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Outline

• Top Quark Threshold Physics

• vNRQCD

• Renormalization of the Potentials (at 2 loop level)

⊲ 1
m2 - Potentials

⊲ 1
mk

- Potentials

• Status of Calculations / Summary
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Top Quark Threshold Physics

Top Physics at the ILC:

Focus: t t̄ - production at threshold (e+ e− → t t̄ )

v ≪ 1

Γt ≈ 1.5 GeV ≫ ΛQCD ⇒

• nonpert. effects suppressed
[Fadin, Khoze]

• no sharp resonance peak
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Top Quark Threshold Physics

Top Physics at the ILC:

Focus: t t̄ - production at threshold (e+ e− → t t̄ )

v ≪ 1

Γt ≈ 1.5 GeV ≫ ΛQCD ⇒

• nonpert. effects suppressed
[Fadin, Khoze]

• no sharp resonance peak

Aim: precise determination of

mt status: δmt ∼ 100 MeV X

yt, αs, Γt status: δσtheo
tot /σtot ∼ 6 % (NNLL incomplete) needed: < 3 %
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Top Quark Threshold Physics

Problem of Coulomb singularities: v ∼ αs ∼ 0.1 → Need nonrel. EFT ⇒ NRQCD
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Top Quark Threshold Physics

Problem of Coulomb singularities: v ∼ αs ∼ 0.1 → Need nonrel. EFT ⇒ NRQCD

Problem of large logarithms:

3 scales: mt (hard) ≫ ~p ∼ mtv (soft) ≫ Ekin ∼ mtv
2 (ultrasoft) (∼ Γt ≫ ΛQCD)

⇒ log’s at the dyn. scales:

ln
(

m2

E2

)
, ln

(
m2

p2

)
, ln

(
p

2

E2

)
e.g.: αs ln

(
m2

E2

)
∼ −αs ln(v4) ∼ 1
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Problem of large logarithms:

3 scales: mt (hard) ≫ ~p ∼ mtv (soft) ≫ Ekin ∼ mtv
2 (ultrasoft) (∼ Γt ≫ ΛQCD)

⇒ log’s at the dyn. scales:

ln
(

m2

E2

)
, ln

(
m2

p2

)
, ln

(
p

2

E2

)
e.g.: αs ln

(
m2

E2

)
∼ −αs ln(v4) ∼ 1

Solution:

two renormalization scales: µs ∼ mv, µu ∼ mv2

correlation: E ∼ p
2

m
→ µu ∼

µ2
s

m
−→ µs = mν, µu = mν2 ⇒ ’v’NRQCD
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Top Quark Threshold Physics

Problem of Coulomb singularities: v ∼ αs ∼ 0.1 → Need nonrel. EFT ⇒ NRQCD

Problem of large logarithms:

3 scales: mt (hard) ≫ ~p ∼ mtv (soft) ≫ Ekin ∼ mtv
2 (ultrasoft) (∼ Γt ≫ ΛQCD)

⇒ log’s at the dyn. scales:

ln
(

m2

E2

)
, ln

(
m2

p2

)
, ln

(
p

2

E2

)
e.g.: αs ln

(
m2

E2

)
∼ −αs ln(v4) ∼ 1

Solution:

two renormalization scales: µs ∼ mv, µu ∼ mv2

correlation: E ∼ p
2

m
→ µu ∼

µ2
s

m
−→ µs = mν, µu = mν2 ⇒ ’v’NRQCD

⇒ RGE’s resum [αs ln v]n , αs [αs ln v]n , α2
s [αs ln v]n , . . . terms

LL NLL NNLL
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vNRQCD

• Nonresonant dof’s integrated out, e.g.:QCD

V
 + O(v)

vNRQCD

@
@I

“potential” Gluon: kµ
∼ (mv2,mv)
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vNRQCD

• Nonresonant dof’s integrated out, e.g.:QCD

V
 + O(v)

vNRQCD

@
@I

“potential” Gluon: kµ
∼ (mv2,mv)

• Resonant dof’s → fields in the vNRQCD Lagrangian:

nonrel. quark: (E,p) ∼ (mv2, mv) ψp(x)

soft gluon: (q0,q) ∼ (mv, mv) Aq(x)

ultrasoft gluon: (q0,q) ∼ (mv2, mv2) A(x)
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vNRQCD

