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Introduction

Unpolarized Deep—Inelastic Scattering (DIS):
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Structure Functions: Fy f,

contain light and heavy quark contributions.



Factorization of the Structure Functions

At leading twist the structure functions factorize in terms of a Mellin convolution
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into (pert.) Wilson coefficients and (nonpert.) parton distribution functions (PDFs).

= /01 dyfol dz 6(x —yz) f(y)g(z) -

The subsequent calculations are performed in Mellin space, where ® reduces to a

® denotes the Mellin convolution

multiplication, due to the Mellin transformation

F(V) ;:/O dz 21 (z)



Wilson coefficients:
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[Buza, Matiounine, Smith, van Neerven 1996 Nucl.Phys.B]

factorizes into the light flavor Wilson coefficients C' and the massive operator matrix elements

(OMESs) of local operators O; between partonic states j
m? . :
Aij (?7N) = <J ’ O; ’J> .

— additional Feynman rules with local operator insertions for partonic matrix elements.

The unpolarized light flavor Wilson coefficients are known up to NNLO
[Moch, Vermaseren, Vogt, 2005 Nucl.Phys.B].
For Fy(z,Q?) : at Q% > 10m? the asymptotic representation holds at the 1% level.



The Heavy Flavor Wilson Coefficients
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Status of OME calculations

Leading Order: [Witten, 1976 Nucl.Phys.B; Babcock, Sivers, 1978 Phys.Rev.D; Shifman, Vainshtein,
Zakharov, 1978 Nucl.Phys.B; Leveille, Weiler, 1979 Nucl.Phys.B; Gliick, Reya, 1979 Phys.Lett.B; Gliick,
Hoffmann, Reya, 1982 Z.Phys.C.]

Next-to-Leading Order : [Laenen, van Neerven, Riemersma, Smith, 1993 Nucl. Phys. B]

[Large Q2 /m?: Buza, Matiounine, Smith, Migneron, van Neerven, 1996 Nucl.Phys.B] IBP

[Bierenbaum, Bliimlein, Klein, 2007 Nucl.Phys.B] via qu’s, more compact results
[Bierenbaum, Bliimlein, Klein 2008 Nucl.Phys.B, 2009 Phys.Lett.B]:O(a ¢) contributions (all N)
NNLOI[Bierenbaum, Bliimlein, Klein 2009 Nucl.Phys.B] Moments for Fy: N = 210(14)
[Bliimlein, Klein, Tsdtli 2009 Phys. Rev. D] contrib. to transversity: N = 1...13

[Ablinger, Bliimlein, Klein, Schneider, WiBbrock 2011 Nucl.Phys.B] contrib. o< ns to F3 (all N):
At 3-loop order known:

o qus,@ Ayg0: complete; Ag,, Agﬁ, AquS,QAquS,gR: all terms of O(nsTEC 4/ r)
o ADS ANS,ATCO: all terms of O(T2C4/r)
o Ayu0:Aggo: see this talk — all terms of O(nTECa/r)

e Ladder and Benz topologies with a single massive line: first results this talk.



VENS Relations for PDF's

The matching conditions for the the VFNS:
[Buza, Matiounine, Smith, van Neerven 1998 FEur.Phys.J.C]— NLO
[Bierenbaum, Bliimlein, Klein 2009 Nucl.Phys.B] — NNLO
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Fy(z, Q%)
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— different scaling violations compared to massless Fy(x, Q?)
— massive contributions at lower values of = are of order 20% — 35%.



H1 and ZEUS
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— Comparable theoretical precision requiered.

