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Motivation

β functions arefundamentalquantities of the SM

Precision tests of the SM (EWPO)

Indirect Search for New Physics(throughRGEs)

gauge coupling unification
stability bounds for the EW vacuum
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Introduction

SM (SU(3)×SU(2)×U(1)) couplings:

Gauge couplings

α1 =
5

3

αQED

cos2 θW

α2 =
αQED

sin2 θW
α3 = αs [with SU(5) normalization ]

Yukawa couplings

αx =
αm2

x

2 sin2 θWM2
W

with x = t, b, τ , · · ·

Higgs quartic couplings (̂λ)

Lquartic = −(4πλ̂)(H†H)2
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SM β functions

µ2 d

dµ2
αi = βi({αj}, ǫ)
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SM β functions

µ2 d

dµ2
αi = βi({αj}, ǫ)

QCD

β(αs) = −
(αs

π

)2
[

β0 +
αs

π
β1 +

(αs

π

)2

β2 + · · ·
]

β0 =
11

3
CA − 2

3
TFNF [Gross, Wilczek’73; Politzer ’73]
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SM β functions

µ2 d

dµ2
αi = βi({αj}, ǫ)

SM Gauge sector :

1 loop: [Gross, Wilczek’73; Politzer ’73]
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SM β functions

µ2 d

dµ2
αi = βi({αj}, ǫ)

SM Gauge sector :

1 loop: [Gross, Wilczek’73; Politzer ’73]

2 loops:
[Jones’74; Tarasov, Vladimirov’77; Caswell’74; Egorian,Tarasov’ 79, Jones’82]

& Yukawa [Fischler, Hill’81; Machacek, Vaughn’83; Jack, Osborn’84]
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SM β functions

µ2 d

dµ2
αi = βi({αj}, ǫ)

SM Gauge sector :

1 loop: [Gross, Wilczek’73; Politzer ’73]

2 loops:
[Jones’74; Tarasov, Vladimirov’77; Caswell’74; Egorian,Tarasov’ 79, Jones’82]

& Yukawa [Fischler, Hill’81; Machacek, Vaughn’83; Jack, Osborn’84]

3 loops:
QCD [Tarasov, Vladimirov, Zharkov’80, Larin, Vermaseren’93 ]

QCD & top Yukawa[Steinhauser’99]

simple gauge group[Pickering, Gracey, Jones ’01];[Curtright’80; Jones’80]
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SM β functions

µ2 d

dµ2
αi = βi({αj}, ǫ)

SM Gauge sector :

1 loop: [Gross, Wilczek’73; Politzer ’73]

2 loops:
[Jones’74; Tarasov, Vladimirov’77; Caswell’74; Egorian,Tarasov’ 79, Jones’82]

& Yukawa [Fischler, Hill’81; Machacek, Vaughn’83; Jack, Osborn’84]

3 loops:
QCD [Tarasov, Vladimirov, Zharkov’80, Larin, Vermaseren’93 ]

QCD & top Yukawa[Steinhauser’99]

simple gauge group[Pickering, Gracey, Jones ’01];[Curtright’80; Jones’80]

4 loops:
QCD [Ritbergen, Vermaseren, Larin’97; Czakon ’05]
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SM β functions

µ2 d

dµ2
αi = βi({αj}, ǫ)

SM Gauge sector
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SM β functions

µ2 d

dµ2
αi = βi({αj}, ǫ)

SM Gauge sector

Yukawa sector:

2 loops:[Fischler, Oliensis’82; Machacek, Vaughn’84; Jack, Osborn’84]

3 loops:top Yukawa & QCD[Chetyrkin,Zoller ’12]
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SM β functions

µ2 d

dµ2
αi = βi({αj}, ǫ)

SM Gauge sector

Yukawa sector:

2 loops:[Fischler, Oliensis’82; Machacek, Vaughn’84; Jack, Osborn’84]

3 loops:top Yukawa & QCD[Chetyrkin,Zoller ’12]

Higgs quartic couplings:

2 loops:[ Machacek, Vaughn’84; Jack, Osborn’84, Ford et al’92; Luo,Xiao ’02]

3 loops:top Yukawa & QCD[Chetyrkin,Zoller ’12]
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Calculation

