 0
e manifestly covariant Maxwell equations
OMFuv =jv, €"VP90Fpe =0 (73)
e current j,, necessarily conserved: 9,j* =0

13



equation of motion for the vector potential A,

(g"¥0? —"dV)A, =j*
gauge invariance: F,, does not change, if
Aulx) = Ap(x) —0,w(x)
with special gauge condition 9, A" = 0: °A, =j,
more, but not most, general case

(g% — (1 - &)HdV)A, =j*

explicit mass term
*Fuy + M?A, =3,

or
(g"¥ (0% + M?) —d"dY)A, ="

contraction with 9,
M20YA, =0

massless vector bososns have two degrees of freedom, massive ones three

(730)

(74)

(75)

(76)

(76)

(77)

polarization vectors for massless vector bosons with momentum k = (ko; 0, 0, ko)

1
er =€ =—(0;1,4i,0)

¥ =5

N

properties

ENEX = —OaN

efk, =0
and with ¢ = (1,0,0,—1)

D e =—g"+ Cukv +evky

ck
A=—1,+1

polarization vectors for massive vector bosons with momentum

14
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(79a)
(79b)

(80)



3.1

k = (ko; K| sin 0 cos o, K| sin 0 sin o, K| cos 0):

Fid
€r =€l = e\/§ (0;cosOcosd Fisind,cosOsind +1icosd,—sinb) (81a)
ko -
€0 = MO(Ik!/kO; sin 0 cos ¢, sin 0 sin ¢, cos 0) = ¢ (81b)
properties and
v,k v k kV
D et =—g"+ M (82)
A=—1,0,+1
3 Interactions
Propagators
Photons far from all electrical charges satisty
?AP(x) =0 (83)

and we have already seen the solutions.

In the presence of electrical charges, the photons couple to the electromagnetic
current

PAu(X) = ju(x) = —eh(x)y,b(x) + .. (84)
and the solutions turn out to be more complicated.

Assumption: there is a “function” D, that solves

(0> + m*)D(x, m) = —5*(x) (85)

Then
Au(x) = AL (x) — jd4yD(x 00, () (86)

is a solution of the inhomogeneous equation for each solution of the homo-
geneous equation (83), since

A, (x) = PAL () - [dy[Dix -y, 0)]ju(y)
=0 [dty[-8 0= y)]uy) =utx) ©7

interpretation: the current j,(y) acts at the space time point y as a source of
photons, that are “propagated” by the propagator D(x — y,0) to the space time
point x

D(x—y,0 Aulx)
" @
T

15



e NB: retardation is built in in (86), because we integrate over the four dimensional
space time and not over the three dimensional space at a given instant.

Problem 11. Show that
S(x,m) = (ig + m) D(x, m) (88)

is the Feynman propagator S for Dirac particles of mass m, i. e. that
(i —m) S(x, m) = 8*(x)
if (02 + m?)D(x, m) = —&*(x), as in (85) above.

e but what is the source ??? of the Dirac field?

b(x)
89
£ e ®

X—Yy,m

e consider the Dirac equation with (electromagnetic) interaction

(9 — eAlx) — m) P(x) =0 90)
or
(19— m) Wix) = eA(x)P(x) )
e with the formal solution
Vi) =0 (x) +Jd4y5(x—y,m)emy)w(y) 1)

that can be represented graphically as

Y(x)

(91])
S (X -y, TTL)
° @ is analogous to , when we use the current j,, (y) = —e(y)y, V(y)
Aulx) = AL () [dyDlx v, Olebly v, (y) ©2)

which can be represented graphically as

Aplx)

®2)

D(X_UIO)

e caveat: the equations (91) and (92)) are not explicit solutions, but coupled integral
equations

16



e that can be solved recursively by mutual series expansion

wu):wwwm+jﬁwsu—ynnwAwnmm
zwwmm+gkﬁﬁu—yJMAmamwmm)
+efpﬁm%(“xyﬁﬂﬁmstmzmmawwmwmwm

—su—yanwW%me—amﬂ@&WMmm)+ow% ©3)

e these recursive expansions become very big very fast and a graphical represen-
tation is useful:

A (y) WO (y)

A9 (2) B(x) $O(z) px) @D
(x =y, m) (x —y, m)

POy Y TEM PO DY

e remaining open questions:

- does D(x —y, m) exist?

- can we compute it?

e fortunately, we only need to solve
(0> +m?) D(x, m) = —5*(x) (83
because (most) other propagators can be obtained by taking derivatives
e since the equation is translation invariant, we should use Fourier transformation

e formally (with e — 0+)

d4p —ipx 1
D(x, m) :J(Zﬂ)4e P ‘p—z—m2+ie (94)
d*p i —P2+m’ d*p s
(82+m2)D(x,m):J(2ﬂ)4e 4 p2—m2+ie:_J(27)48 P :—64(7() (95)

e singularities in the integral over py at + /[p|*> + m? (+ie is a convenient shorthand
for the choice of integration contour):

17



Impy

—Vip | —————
— |+ 2+ m2 Repy
compare
1 B 1 E=+/IplP+m? 1
p2—m2tie  (po)2— (PP +m2)+ie  (po)?—E2+ie

E>0 1 B 1 1 1 1 1
"~ (po)?— (E—i€)2  po—E+tie po+E—ie 2 \pp—E+ie po+ E—ie

. in

(96)
forward in time: .
xo>0: lim e P 0 (97a)
Po——ico
the integration contour in can be closed below
ImPOA
f ?Po
backward in time: .
X <0: lim e P —0 (97b)
Po—>+10
the integration contour in can be closed above
Impo
i RZPO
dp . 1 .
®'(x) = |[d*yD(x —y, m)® :J ]
) = |atyDix—y miofy) = [ e ™ ) o9

the part of @ (p) with py = + /|p]2 + m? is propagated into the future
the part of ®(p) with py = — /[p|> + m? is propagated into the past

Compton scattering in nonrelativistic perturbation theory contains scattering as
well as pair creation and pair annihilation contributions:

(99)
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" intermediate states violate energy conservation and vertices can have space like
distances

. temporal order of t; and t, depends in general on the reference frame, i.e. is
undefined

e Feynman’s brilliant (re-)interpretation:

— particles with py = + /|p|* + m? are propagated into the future

— anti particles with pg = — /|p|> + m? and opposite charges are propagated
into past

. charges are conserved along the arrows in (99)!