— Massive contributions needed!
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The O(n/TAa?)

calculation of the O(NgpT#) contributions:

e generation of Diagrams with QGRAF [Nogueira 1993 J. Comput. Phys] — for gluonic OMEs: 76 Diagrams

e momentum integrals (regularized in 4 + € dimensions) — Feynman parameterization — finite sums and
hypergeometric functions

e All-e representation: maximum nestedness 4, hypergeometric functions 3F5
Moments were tested using earlier calculations based on MATAD by [M. Steinhauser,2000 CPC].
Then the package Sigma [C. Schneider, 2005 is used for:
e reducing the sums to a small number of key sums
e expanding the summands in ¢
e simplifying by symbolic summation algorithms based on II¥-fields [Karr 1981 J. ACM, Schneider 2005—]

e harmonic sums are algebraically reduced using the package HarmonicSums (Ablinger) [Ablinger, Bliimlein,
Schneider 2011]

—— harmonic sums and (-values

N nq Mm—1 sien(a "1 (sien(a no sign(agm))nm
Saqram () = S 3 .y Zenlen) 7 (Senlez) (sign(am))

ni=1lno=1 Nm =1

laql lag] lam |
ny no N
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General structure of unrenormalized OMEs: Ag’) = A( 3) + = . A( 2) %AZ(]_ Y S))

The renormalization determines the coefficients of the e-poles in terms of lower order quantities:

The structure of the unrenormalized OME: [Bierenbaum, Bliimlein, Klein 2009 Nucl.Phys.B]
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We confirm the n T part of the 3-Loop anomalous dimension in a first diagrammatic

recalculation:
[Moch, Vermaseren, Vogt 2004 Nucl.Phys.B]
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Furthermore the O(nsT%) contributions to the OME A,, o have been computed.
(2)

Here we confirm the ny contribution to the anomalous dimension ~gq

[Moch, Vermaseren, Vogt 2004 Nucl.Phys.B] in an independent calculation.

Results for the O(n;T7) contributions to the polarized OMEs AS;, Aé?,@) Afg{Q,
APS.(3)

g0 and Agi’@) have also been obtained.

A

(3)
9q9,Q"



(3) N —
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Graphs with m,. and m,
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These moments have been calculated referring gqexp by Steinhauser et al. with operator insertions. Despite being

universal, these contribution do not belong to the charm or bottom PDF. This is not compatible with the VFENF.
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Renormalization of the OMEs:

[Bierenbaum, Bliimlein, Klein 2009 Nucl.Phys.B]

1.

N A o B

include contributions from reducible diagrams

perform on-shell mass renormalization

renormalize the coupling in a MOM-scheme, using the background field method

remove remaining UV singularities through the Z-factors of the local operators

remove collinear singularities via coll. factorization (being different from the former one)
transform coupling constant to MS

choice: m on-shell or Mys

— Generalization for OMEs with two different masses is needed.
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Renormalized result for the OME A" 5,(3)

@ (M M)

2
NS, (3) R 2+3N+3N?
Age.Q (m my, Q° N) - TFCF{( N(1+N) 451 ) %

128 9014 283396 1 3
o 0% () - In(2) + = |a
2835 99225 3472875

4232 8970447 . 1504
Bl %%
[ n® (z) 3675 (@) + 385875]w +[ (z) + 225]

2 27 QQ 9 QQ

2
320 64 8 P (N
) (—2—751+—52+— 1) )

9 27 N2 (14 N)?
64 1280 256 1280 256
——S1 — S14+ —8 4+ ——83—-—3S
Fogg St T oy 8T gy S2t mgm Ss o S
320 (2+3N +3N?) (3 8 Py(N)
27 N (14 N) 729 N4 (1+ N)*

e Results for contributions with two fermions of equal and non-equal mass have also been computed for the
OMEs APS®) qng ANSTH()
Qq 9,Q

e The computation of these contributions to the OME Ag, is in progress.
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New topologies:

New topologies are studied using various methods:
e Representation in terms of higher hypergeometric functions (e.g.: Appell functions)
e Mellin-Barnes techniques
e Integration in terms of hyperlogarithms

Various functions appear in intermediary and final results:

e Hyperlogarithms

e Generalized harmonic Sums:

N "ol (sign(ag) sl (sign(a)"2ep?  (sign(am))"map”
Sal ..... am, (xlv"'awm)(N)z Z Z Z |a1| 1 |a2| 2 77|Lam| -
n1=1no=1 N =1 ny Ny N
[Moch, Uwer, Weinzierl, 2002]
e Cyclotomic sums and cyclotomic HPLs [Ablinger, Bliimlein, Schneider, 2011]

In very recent calculations of diagrams with two massive fermions also a new class of sums has
been observed:

N

Yimyne - A=) e

=1 7
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Calculation of Convergent Massive 3-Loop Graphs

e Aim:
— Compute fixed Mellin moments of convergent 3-loop diagrams

— Find general N representations for all convergent 3-loop topologies
e Here we work in the a-representation to calculate the integrals.

e The corresponding graph polynomials of a graph G are given by
- U=)>r ngT oy, where T' denotes the spanning trees of G
- V= ZZEmaSSive Q

— different Dodgson polynomials, which can be derived from the corresponding tadpole

diagram, for the operator insertions
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Calculation of Convergent Massive 3-Loop Graphs

SN o T T,
I,(N) = / . ./da1 doo das doayg das dog dor dosg J 22 4
Tin = oasaroy + agazas + agasoy + asasar + asasag + agasoy + asarag + asaszos

faragag + agagag + azaraz + azazoe + agagag + a2aeigs + agarog
Ty = toagasoay + agazag + agaras + azasag + asazas + arazas + azaras + agasag
‘tasarayg + agaiag + araray + azasar + asarag + agayiar + ajaszar
U = oasasas + acazas + ajazas + asaras + 1es + 1 3e + Qo3 + Qotg g
‘tasagayg + arasay + azasay + 1z + 1t + a3y + gy + A3s Qe
+agazag + azasag + asarag + agasog + agas g + A5z g + X1 gy + X1 g g
tagazag + ajagag + gy + agazag + arazag + gy ar

V. = a1 +az+ a3+ ag+ag+ ar

e The integral above is a projective integral, one a-parameter may be set 1

e The operators sit on on-shell diagrams which obey specific symmetries. These are generally not obeyed by the
operator insertion.

e For the above example : after applying symmetry transformations ¢y — 1 — a2, @z — ro — ag, as — Ts — Qg
a2, g, ag are only contained in the operator polynomials and may be integrated out at this stage.
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Calculation of Convergent Massive 3-Loop Graphs

e Feynman parameter integrals are performed in terms of Hyperlogarithms,
[Brown 2008 Comm. Math. Phys.]

L(W,z) : C\X — C, where
— ¥ ={09,01,...,0n} are distinct points in C which may contain variables

— W is a word over the alphabet 21 = {ag, a1, ...,an} where each letter a; corresponds to a
point o;

o L (ﬁ, z) is uniquely defined by the following properties

1. L({},z) =1, and L (0™, z,) = 3 log"(z) for n > 1

2. LL({a;W},2) = 2L (W,2) for z € C\Y

zZ—0;

3. If W is not of the form w = (0,0, ,0), then lim,_,o L (W, z) = 0.

e e.g. L(a;z)=log(z — ;) —log(oy)
e The weight of L (W, z) is given by the number of letters in
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The hyperlogarithms satisfy shuffle relations L (w3, 2) L (w3, 2) = L (w] LW}, 2), e.g.:
L ({CLl, CLQ}, Z) L ({a'?)}a Z) =L ({CL3, ag, CLQ}, Z) + L ({a'la as, CLQ}, Z) + L ({a'la az, a’3}7 Z)

The indices a; contain further integration variables.

Using these properties after partial fractioning and integration by parts, one can express
any primitive for expressions consisting of rational and hyperlogarithmic functions in terms

of different hyperlogarthmic functions

These primitives have to be evaluated at the respective integration limits

— The limit at z — 0 is trivially obtained by computing the regularized Taylor series for

the hyperlogarithmic functions

— The limit at z — oo is more sophisticated. General idea:
1. Choose the integration order (Fubini).
2. Compute the derivative with respect to the next integration variable x, (this lowers
the weight by one).
3. Perform the series expansion of the derivative.
4. Perform the indefinite integration with respect to x.