βi = −



ǫ
αi

π
+ 2

αi

Zgi

7
∑

j=1,j 6=i

∂Zgi

∂αj
βj





(

1 + 2
αi

Zgi

∂Zgi

∂αi

)−1

Zgi charge renormalization i = 1, 2, 3
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Calculation

βi = −



ǫ
αi

π
+ 2

αi

Zgi

7
∑

j=1,j 6=i

∂Zgi

∂αj
βj





(

1 + 2
αi

Zgi

∂Zgi

∂αi

)−1

Zgi charge renormalization i = 1, 2, 3

Calculation ofβ1, β2, β3 at3 loopsrequires:

Zg1 , Zg2 , Zg3 to 3 loops

βYuk up to 2 loops

βλ up to 1 loop
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Calculation

Calculation ofZgi to 3 loops:

Zgi =
ZV

∏

k

√

Zk,WF
=

Z1,gicic̄i

Z2,ci

√

Z3,gi

=
Z1,gigigi

(
√

Z3,gi)
3
= · · ·
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Calculation

Calculation ofZgi to 3 loops:

Zgi =
ZV

∏

k

√

Zk,WF
=

Z1,gicic̄i

Z2,ci

√

Z3,gi

=
Z1,gigigi

(
√

Z3,gi)
3
= · · ·

O(106) Feynman diagrams
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Calculation

Calculation ofZgi to 3 loops:

Zgi =
ZV

∏

k

√

Zk,WF
=

Z1,gicic̄i

Z2,ci

√

Z3,gi

=
Z1,gigigi

(
√

Z3,gi)
3
= · · ·

O(106) Feynman diagrams

MS scheme
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Calculation

Calculation ofZgi to 3 loops:

Zgi =
ZV

∏

k

√

Zk,WF
=

Z1,gicic̄i

Z2,ci

√

Z3,gi

=
Z1,gigigi

(
√

Z3,gi)
3
= · · ·

O(106) Feynman diagrams

MS scheme

1 non zeroexternal momentum & all masses set tozero
⇒ MINCER [Larin, Tkachov, Vermaseren’91]
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Calculation

Calculation ofZgi to 3 loops:

Zgi =
ZV

∏

k

√

Zk,WF
=

Z1,gicic̄i

Z2,ci

√

Z3,gi

=
Z1,gigigi

(
√

Z3,gi)
3
= · · ·

O(106) Feynman diagrams⇒ automation

MS scheme

1 non zeroexternal momentum & all masses set tozero
⇒ MINCER [Larin, Tkachov, Vermaseren’91]
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Automation

MINCER/MATAD

exp

q2e

QGRAF

QGRAF [Nogueira’91]

q2e/exp [Harlander, Seidensticker, Steinhauser’97]

MINCER [Larin, Tkachov, Vermaseren’91]

MATAD [Steinhauser’00]
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Automation

MINCER/MATAD

exp

q2e

QGRAF

QGRAF [Nogueira’91]

q2e/exp [Harlander, Seidensticker, Steinhauser’97]

MINCER [Larin, Tkachov, Vermaseren’91]

MATAD [Steinhauser’00]

FeynArts3 [Hahn’01]

FeynArts
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Automation

MINCER/MATAD

exp

q2e

QGRAF

QGRAF [Nogueira’91]

q2e/exp [Harlander, Seidensticker, Steinhauser’97]

MINCER [Larin, Tkachov, Vermaseren’91]

MATAD [Steinhauser’00]

FeynArts3 [Hahn’01]

FeynArts

FeynArtsToQ2E

FeynArtsToQ2E[Salomon’12]
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Automation

MINCER/MATAD

exp

q2e

QGRAF

QGRAF [Nogueira’91]

q2e/exp [Harlander, Seidensticker, Steinhauser’97]

MINCER [Larin, Tkachov, Vermaseren’91]

MATAD [Steinhauser’00]

FeynArts3 [Hahn’01]

FeynArts

FeynArtsToQ2E

FeynArtsToQ2E[Salomon’12]

FeynRules[Christensen ’08]

FeynRules
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Treatment of γ5 in d 6= 4

γ5 present in fermion loops
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Treatment of γ5 in d 6= 4