. the four nonrelativistic diagrams in can be combined to two covariant
expressions using Feynman propagators

(100a)

.. the Feynman propagator allows to extend our interpretation of external, non-
interacting anti particles as particles traveling backward in time to interacting
particles.

Problem 12. Compute the propagator S(x, m) for Dirac particles in momentum space!

e propagator for massless spin-1 particles

_iguv + 1(1 - E) ]]z;f:e

k2 +ie

(101)

e the gauge parameter £ ist arbitrary and must cancel in the final result
e partial results can depend on ¢

e the propagator for massive spin-1 particles
_ig nv + ik_;}:/l];v
k2 — M2 +ie

is not gauge dependent, because (76]) can be inverted, contrary to (73))

(102)
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e NB: this is not what happens in the standard model, where the mass comes
solely from the coupling to the Higgs sector and a gauge freedom remains.
However (102) is in lowest order equivalent to the Higgs mechanism in unitarity

gauge

e NB: propagators and external states are universal and models differ only in the
particle content and interaction vertices!

Feynman Rules

external spin-1/2 particles:

- P
incoming;: —?—o <~ ---u(p) (103a)
outgoing: e—=——— <= q(p)--- (103b)
external spin-1/2 anti particles:
- P
incoming: _TD_. <~ V(p)--- (103c)
outgoing: e—=—— <= ---v(p) (103d)
external spin-1 particles:
-~ k
incoming: 'vvv]zfvwo — e, (k) (103e)
outgoing: e~~~nx = € (k) (103f)

e internal particles and anti particles with sign of momentum relative to the arrow
(i. e. charge) direction:

P .
spin-1/2: e—=—e <= m (104a)
k —igyy 4 (1 — &) sk
spin-1 (m =0): e~~~~re <— I = (+ — &) erie (104b)
e finally . .
spin-0: e ---- > (105)

p?—m? +ie

" the S-matrix always contains an uninteresting diagonal piece (no interaction) and
the global momentum conservation d-distribution

. wecan focuson T

e the following Feynman rules produce an expression for iT:
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3.3

1. draw all diagrams using propagators and interaction vertices that connect
the initial state with the final state

2. assign momenta and external wave functions accordingly

3. use momentum conservation at each vertex to fix the momenta of the internal
lines

4. follow each connected fermion line against the direction of the arrows and
collect wave functions, propagators and vertices along the way

5. complete iT with the remaining wave functions, propagators and vertices

6. add all diagrams with the relative signs such that that sum is anti symmetric
under the exchange of identical external (anti-)fermions (and symmetric for
bosons)

in diagrams with closed loops not all momenta are fixed by momentum conser-
vation, e. g.:

p—k

P

in this case, one must integrate over these loop momenta with

d4
J( 2784 . (107)

unfortunately, there are infinitely many loop diagrams for each process
fortunately, each loop comes with additional powers of the coupling constants

in weakly interacting theories, we can expand the scattering amplitudes in the
couplings constants or the number of loops

Cross Section

definition in terms of observables

R(AD
0 (AD) = ( ; ) where (108)
A® = region of phase space (109a)
0 (A®) = cross section for scattering into AQ (109b)
R (A®) = event rate in AD (109¢)
j = incoming flux (1094d)
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3.4

for fixed target experiments, the incoming flux j is just the number of incoming
particles per time and area

differential cross section

0(AD) = J ;1%

AD

(®)do (110)

with phase space element d®, e. g. dQ = sin 0d0d ¢ for 2 — 2 processes

the differential cross section can be computed from the scattering amplitude T
and the (a. k.a. “Fermi’s golden rule”)

general formula for 2 — n processes

Pz qn
%qz
- - P1 qJ1
TP dq;...dd,
T G A o a4y ps— 1 — o —qn) (111)

do =
4 \/(Pﬂ?z)z —mimj [Timd!
where we have used again

— d3p

Po=+/P2+m?

NB: in the old days, people use a different normalization for fermions (an addi-
tional factor 2m), that is only useful for heavy (slow) particles . ..

symmetry factor

cles of the species i in the (113)

number of identical parti-
ng =
final state

Kinematics

simplest example: 2 — 2

P2 >@< q2
P1 q1
invariants: Mandelstam variables
s = (p1+7p2)* = (g1 + q2)* (total energy) (114a)
t=(q1 —p1)* = (q2 — p2)? (momentum transfer) (114b)
u=(q1—p2)* = (g2 —p1)’ (114c)
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e momentum conservation:

4
stt+u=pi+pi+qi+agi=) mi (115)

i=1

e center of mass system (CMS) at high energies

P12 = (EI Or 0/ :I:E) (116a)
q1/2 = (E; £Esin 6 cos ¢, £E sin O sin ¢, =E cos ) (116b)
s =4F?, t = —2E%(1 —cosB), u = —2E*(1 + cos 0) (117)

3.5 Phase Space

e two particles in the final state:

Pa, &4
J it ©_2m)*st(qi + q2 — P)

(271)32E (271)32E,
1 J |@1’2d|Q1’dQ1

S(Ex(ld1l) + E2(lal) — E)

- 1672 E1E2
1 |q1|E1dE1dQ1 J |@1’
. 5(E; + E5(E;) — E)= dcosfydd; 1 (118
167t2J' gE oo T ERE) RS (deostide T (118)

e thesecond equality in (118) follows from E? = |§|*+m?, which yields |d|d|q| = EAE
independent of the masses

e in the third equality we have used that E, depends on E; through momentum
conservation and dispersion relations

d(E; + Ez(Eq) — E)

dE, =14+E/E =E/E (119)

e special case: high energy limit in the center of mass frame: |G| = |q2| = E/2 +
O(m/IG2).

d cos 0; d¢, / (3277) ([118))
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4 QED

e Quantum Electro Dynamics: interacting electrons, positrons and photons (and

other charged particles)

e single interaction vertex for fermions:
k, p
P =1Qreyy

/

P
with the electrical charge Q¢ of the particle, e.g. Q. = —1 for electrons

e charged bosons require an additional (“sea gull”) vertex

(fj ou k', v K p
S . .
p - :lee(Pu—i—pL)’ v :leieZqu

*le’y o

—igpo

iT = (p2) (~iey?)u(pa)¢ u(qs)(—iey?)v(qz)

p1+p2)? +ie

(120)

(121)

(122)

B e?[ (P2)vpulp)] [lq1)v*v(g2)] (123)

2 52

TT = == P2y, (P8P Ypsv P2l (a1 )y v(2)9(a2 )y ulqy )]
(124)
3 T = Strlla — MY (1 MYyl (s + 0™ (6 — i,y
-
= 2 beer (P1 P2, me) L2 (q1, 42, my) (125)
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4.2 Trace Techniques

e consider a matrix element

4 4
a(p)lu(q) = D tw(p)faw(q) = Y Taw(q)ie(p) (126)
K 1=1 K 1=1
e using the tensor product
w(q)(p) -+ wlq)uslp)
u(q) ®@i(p) = : : (127)
ws(q)i (p) ug(q)ts(p)
we can write
4 4
w(p)lu(q) = Z Nalu(q) @ wlp)lw = Z(F[u(q) ® w(p) Dk (128)
K 1=1 k=1
e using the trace of a matrix
4
tr(A) =) Aw (129)
k=1

we can express a matrix element equivalently as a trace
(p)lu(p) = tr(Tu(p) ® wlp)) (130)

e independent of the concrete realization of the Dirac matrices, we can compute
their traces using their anti commutation relations alone

tr(1) = (131a)
(tr 41) + tr ]Zngi)) tr(1)-ab=4- ab (131b)
(
(

tr (1) = tr (didads) = tr (dida -~ donin) 7 0 (131c)
tr (dids - dn) = tr (dn - - - dodi) (131d)
tr(ys) = tr(ysd) = tr(ysdp) = tr(ysdp¢) =0 (131e)
tr(ysdlp¢d) =4i-€(a,b,c,d) (131f)

only (I31d) depends on the existence of a charge conjugation matrix

e also from the anti commutation relations alone, we can prove contraction formu-

lae:
Yy, =-2-¢ (132a)
YHdBEy. = =2 ¢Pd (132b)
Yy, =4 (132¢)
YHdpy,. =4-ab (132d)
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e it’s instructive to prove at least one of the trace theorems yourselves, because it
helps to memorize the result.

Problem 13. Compute
tr (dP¢d) (133)

using the cyclic invariance of the trace
tr(ABC) = tr(BCA) (134)
and subsequently the anti commutation relations (34).
Problem 14. Compute the trace L~ (p, q, m) = tr[(p + m)y.(d — m)y+].
Problem 15. Compute L, (p1,p2,0)L°1°2(q1, q2,0) as a function of the Mandelstam vari-

ables in the high energy limit s, —t, —u > mZ.

4.3 Cross Section

Problem 16. Compute the differential cross section

j—g(cos 0, Ecm) (135)

forete™ — wtu in the region s, —t, —u > m2.
Problem 17. Compute the integrated cross section

o(Ecm) (136)
forete” — pwtu in the region s > m2.
4.4 FORM

e very efficient computation using programs for symbolic manipulation, e. g. FORM.

e declare variables
1: vector pl, p2, ql, qg2;
2: symbol s, t, u, me, mq;

3: indices rhol, rho2;

® expressions

4 local [TT*] =

5 (g_(1, p2) - me*g_(1)) * g_(1, rhol)
6: * (g_(1, pl) + me*g_(1)) * g_(1, rho2)
7 * (9-(2, ql) + mq*g_(2)) * g_(2, rhol)
8 * (9-(2, q2) - mg*g_(2)) * g_(2, rho2);
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e traces

9:
10:
11:
12:

trace4,
trace4,

print;
.sort;

1;
2;

e reduction to Mandelstam variables (114)

etc.

13:
14:
15:
16:
17:
18:

e human intelligence (i.e. experience,

id pl

id p1l

.p2
id ql.
id pl.
id p2.

q2
ql
q2

.q2
id p2.

ql

s = (p1+p2)’ =2m} + 2p1p2 (137a)
t= (g2 —p1)* =mi +mi —2q,ps (137b)

1/2 * (s - 2*me’r2);

1/2 * (S _ fcquZ);

- 1/2 * (t - mer2 - mgr2);

- 1/2 * (t - mer2 - mq*2);

-1/2 * (u - mer2 - mgr2);

- 1/2 * (u - mer2 - mq’r2);

compactly as a function of t und w:

19:
20:
21:
22:

running the program:

cf. 211)): the result can be written most

id s = -u -t + 2*mer2 + 2*mq’2;
bracket me, mq;

print;
.sort;

ohl@thopad2:~fdfp$ form mumu.frm

FORM by J.Vermaseren,version 3.3(Mar 28 2009) Run at: Thu Jul 7 18:37:42 2011

[TT*]

64*mer2*mqr2 + 32*pl.p2*mg*r2 + 32%pl.ql*p2.92 + 32*pl.qg2*p2.ql + 32*

ql.

