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Geometry

Relevance of singularities

Existence of singularities in GR (< Penrose-Hawking)
= indicates required completion of gravity
= constrains candidate theories

— How the singularity is approached?
@ apparent singularities, foremost: initial singularity

@ BKL limit, Cosmological Billiards
=> some answers, but new questions

@ role played by isometries

@ possible destabilization due to perturbations
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Relevance of C

Belinsky-Khalatnikov-Lifshitz (BKL) conjecture
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Basics & Motivation
Geometry near initial singularity
Relevance of Generalized Kasner

Relevance o

Belinsky-Khalatnikov-Lifshitz (BKL) conjecture
@ Bianchi VIII and IX 'close’ to singularity

@ succession of Kasner (Bianchi |) epochs

Cosmic Microwave Background (CMB)
@ highly isotropic, small anisotropies

@ anisotropic primordial cosmologies possible

Possibility of isotropization
@ isotropic cosmologies may evolve

@ via isotropization due to inflation
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Cosmological Perturbation Theory Guideline for Bianchi |
Imprints of anisotropy

Guideline:

Bianchi | background in conformal time

ds®> = a*(n) [—dn® + 7;i(n)dx'dx’] (1)

vi(n) = Py 3 8i=0

shear : 20;; := 7;1. : (gj’f)’ = (Vikgkj)/ ” ’yﬁaf-J-

@ consider minimally coupled scalar field ¢ with potential V
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Guideline:

Bianchi | background in conformal time

ds®> = a*(n) [—dn® + 7;i(n)dx'dx’] (1)

vi(n) = Py 3 8i=0

shear : 20;; := 7:{1' : (gj’f)’ = (v* o) # ’Y'jfff-j

@ consider minimally coupled scalar field ¢ with potential V

@ Friedmann equations and Klein Gordon equation
ka?V =2H>+H'  k(¢)? =2H? - 2H — o2
¢ +2H +a*V, =0
@ evolution of the shear (O'J':)/ = —2’HUJ’:
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Cosmological Perturbation Theory Guideline for Bianchi |
Imprints of anisotropy

Guideline:

Bianchi | perturbation in Newtonian gauge

ds? = a% [—(1 + 2®)dn? + (v; + hj)dx dx’] (2)

ojj H;E'=0 8;EU:0:Eii
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Guideline:

Bianchi | perturbation in Newtonian gauge

ds? = a% [—(1 + 2®)dn? + (v; + hj)dx dx’] (2)

8Ei=0  OEI=0=E!
hy = =29 (5 + 22 ) + 204 ) 2E;

@ identify suitable set of gauge-invariant variables
(Q=x+ ¥y, 0,v,0 = —(EY, Ej}
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Imprints of anisotropy

Guideline:

Bianchi | perturbation in Newtonian gauge

ds? = a% [—(1 + 2®)dn? + (v; + hj)dx dx’] (2)

8Ei=0  OEI=0=E!
hy = =29 (5 + 22 ) + 204 26

@ identify suitable set of gauge-invariant variables
{Q=x+F¢ 0,V o =—(EY, E;}
@ mode decomposition via Fourier transform
o comoving coordinate system {x'} <+ {k;} : kKl =0
o pick local basis: {e', e’} L k;

o egshear: o = oyk'kl  oy. = o;k'e]

— i
L oA = Ojj€y
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Cosmological Perturbation Theory Guideline for Bianchi |
Imprints of anisotropy

3 physical dof V := a(Q, E+, Ex)(n, ki)
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Cosmological Perturbation Theory Guideline for Bianchi |
Imprints of anisotropy

3 physical dof V := a(Q, E+, Ex)(n, ki)

@ dependence on k;, not only on k

+ < X
@ coupling: scalar perturbations <> gravitational waves

Z 00 0 N, N,
VI+ kv -0 2 0 |v=([x 0 |V (3
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3 physical dof V := a(Q, E+, Ex)(n, ki)

@ dependence on k;, not only on k

+ < X
@ coupling: scalar perturbations <> gravitational waves

=z 00 0 Ry Ry
VI+ kv -0 2 0 |v=([x 0 |V (3

decoupling on subHubble scales: V" + k?>V =0 for k > H
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Cosmological Perturbation Theory Guideline for Bianchi |
Imprints of anisotropy

3 physical dof V := a(Q, E+, Ex)(n, ki)

@ dependence on k;, not only on k

+ < X
@ coupling: scalar perturbations <> gravitational waves

=z 00 0 Ry Ry
VI+ kv -0 2 0 |v=([x 0 |V (3

decoupling on subHubble scales: V" 4 k?V =0 for k > H
@ vector and remaining scalar modes cannot be ignored

° q>a = CDQ(Q, E+7 E><)
°o d= ¢(Q7 E+7 EX)a V= W(Qa E+7 EX)
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Kasner as special case of Bianchi |
Application of CPT to Kasner

Stability of Generalized Kasner .
' Conclusions

Kasner as

Generic Kasner

i = (/m0)* 85 oy = (Qi/m)vy = QHQ)y  (4)
Q<QR<Q Q=0 >,Q2=3/2

@ vacuum solution (¢ = 0, V = 0) characterized by Weyl tensor

R=0 Ruw=0 Rup=Cupo C? = Cpvpo CHVP7
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Kasner as