5. Determine the respective integration constant.



e Using this method we have computed a number of fixed Mellin-Moments from N = 0..19
e.g.:

Fixed Mellin Moments

(D

22

N Diag 4 Diag 5, Diag 5
0 2 —2(3 23 23

1 —2+ 2@ —2 — (3 —2 —2(3
2

3

4

:19 ~ 5825158236879253094413489658569181 ~128090266890628029062643215783549

2503562235895708381108915200000

__104899807174743864253C
54192375991353600 3

133523319247771113659142144000

+_238388793949217497C
301068755507520 3

_254116903575797385411050257769
25288507433289983647564800000

1968329
— 635040 3
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General Values of N

Due to the operator-insertions leading to power-type functions, the integrals do not fit
directly into the framework of the algorithm for general values of V.

In order to use the algorithm also on integrals with general values of IV, a generating

function is constructed e.g. by the mapping

N !

o o e % .

Performing the Feynman-parameter integrations then leads to an expression which contains
hyperlogarithms L,,(x) in the variable z.

Finally the Nth coefficient of this expression in x has to be extracted analytically. This has
been done with the package HarmonicSums by J.Ablinger.

Generalized harmonic sums occur:

Snl,...,nk (a'17 ...,CLk)(N), n; € N7 a; € Q



Six Massive Lines & Vertex Insertion
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The 2% factors cancel in the large N limit:
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Characteristics of associated Recursions

rational (3

Diagram # Moments | Degree | Order # Moments | Degree | Order

I, 203 26 8 15 3 2

Iy 269 36 9 15 3 2

Iz, 215 31 8 19 3 3

Isy 269 42 9 35 6 3

14 623 90 13 131 24 6

g2 g1 eV rat. eV¢s

Diagram # Deg. | Ord. # Deg. | Ord. 7 Deg. | Ord. # Deg. | Ord.
Igq 15 3 2 55 11 3 142 25 5 15 3 2
Igy, 15 3 2 55 12 3 142 27 5 15 3 2
I3, 19 4 2 69 14 3 164 30 5 19 4 2
Igy, 19 4 2 79 16 3 175 34 5 19 4 2
Iy 142 26 9 || 463 83 10 1199 210 16 || 142 26 5
Ioa 47 6 4 || 341 57 10 949 156 16 || 109 17 6
Iop 109 17 6 || 323 53 10 911 152 16 47 6 4




I(x)

I(N)

General Values of N: Higher Topologies
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General Values of N: Higher Topologies
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Conclusions

A series of moments for the transition matrix elements A;; at 3-loop order were given in
[Bierenbaum, Bliimlein, Klein 2009 Nucl. Phys. B].

The corresponding quarkonic 3-loop contributions of O(n;T2C4 r) to Ay, and A,, were
calculated in [Ablinger, Bliimlein, Klein, Schneider, Wiflbrock 2011 Nucl. Phys. B]. Now also Agg,Q

and A,, o have been obtained for these color coefficients at general V.
A series of OMEs were fully calculated Ay, and A,y in O(TAC 4 F)

The moments N = 2,4,6 have been calculated for graphs depending on both m,. and my;
general N results in the NS and PS case have been obtained already. Starting with 3-loops,
graphs exist which conflict with the ideology of the VFNS.

Using hyperlogarithms non-divergent 3-loop graphs can be calculated, if moments are
considered. For general values of NV first analytic results have been obtained, including

Benz- and ladder-topologies, performing the calculation automatically.

3-loop moments of polarized massive OMESs up to the constant terms have been calculated.
The O(npT%) contributions to these OMEs have been computed for general values of N.