[TT*]
+

+
+
+
+

+

q2*metr2;

mgr2 * (

mgr4 * ( 48 )

mer2 * (
meAr2*mqr2 * ( 96 )
merd * ( 48 )

8*ur2 + 8%tr2;
0.00 sec out of 0.00 sec

- 32%u - 32*%t )

- 32%u - 32%t )
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4.5 Bhabha Scattering

Problem 18. Draw all Feynman diagrams for e"e~ — e e~ (“Bhabha scattering”)
e do we need to add or subtract the diagrams?
e more general: what'’s the relative phase of the diagrams?

T =T -T)T-T) =T -1 - T. T+ T.T, (138)

e relative signs of the diagrams from permuting the endpoints of the fermion lines

e equivalently: relative signs from the number of closed fermion lines in squared

diagrams
e (p1) e (q1) e (p1) e (q1)
I
TT = (-1 x vL T = (1) @ (139)
< Tee” >
et (p2) e+(qz) et (p2) €+(QZ)
T.T. = (-1 x , T TsT = (—1)? x @ (139b)
4.6 FORM
e declaration of variables as above
e expressions
1
Ts = ezg P(p2)youlpi)] [@(qg1)yPv(qa)] (140)
1
T, = eZ{ B(p2)vev(q2)] [Elgr )y u(pr)] (141)

o T,T!justlikeinete™ — putpu-

4 local [SS*] =

5 (9_(1, p2) - me*g_(1)) * g_(1, rhol)
6: * (g_(1, pl) + me*g_(1)) * g_(1, rho2)
7 * (g_(2, ql) + me*g_(2)) * g_(2, rhol)
8 * (9_(2, q2) - me*g_(2)) * g_(2, rho2);

e T.T/ similar

9: local [TT*] =

10: (g_(1, ql) + me*g_(1)) * g_(1, rhol)
11: * (g_(1, pl) + me*g_(1)) * g_(1, rho2)
12: * (g9_(2, p2) - me*g_(2)) * g_(2, rhol)
13: * (9-(2, q2) - me*g_(2)) * g_(2, rho2);



e the interference terms are more complicated and contain traces of eight Dirac

ma

14:
15:
16:
17:
18:

19:
20:
21:
22:
23:

trices

T T = e4$ [B(p2)ve,ulp)] [@lp1)yPulge)] [lqi )y v(q2)] P(d2)ve,v(p2)]

local [ST*] =
(9_(1, p2) - me*g_(1)) * g_(1, rhol)
* (g=(1, pl) + me*g_(1)) * g_(1, rho2)
* (g_(1, ql) +
* (g=(1, q2)

(142)

me*g_(1)) * g_(1, rhol)
me*g_(1)) * g_(1, rho2);

1
T.T = e4§ [V(P2)Ye,v(92)] [0(q2) v q1)] [l gr)yP u(p)] [(p1) v e, v(ps)]

local [TS*] =
(9_(1, p2) - me*g_(1)) * g_(1, rhol)

* (g=(1, q2) - me*g_(1)) * g_(1, rho2)

* (g-(1, qD)
* (g-(1, pD)

(143)

+

me*g_(1)) * g_(1, rhol)
me*g_(1)) * g_(1, rho2);

+

e FORM does the traces just the same . ..

24:
25:

26

trace4,
trace4,
: .sort;

1;
2;

e reduction to Mandelstam variables again as above, but all masses are equal

27:
28:
29:
30:
31:
32:

id pl

.p2
id ql.
id pl.
id p2.
id pl.
id p2.

q2
ql
q2
q2
ql

= 1/2 * (s - 2*%me’r2);
=1/2 * (s - 2*mer2);

1/2 * (t 2*meAr2);
1/2 * (t 2*mer2);
1/2 * (u - 2*meAr2);
1/2 * (u - 2*mer2);

e human intelligence and experience: the expression for [T,|* is most compact as
function of t and u

33:
34:
35:
36:

e the expression for [T;

id s =-u-t + 4%mer2;
bracket me;

print;

.sort;

? is most compact as function of s and u
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- ... two different reductions in the same FORM program require advanced
tricks . ..

L4 running the program:

ohl@thopad2:~fdfp$ form bhabha.frm

FORM by J.Vermaseren,version 3.3(Mar 28 2009) Run at: Thu Jul 7 18:37:42 2011
[SS*] =

mer2 * ( - 64*u - 64*t )

merd * ( 192 )

8*ur2 + 8%tA2;

“]

+

+

+

[TT*] =

+ me*2 * ( - 64*%u )
+ merd * ( 64 )

+ 16*ur2 + 16%t*u + 8%tAr2;
1

+
+

[ST*
mer2 * ( 64*u )
merd * ( - 96 )
8*ur2;

[TS*] =

mer2 * ( 64%u )

merd * ( - 96 )
- 87‘:uA2 ;

0.00 sec out of 0.00 sec

+ 4+ O

o NB: [T,(t,u) = |T2(s,u)

e final result very symmetrical

2?2 +u? s24u? 2u?
ZTT*:8e4( LI 2 o) (144)

spins
Problem 19. Compute the differential cross section

é%%(cose) (145)

for Bhabha scattering in the region s, —t, —u > m2.
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5 QCD