Generic Kasner

i = (/m0)* 85 oy = (Qi/m)vy = QHQ)y  (4)
Q<QR<Q Q=0 >,Q2=3/2

@ vacuum solution (¢ = 0, V = 0) characterized by Weyl tensor
R=0 Ruw=0 Rup=Cupr C>= CupsCHr°

@ asymptotically modes align k 9 k3(n/m0)~ @
principal axis || simplification
Y =2@3 Xya=0 X5 =0 (5)

£ - E. 55— 6(1- Q)
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Kasner as special case of Bianchi |
Application of CPT to Kasner

Stability of Generalized Kasner .
' Conclusions

@ system for £y can be decoupled and solved analytically
with combined Bessel functions Z, = AJ, + BN,

<E+> [77] — <Z+ ZX ) ZO k3770 <77> 1=
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Kasner as special case of Bianchi |
Application of CPT to Kasner

Stability of Generalized Kasner .
' Conclusions

@ system for £y can be decoupled and solved analytically
with combined Bessel functions Z, = AJ, + BN,

-2 %) o) [ ()

o effect on Weyl square (simplest case ¥ = 0)

=@ (k3,n) ‘ 1 growing ‘ 1 decaying

+ polarization n® n~ 41— Q3)
X polarization 7]V12(1_Q§) n- 12(1-Q3)

decaying modes destabilize generic Kasner
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Kasner as special case of Bianchi |
Application of CPT to Kasner

Stability of Generalized Kasner A
’ Conclusions

Conclusions

@ Relevance of BKL and Cosmological Billiard
raised the fundamental question of stability for Kasner
e Cosmological Perturbation Theory for Bianchi |
has been developed and allows for dynamical investigation
e anisotropy causes coupling of perturbations
e interplay with 'derived’ modes, dependence on wavenumber
@ Application of CPT to generic Kasner

e allows for asymptotic investigation

e shows that decaying modes destabilize generic Kasner

e = potentially threats Stability of Generalized Kasner
further work is required to provide more details

. ? .
Generalized Kasner <+ Generic Kasner
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Motivation: PH, BKL, Cosmo Billiard
CPT in full glory

Additional Material /Discussion Sizlalliay oif (Keamar
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Penrose-Hawking Singularity Theorem

No spacetime M can satisfy all of the following 3 requirements:

@ 7 closed timelike curve v € M

© V inextendible causal geodesic v € M dp;, conjugate
© 3 future/past-trapped set S € M

Corollary in more physical terms

A spacetime M cannot satisfy causal geodesic completeness, if
together with Einstein's equations the following conditions hold:

@ M contains no closed timelike curves
@ M satisfies energy and generality conditions

© M contains either a trapped surface, a compact spacelike
hypersurface or a point p for which the convergence of all the
null geodesics through p changes sign in the past of p
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Generalized Kasner in synchronous gauge

ds? = —dt? + (azl,-/j + b2m,-mj + czninj) dx' dx?

Kasner exponents a = tP/, b = tPm, ¢ = tPr Kasner axes [, m, n

@ near singularity: anisotropic, homogeneous, chaotic solution

@ epoch: time interval in which order of p;, pm, pn is fixed
e 3dim Ricci negligible compared to terms with time-derivatives
e 'dangerous’ terms can be included in a new system
= asymptotic solution can be described in full details and
description is valid and stable up to the singularity!

@ era: time interval in which largest p remains the same
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et [cos o cos 3 cosy — sin asin 4] eP1sin B cos vy
e} = | e [cosacos Bsin~y + sinacosn] ki = | e”sinBsiny
—eM cosasin 8 eP3 cos 3

—e1 [sin a cos B cosy + cos asin 4]
e? = | €% [—sinacos Bsiny + cos o cos ]
e sin asin B

(eled) =0:a' = -7/ cos 8

sin '70

ksz:tan7:e51_52tan'yo tan 8 = %~ B2sn
i

tan fo
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Coupled system for gravitational waves

1
E1+EE/++

—2Q

1 1

k(L - -2 |E =— Y Y E
1(770) 212 T] < 2072 T+&TxEx

—2Q

1 1

k(2 - o2 | E = —— Y. Y E
'<no> 21 T+] Tt T

General solution

1
E’X'+5E’X+

E.=Yr+Z0+ zrxz\/m Ex =YrxZo—X7.2
e

Bessel functions Z,(x) = AJ,(x) + BN, (x)
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Bianchi | asymptotically becomes Kasner
@ early times (prior to inflation): shear o dominates

@ contribution ¢ to energy density mainly given by V
— pure cosmological constant V=V, ¢ =0

Bianchi | as Generalized Kasner

ds? = —dt? + X;(t)?(dx')?

Xi(t) = ax [sinh (;)F [tanh (27:*” Ssin(B+5)

*

2. 1 2
t\3Q@+3 1 t
() 1+ 1-Q) (t>

1

=
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