γ5 present in fermion loops

Problematic diagrams have at mostsimple poles
1
ǫ
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Treatment of γ5 in d 6= 4

γ5 present in fermion loops

Problematic diagrams have at mostsimple poles
1
ǫ

“Semi-naive” scheme:

{γ5, γµ} = 0 , γ2
5 = 1

Tr(γµγνγργσγ5) = −4i ε̃µνρσ +O(ǫ)
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Treatment of γ5 in d 6= 4

γ5 present in fermion loops

Problematic diagrams have at mostsimple poles
1
ǫ

“Semi-naive” scheme:

{γ5, γµ} = 0 , γ2
5 = 1

Tr(γµγνγργσγ5) = −4i ε̃µνρσ +O(ǫ)

ε̃µνρσ is aformalobject

completely anti-symmetric

ε̃µνρσε̃µ′ν′ρ′σ′ = g
[µ
[µ′ g

ν

ν′ g
ρ

ρ′ g
σ ]
σ′]
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Checks

Internal checks

2 independent calculation

Lorenz gauge & unbroken phase of SM

Background field gauge & broken phase of SM
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Checks

Internal checks

2 independent calculation

Lorenz gauge & unbroken phase of SM

Background field gauge & broken phase of SM

Lorenz gauge

# loops 1 2 3 4

BBB 34 2 172 358 716 73 709 886

W1W2W3 34 2 216 382 767 79 674 008

ggg 21 946 118 086 20 216 024

cg c̄gg 2 66 4 240 460 389

cW1
c̄W2

W3 2 107 10 577 1 517 631

φ+φ−W3 24 2 353 387 338 77 292 771
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Checks

Internal checks

2 independent calculation

Lorenz gauge & unbroken phase of SM

Background field gauge & broken phase of SM

BFG

# loops 1 2 3 4

γBγB 13 416 61 968 13 683 693

γBZB 13 604 100 952 23 640 897

ZBZB 20 1064 183 465 44 049 196

W+BW−B 18 1438 252 162 42 423 978

gBgB 10 186 17 494 2 775 946
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Checks

Internal checks

2 independent calculation

Lorenz gauge & unbroken phase of SM

Background field gauge & broken phase of SM

CPU Time:100cores⇒ from 1hup to1 day
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Checks

Internal checks

2 independent calculation

Lorenz gauge & unbroken phase of SM

Background field gauge & broken phase of SM

Lorenz gauge

Zgi =
ZV∏

k

√
Zk,WF

=
Z1,gicic̄i

Z2,ci

√
Z3,gi

=
Z1,gigigi

(
√

Z3,gi
)3

Zg2 also fromφ+φ−W3

calculation for arbitraryξg , ξW , ξB

BBB vertex zero to 3 loops ( sum of300 000 diagrams)

IR safe: massM 6= 0 for all particles
asymptotic expansion forq2 ≫ M2

⇒ NO ln(M2/q2) (up to 35 sub-diagrams/diagram)
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Checks

Comparison with the literature

2-loopβYukawa [Fischler, Hill’81; Machacek, Vaughn’83; Jack, Osborn’84]

3-loopβQCD [Tarasov, Vladimirov, Zharkov’80, Larin, Vermaseren’93 ]

3-loopO(α3
3αt) to β3 [Steinhauser’99]

3-loopβgauge for simple gauge group (only one gauge coupling)
[Pickering, Gracey, Jones ’01]
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Results

β
3l
1

=

α2

1

(4π)4

{

489α2

1

2000
+

783α1α2

200
+

3401α2

2

80
+

54α1λ̂

25
+

18α2λ̂

5
−

36λ̂2

5
−

2827α1trT̂

200

−

471α2trT̂

8
−

116α3trT̂

5
−

1267α1trB̂

200
−

1311α2trB̂

40
−

68α3trB̂

5
−

2529α1trL̂

200

−

1629α2trL̂

40
+

183trB̂2

20
+

51(trB̂)2

10
+

157trB̂trL̂

5
+

261trL̂2

20
+

99(trL̂)2

10

+
3trT̂ B̂

2
+

339trT̂ 2

20
+

177trT̂ trB̂

5
+

199trT̂ trL̂

5
+

303(trT̂ )2

10

+ nG

[

−

232α2

1

75
−

7α1α2

25
+

166α2

2

15
−

548α1α3

225
−

4α2α3

5
+

1100α2

3

9

]