5.1 Feynman Rules
" full account requires another full set of lectures

.. just a few SU(N) formulae

- generators T, and totally anti symmetric structure constants fqp.:

[Ta/ Tb] = ifabcTc

(summations forc =1,2,..., (N2 — 1) implied).
— normalization and contractions

1
tr (TaTy) = Eéab

NZ —1
TaTa=Cr-1=—5

-1
2Nc

facafoca = Cr - dab

e physical degrees of freedom: quarks and gluons:

k,ua
p = igyuTa
p/
e triple gluon couplings
1 1 2
4 gfalazﬂaguluz(kp.g - kug)
2 = +gfa1aza3gu2p3(ki1 - kil)
-— AN
+gfﬂ1 aazJusm (k?;tz - khz)
3

s 2
_19 fa1a2bfa3a4b><

s 2
_19 fa1a3bfa4a2b><

s 2
_19 f(l1(14bf(112(13b><

(9u1u29u3u4 - gumsguwz)

e Faddeev-Popov ghosts appear only in loop diagrams
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(gulusguwz - 9u1u49u2u3)

(s Grams = G Jpsps)

(146)

(147a)

(147b)
(147¢)

(148)



5.2 3-Jet Production

e quarks are electrically charged
k,u,a

P = —ieQqvu

/

p
and couple in the standard model (cf. (176) and (178)) to the Z° and W= as well.

Problem 20. Draw all Feynman diagrams without closed loops, that follow from the Feynman
rules of QED und QCD for the electroproction of 3 jets

e"+e —q+q+g

(at higher energies, there are additional contributions from Z° bosons).
Write down the corresponding algebraic expression for the T-matrix.

Problem 21. Verify the Ward identity for the gluon

=0, (152)

u+T2

e* (k)=k

i en(k)=ky

i. e. the fact that no gluons with unphysical polarization € (k) = k,, are produced. Hint: use
the Dirac equation for the external quarks, e. g.

P — kl_ m+ ie (K+¥1+m)v(p1) = —v(p1) (fiirk #0) (153)

e down the road, some additional shorthands will be useful
1
T = €*Qg [V(p2)y . u(p1)] Jnldnaa ke (154)

with the current matrix element

J*(q1, 92,k €) = Ji'(d1, 92,k €) + 3 (q1, q2, k, €) (155a)
Il aakye) = HUHeE LR ey (155b)
T(q1, o, k, €) = ﬁ(Ql)Y“E;Zﬂi;)}ﬁ J_F :BT:i(k)V(CIz) (1550)
e this allows to write
S Mm4TP= 649822Q2Luv(P1/P2/OJH”V(qlrqZ/k) (156)

spins, pol.
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with the “hadronic tensor”

H"Y( q1,qz, Z ] Q1,q2,k 6)] (Ch,QZ,k;e) (157)

spins,e
- with the same trick as in problem 21} we can show that

[q7 + a5 + k"] Ju(d1, g2k, €) =0 (158)
. using the center of mass momentump =p; +p2=q1 +q2 + k

PHH"Y (q1, g2, k) = pYH"Y(q1, g2, k) =0 (159)

angular dependence of H"V(q;, q», k) contains a lot of information . ..

. but the energy dependence is much simpler
x1=2qp/p°, X2 =2q2p/p?, X3 =2kp/p’ (160)

. integrate over the angles

| dardaadi (2008 (ar + g2 + k= p) 5230

128 3JdX1dX2 (Xl,XQ,Z_Xl_XQ) (161)

afterwards, thre result will depend only on p and the x;.

- from (159) we find
~ nv _ pHpV P 'hY N
dQH"(q1,q2, k) = 2 g H(p,x1,%2) (162)
i 1[,~ .
Filp, i, 2) =~ Jdn HX, (41, 42, k) (163)

energy conservation

2(q1+ g2+ k)p

X1 +X2+X3 = pz =2 (164:)
momentum conservation for massless particles
X1+Xo=>X3=2—%] — X (165)
with equality for parallel q; und q;
X1 +x >1 (165])
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1
0.8
0.6
0.4
0.2

0

X2

0 02040608 1
X1

e for massless particles

- 4:64 2M2
> Jdﬂ T+ Tf = %Q (PiP2 + PPy — P1p2g"Y)

spins, pol.
464 92 QZ
S

% <pupv

. H(p,x1,x2) (166)

— gw> H(p,x1,%2) =

e add phase space factor

d’c 1 s
XmdXZ a 2s 128’7'[3

1 ~ s 02Q? -
1 Y [somane = =S hp 00 ae)

spins, pol.

Problem 22. Express the invariants q1q2, q1k and q.k by s and the x;, assuming all particles
to be massless.

Problem 23. Compute
d’c
XmdXZ

(x1,%2) (168)
for massless particles.

e start with computing H" (q1, q2, k) as a function of q1q,, q1k and q.k

e since , you may use y__ €,€% =—guv
e use the contraction identities before calculating the traces!
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6 Standard Model

leptons
Ve,R ViR V1R (1,1)o 0
er KR TR (1,1) —1
Ve, L VL VoL 172 0 )
Cer) (o) () wo (5
quarks
ug CRr tr (3,1)43 %
dr SR br (3,1) 23 —%
2
3

W=
N———

6.1 Propagators

e external spin-1 particles

- k
incoming;: = — eu(k)

outgoing: e=—= <= ¢}(k)

internal particles and anti particles

: Kk
—1guy +15m

k
Spin-1 (m # 0): e=—8 <=

polarization sum:
Koy

D enlk)el (k) = —guy + E
pol.

unitarity gauge: 0"D,,, = 0, other options

—iguy +i(l— &) e

k2 — M2 +il'M

better for radiative corrections, but larger intermediate terms

tinite width I': (tricky for charged particles, but required)

1
(p2 — M2)2 4 2M?2

ID(p, M)?
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k2 — M2 +il'M

(169a)
(169b)

(170)

(171)

(172)

(173)



6.2 Feynman Rules

e vector and axial vector couplings

gv = T3 — 2Q SiIl2 ew

ga=1Ts
e e.g. for electrons
_1—4sin’0,, 1
e neutral currents
k,
f
70 .9 fo, o f
P % = 12COS 0., (ngu gAVuYS)
p/
k, u
f .
P _<1}:/ = — 1le'yPL
p/
e charged currents (V¢ is the CKM matrix)
k, p
f — . g 1—vy
P Vo= S Ve e
p/

iecot ewgul Ko (klu3 - kf%)
+iecot ewguz u3 (kzul - kil )

iegmuz(kig o kig)
+ieguzu3(k'i1 - kil.l)
+ieguu, (K, — ki, )
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(174b)

(175)

(176)

(177)

(178)

(179)

(180)



¢ Yukawa couplings

ok
P——& ¢ = 2Myy
,p/
ok
ZO H . gMZ
P,y 70 = lcos ng”“/ (182)
\ p/, Ty
-k
W% ".H
P, wt = igMw gy (183)
p/, w

e alot more vertices: quartic couplings, Higgs selfcouplings, etc.

6.3 Higgs Strahlung
Problem 24. Compute the scattering amplitude for Higgs strahlung ete™ — ZH

e (ps) - H(k)

(184)

Z°(q)

ignoring all terms of O(m./Mz), O(me/My) and O(m./ +/s). You may assume that /s <
M?%, and ignore the width of the Z.

Problem 25. Show that the four momenta

p_ = (E0,0,E) (185a)
p. = (E;0,0,—F) (185b)
k = (Ey; psin®cos ¢, psinOsin ¢, p cos 0) (185¢)
q = (Ez, —psinBcos ¢, —p sin O sin ¢, —p cos 6) (185d)
with
Als, M}, M%)
— 1
p 25 (186a)
s+ M3 — M3
Ey = 186b
H NG (186b)
s+ M% — M3,
E; = 1
z 25 (186¢)
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and
A(a,b,c) = a® +b? +c® —2ab — 2ac — 2bc (187)

satisfy energy and momentum conservation and the mass shell conditions for ete™ — ZH
with m, = 0. Compute

16(p+q)(p-q). (188)

Problem 26. Compute the differential cross section

=~ (0en) (189)

for unpolarized Higgs strahlung e*e™ — ZH.
NB: use the fact that ) € €% is symmetric in L < V.

Problem 27. Compute the integrated cross section for Higgs strahlung e e~ — ZH.
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7 Solutions

Solution 1.
de PX = —ip,e P* (190a)
(ad)(bd)e™* = —(ap)(bple P~ (190b)
0% 'PX = —i(pd)e P* = —ple PX (190c)
Solution 2.
ouxt =g, oxt/ox" =g,"o", =g, =4 (191a)
D% /2 — _m (xue”‘Z/Z) = —xua”e”‘z/2 — (0%xy) e x/2
= x,xte 2 — g Me X = (32 — 4)e ¥/ (191b)
Solution 3.

x.1n _( 0 oF 0 o yanr 0
[Y ’Y}Jr_(_o—k 0)(_0-1 0>+(k<—)1)—( 0 _okgt +(k<—)1)

Solution 4.
T
S () =yl Wl (F e M G Ptm 193
_ o m P—m
Yk (p) = Vk(o)—m (193b)
Using the definition and multiplying with y, from the right
2
~ > Yo + 1 = 3y _ Yo — 1
éu (0T (0) = ka (0)vx (0) 5 (194)
Therefore
2
_ 125 + m) Yo + 1) ]Zf +m)
we(p)tt 195a
2
_ P—m)(vo-1(P-—m)
v (p)Vv = 195b
and (60) follows from

(BEm)(yo£1)(P £ m) = Pyop + (myep + mPyo) + m*yo + (p £+ m)°
= —pPyy + 2pgp & 2pom + My + 2m (P + m) = 2(po + m)( £ m). (196)

39



Solution 5.

Ui (p)w(p) = 1k (0)

2 o o

= a0+ mu )

2 ~ g - —
= 5o rmak(o)(}?o + m)u (0) = 2miiy (0)ui (0) = 2mdy  (197)
Selpilp) = (0 P, (g
VPo+m VpoFm |

_2 5 .

= OB = mw (0)

2m

mvk(ﬁ) (Po + mM)vi(0) = 2muy (0)v1(0) = —2m - 8y (198)

) o m Ptm p-m
(pIvilp) = wl0)—e==m e

_ o m P—m p+m =
Vi(p)uw(p) = v« (0) \/p0+m¢p0+mu1(0)—0 (199Db)

w(0) =0 (199a)

Solution 6.