+ n
2

G

[

−

836α2

1

135
−

44α2

2
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−

1936α2

3

135

]}
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nG : # of generations
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Y

U †
, B̂ =

1
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2 loops:α1, α2, α3, trT̂ , trB̂, trL̂
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Results

β
3l
1

=

α2

1

(4π)4

{

489α2

1

2000
+

783α1α2

200
+

3401α2

2

80
+

54α1λ̂

25
+

18α2λ̂

5
−

36λ̂2

5
−

2827α1trT̂

200

−

471α2trT̂

8
−

116α3trT̂

5
−

1267α1trB̂

200
−

1311α2trB̂

40
−

68α3trB̂

5
−

2529α1trL̂

200

−

1629α2trL̂

40
+

183trB̂2

20
+

51(trB̂)2

10
+

157trB̂trL̂

5
+

261trL̂2

20
+

99(trL̂)2

10

+
3trT̂ B̂

2
+

339trT̂ 2

20
+

177trT̂ trB̂

5
+

199trT̂ trL̂

5
+

303(trT̂ )2

10

+ nG

[

−

232α2

1

75
−

7α1α2

25
+

166α2

2

15
−

548α1α3

225
−

4α2α3

5
+

1100α2

3

9

]

+ n
2

G

[

−

836α2

1

135
−

44α2

2

15
−

1936α2

3

135

]}

3 loops:αiαj, αiλ̂, λ̂
2, αitrT̂ , trT̂ trB̂, · · ·
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Numerical effects of 3-loop corrections

3 loopeffects to theβ functions

β1: α2
1α

2
3 (+90%)

β2: α2
2α

2
3 (+56%)

α3
2α3 (+13%)

α4
2 (+37%) [Pickering, Gracey, Jones ’01]

β3: α4
3 (+137%) [Tarasov, Vladimirov, Zharkov’80, Larin, Vermaseren’93 ]

α3
3α2 (+45%)

α2
3α

2
2 (+17%)

α3
3αt (-112%) [Steinhauser’99]

α2
3α

2
t (+28%)

α2
3α2αt (-16%)
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Numerical analysis

SM Input parameters[PDG]:

sin2ΘMS = 0.23119± 0.00014 ,

α = 1/137.036 ,

∆α
(5)
had = 0.02761± 0.00015 ,

αs(MZ) = 0.1184± 0.0020 .
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Numerical analysis

Conversion toMS scheme &5 active flavours

∆α(5),MS −∆α(5),OS =
α

π

(

100

27
− 1

6
− 7

4
ln

M2
Z

M2
W

)

≈ 0.0072 [PDG]

α(5),MS(MZ) =
α

1−∆α
(5)
lep −∆α

(5)
had −∆α

(5)
top − 0.0072

=
1

127.960± 0.021
[Kühn, Steinhauser ’98; Steinhauser’98; Teubner et al’10].
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Numerical analysis

Top-quark threshold effects[Fanchiotti et al ’92, Chetyrkin et al ’98 ]:

α(6),MS(MZ) = 1/(128.129± 0.021) ,

sin2Θ(6),MS(MZ) = 0.23138± 0.00014 ,

α(6)
s (MZ) = 0.1173± 0.0020 .

⇒ ready for running to high energies
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Numerical analysis

αMS
t (MZ) = 0.07514 ,

αMS
b (MZ) = 0.00002064 ,

αMS
τ (MZ) = 8.077 · 10−6 ,

4πλ̂ = 0.13 .
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Numerical analysis

log10(µ/GeV)

α 1,
 α

2,
 α

3

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

2 4 6 8 10 12 14 16
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Numerical analysis

log10(µ/GeV)

α 1,
 α

2

0.235

0.2353

0.2355

0.2358

0.236

0.2363

0.2365

0.2368

0.237

x 10
-1

12.98 13 13.02 13.04 13.06 13.08
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Conclusions

SM gaugeβ functions to3 loops

Numerical effects forα1 , α2 ≈ experimental uncertainty

General Yukawa sector

Automated setup
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