Py (p) = 1k (0) 7 Ve Ve 1(0)
_ poi T (0)2p . (p + M)y (0)
- fﬂ“mak(ﬁ) (Po + M)y (0) = 2p, (B (0) = 2p,5 (200a)
eplyn(p) = 9@ Py P ()

VPo + mon VPo+m

1 N —
=5 m\‘)k(O)Zpu(]é —mJvi(0)

_zp — ~ =. _ - -
= Po+ ;Vk(o)(po + m)vi(0) = —2p,x (0)vi(0) = 2p,8ix1  (200b)

p+m pr—m -
0
\/po_’_mYo \/po—i-mvl( )

o m pPtm p-—m =
= 1 (0) \/p0+m\/p0+mY0V1(0)—0 (201a)

T (P)yovi(—P) = i (0)

B (—P)yow(p) = 0 (201b)
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Solution 7.

vy =1y VY'Y = iy Y = VY = vy = —vhys (202)

since every vy, appears exaclty once and anti-commutes with the other three, we have for every n

[Y5I Yu] + = 0 (203)

Solution 8. product rule

0 [B1 0 yba (0] = Bix) (i +17 )walx) = Dalx) (—m+m)al(x) = 0. (204)

Solution 9. product rule and [ys, vyl =0

10 [1 )y vstba)] = 100 (1775 +17vs ) bax) = D10 (7 vs —¥si 7 )a(x)
= 11 (x) (—mys = ysm o (x) = —2mibs (x)ysa(x) . (205)

Solution 10.
. 0 ok 0 ot
- 2].le - (_O_k O ) (_0_1 0) - (k — 1)

- (_[Gk(l)cl] —[Gk(,)crl]_) = —2iem (G(;n 0(’)“) (206)

therefore
oy = eklm (“0 ng) (207)
Solution 11.
(i —m) S(x, m) = (=0* —m?) D(x, m) = &*(x) (208)
Solution 12.
dp . 1
= (1 —px_____-
S(x,m) = (ig +m) J(27r)4 e P~ mitic
dip | p+m dp . 1
—_ —ipx _ —ipx 2
J(Zn)‘* ¢ p? — m?+ie J(Zﬂ)4 ¢ P — m+ie (209)

Solution 13.

tr (dp¢d) = +tr (Bedd) = —tr (Pedd) +2 - ad - tr (B¢)
= +tr (Pdg¢d) —2-ac-tr(Ppd)+2-ad-4-bc
= —tr (dp¢d) +2-ab-tr(¢d) —2-ac-4-bd+2-ad-4-bc

therefore

tr (dp¢d) =4 - (ab-cd —ac-bd+ ad - be) (133])
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Solution 14.

pr =tr [(]é + mh’»(ﬁi - mh’v] =tr []éYquv] —mtr [YHYV]

=4 (pudv — guvPq +Pvqy) —4m” - Juv =4~ (puqv +Ppvqu — (pq + mz)gw)
(210)
Solution 15.

P2 +P1

Loy, L7172 =16 - (P1,0,P2,0, + PLo: P20, — Plngpzm)(qflqu +4d1°d;" — q1929°'"2)
=8 (20p1)2(p2a1) +2(p11)2(p2ce) ) =8+ (W + ) (211)

NB: cross terms cancel:

S (P1p,P2,0, T PLo1P26,) 102972 + P1P2gisp, (477057 + 47745") = P1P2Gpsp,q1G29"
olution 16. s o
t:—i(l—cose), u:—i(l—i—cose) (212)
therefore
t2+u? 1+ cos?0
- (213)
1 R p—
do = li‘T|2dQ1dq2(2ﬂ)454(P1 +P2—q1 — qo)
4 \/(Pﬂ?z)z —mimj [Timd!
1 1., 1 1 1,
= —|T d odod = —[T"dO (214
4./(s/2) 1T 3ppdcosbdd = =1 (214)
therefore
do 1, 5 , 1 )
— =——-¢" (1+cos’0) = &”— (14 cos”0) (215)
Solution 17. dQ - 6dr’s 4s
d 2 2 2\  4mo?
= Jdﬂé = %MJ dcos0 (1+cos?0) = Z-2m (2+ 5) ~ 7;:‘ (216)
compare
4mto®
o= WO?)g nb ”)
with ) )
e
= = 217
4t 137.0359895(61) (217)
87 fb 8.7pb
— p //)

(Vs/TeV)2 ~ (/5/100GeV)?
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[V

(218a)

(218b)

(219a)

(219b)

(220a)

(220b)

(222a)

(222b)

(p2) (iey)ulps)]
(223a)

Solution 18. e (p1) e (q1)
0
T, = vl, Z7]
e" (p2) e"(q2)
e (p1) e (q1)
iTy =
A
+ +
Solution 19. ¢ (EZ) © (2q2)9
t=—=(1—cosB) =—ssin E)
, (0
u=—=(1+4cos0) =—scos 5
s2+u?  1+cos*(§)
e ()
u? cos* (2)
st sin? (%)
e finally
2 2 1 4(8 4(8 2 29\ 2
do _o? <1+cos 0 N +.ste(2) _ZC(')s2 (92)> _ (3+cos 9) 221)
dQ 2s 2 sin (E) sin (5) 4s \ 1 —cos®
Solution 20. 9(p2) ig v(q)
(p1+p2)?
T v 1K)
dr+K— mig:l"ﬂ%yp
u(p1) i(qr)
V(p2) o v(qg2)
i igT%y,
il, = iey, e; (k)
u(p))  (Prtp2)ttie (1)
. o — . * 1 1 [ _1
T = 01Tl 00— (1@ V)| o
. _ -_ s n . * _1
i, _u(ql)( ieQy )*ﬁisz*erie (igTa¢ (k))V(qZJ} (p1 +p2)? +1ie

43

[V(p2)(iey)ulpi)]
(223b)



Solution 21.

</>||—\

Tl‘eﬁ(k) i, =€ Qg B(p2)yulp1)] (g Ta (K + d1 —m Y*v(q2)

)q +K—m+ie
1
=e’Qgv (pz)Ypu(Pl)] w(qy)Tay*viqa) (224)
on the other hand

1
Tz‘etl(k) ., = €Qg B(p2)yuu(py)] gﬁ(ql)‘}/”_qz  T———p (K+ do + m)Tav(q2)
Solution 22. = —e’Qg (p2)vuu(p1)] ﬂ(ql)Tav”v(qz) =T, 229)
24192 = (q1 + q2)* = (P—k)z = s(1—x3) (226a)
2qik = (1 +k)* = (p — q2)* = (1 —x2) (226b)
202k = (2 +k)* = (p— q1)* = s(1 — x1) (226¢)
Solution 23. four traces:
H*Y(q1, g2, k) =
trldi Ta €™ (di + K)y"doy™ (di + K)£Td] trldi Ta €™ (di + K)v" dofTa(—d2 — K)¥"]
2 2aik)? 2 2aik](2a2K)

€

+Z trldivH (—do — K)Ta " dov¥ (d1 + K) €Tl +Z trldiyH (—do — K)Ta € dofTa(—d2 — K)v"]

(291k)(2qg2k) (2g2k)?

€

color part of the quark traces tr(T,T,) = Cr tr(1) = C¢Nc and polarization sum

trld: (d: + Ky doy™ (di + K)] 120N,

(227)

trldidov (d1 + K) (—d2 — K)v"]

HV(q] q2, k) =2CgN (quk) (2q1k)(2q2k)

+2CFNCtr [drv" (—d> — K) (d1 + K)v" dol 20N trldi v (—do — K da(—do — ¥)v]

(2q1k)(292Kk) ‘ (2g2k)?
(228)
contraction
. B trldi (d1 + K)da(d1 + K)] trld: ol
H" (g1, 92, k) = —4CeN 24,k +8CFNC(q1+k)(_q2_k)W
o tridids] trids (—do — K)do(—d> — K)]
+ 8C¢Nc(—q2 — k)(q1 + k) (24,5 (242K 4CrN, 2.k (229)
final traces
" _ 2(q1k)(qok) (4192 + qik + q2k)(q1q2) 2(q1k)(q2k)
Pl @) = 10N G N T g ak) T (25K
1— (1—x3) 1—x X} + X3
—8CNe ‘1—x, —16CeNe “N1—x1)(1—x2) —8CeN ‘1—x —8CeNe (1—x)(1—x2)
(230)
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result

d’o 4710 Q% s X3+ %3
=N, —Cy (231)
dx;dx, 3s 21 (1 —x1)(1—xp)
Solution 24. withp =p, +p_:
I s —igh¥ +iptp¥/M7 . gMz ‘.
i =—is— 0. Pp+)vuley — gaysiulp-)l M (s 5. gvo)€e™*(q)
(232)
and from current conservation [v(p+)yu(gy — gavs)u(p_)l p* = —2ig§mev(p+ )ysulp-) =
O(me)
2
g MZ 1 - * e e
T 2c0s20,, 5 — M2 p )¢ (a)(gv — gays)ulp-J (233)
Solution 25. e momentum conservation is obvious and energy conservation follows from
En+Ez=+s=2E (234)
o the Higgs mass shell follows from
B, p? = s+ M} + ML +2sM?, — 2sM2 — 2M2 M2
H 4s
87+ My + MY —2sMj, — 2sMS — 2ME MY _ M2, (235)

4s

and the Z mass shell analogously: % — p* = M%.
o finally

4p:q =4E(Ez £pcosO) =s+ M5 — M3, £ /A(s, M?,M%)cos0,  (236)
ie.
16(p+q)(p—q) = (s + M3 — M3)> — Als, M}, M) cos? 8
= 4sM3 + A(s, M3, M%) sin®0 (237)
Solution 26.

2 94M2Z 1 * e e e e
D M = osion (s vz (B (@)9% — g3vsIp- (% + 9Rvs)¢(a)

spins
__g'Mj

4cos*0,, (s — M2)

g'My(g%" +93") 1

= Qv *
4cost0,, (S_Mzz)zL (p+, P, 0)el(q)ev(q) (238)

(957 + 9o ) tr (B € (q)p—¢(q)
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polarization sum

Y eul@es(q) = —guy + (239)
pol. A

4 2 e?2 e?2
g°"M7(gv" + 94" v v v
Y TR =222 S 2A 7 (PP A+ PpY —pip-gY)

4 _ 2
spins, pol. cos® Oy (s MZ
g Qe _ g*(9%” + 95 P+P-M3 +2(p.q)(p-q)
OME cos* 0, (s —M2%)?
_ g*(g%% + 95%) 8sMZ + Als, M}, M%) sin’ 0 (240)
~ 8cos*o,, (s —M3%)?
phase space (T18)
do 1 1 /A(s,MZ,M2)1
a0 oL Vi ViZ) 2 TP 241
aa % = 35 7gm 2s 4 Spl%ml T (241)
ie.
E(G )= As, MZ,M2)  o?(g$?+9g%%)  8sMZ + A(s, M}, M%) sin’ 0 (242)
dQ ¢ S 128s sin 0, cos* 0,, (s —M%)?
Solution 27. with g
JdQ (a+ bsin?0) = 4ra + ?”b (243)
follows
5 VA, ME,MG) mo(gy? +95%) 125M3 +A(s, Mi, M) (244)
S 48ssin*0,, cos* 0,, (s —M2%)?
or
o VA(s, M2, M%) o (1 + (1 — 4sin®0,,)?) 12sM2 + A(s, M3, M%) (245)
S 192ssin* 0,, cos* 0., (s —M%)?
250 |~
My = 100 GeV
200 |~
£ 150
~~
5
100
oL My = 140 GeV
] ] ] ] ]

I
950 200 250 300 350 400 450

Vs/GeV
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