• Nonresonant dof’s integrated out, e.g.:QCD

V
 + O(v)

vNRQCD

@
@I

“potential” Gluon: kµ
∼ (mv2,mv)

• Resonant dof’s → fields in the vNRQCD Lagrangian:

nonrel. quark: (E,p) ∼ (mv2, mv) ψp(x)

soft gluon: (q0,q) ∼ (mv, mv) Aq(x)

ultrasoft gluon: (q0,q) ∼ (mv2, mv2) A(x)

• Systematic expansion in v ⇒ consistent power counting in v ∼ αs
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vNRQCD
[Luke, Manohar, Rothstein]

LvNRQCD = Lusoft + Lpot + Lsoft Dµ = ∂µ + igAµ
(x)

Lusoft : ψ†
p(x)

[

iD0 −
(p−iD)2

2m
+ . . .

]

ψp(x) + . . .

Lpot : − V ψ†
p′ψpχ

†
−p′χ−p + . . . V
 V2

V ∼
Vc

k2 + Vkπ
2

mk
+ Vr(p

2+p′2)
2m2k2 + V2

m2 + Vs

m2 S
2 + . . . (k = p′−p)
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vNRQCD
[Luke, Manohar, Rothstein]

LvNRQCD = Lusoft + Lpot + Lsoft Dµ = ∂µ + igAµ
(x)

Lusoft : ψ†
p(x)

[

iD0 −
(p−iD)2

2m
+ . . .

]

ψp(x) + . . .

Lpot : − V ψ†
p′ψpχ

†
−p′χ−p + . . . V
 V2

V ∼
Vc

k2 + Vkπ
2

mk
+ Vr(p

2+p′2)
2m2k2 + V2

m2 + Vs

m2 S
2 + . . . (k = p′−p)

external production/annihilation current (3S1):

∼ c1(ν) · ~j
eff

1 (x)
︸ ︷︷ ︸

ψ
†
p~σ(iσ2)χ

∗
−p

+ . . . (CMS)
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Renormalization of the Potentials

Anomalous dimension of V contributes to σ(e+ e− → t t̄ ):

σtot ∼ Im
[ + + + : : :V VV ]

∼ |c1(ν)|
2 · Im

[

− i

∫

d
4
x e

iq̂x 〈0|T~j eff ∗

1 (x)~j
eff

1 (0) |0〉
]

+ . . .

∼ |c1(ν)|
2 · Im

[
G(0, 0,E, ν)

]
+ . . . GNNLL known X

NLLLL
V V
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Renormalization of the Potentials

Anomalous dimension of V contributes to σ(e+ e− → t t̄ ):

σtot ∼ Im
[ + + + : : :V VV ]

∼ |c1(ν)|
2 · Im

[

− i

∫

d
4
x e

iq̂x 〈0|T~j eff ∗

1 (x)~j
eff

1 (0) |0〉
]

+ . . .

∼ |c1(ν)|
2 · Im

[
G(0, 0,E, ν)

]
+ . . . GNNLL known X

?

[Hoang]

[Luke, Manohar, Rothstein,

Pineda, Hoang, Stewart]

current renormalization NLLLL
V V

ln
[

c1(ν)
c1(1)

]

= ξ
LL

︸︷︷︸

0

+ ξ NLL + ξ NNLL
mix + ξ NNLL

nonmix

Maximilian Stahlhofen – DPG Früjahrstagung 2008 – p. 7



Renormalization of the Potentials

Anomalous dimension of V contributes to σ(e+ e− → t t̄ ):

σtot ∼ Im
[ + + + : : :V VV ]

∼ |c1(ν)|
2 · Im
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∫

d
4
x e
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1 (x)~j
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1 (0) |0〉
]
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∼ |c1(ν)|
2 · Im

[
G(0, 0,E, ν)

]
+ . . . GNNLL known X

?

[Hoang]

[Luke, Manohar, Rothstein,

Pineda, Hoang, Stewart]

current renormalization NLLLL
V V

ln
[

c1(ν)
c1(1)

]

= ξ
LL

︸︷︷︸

0

+ ξ NLL + ξ NNLL
mix + ξ NNLL

nonmix

?
missing ⇒ VNLL(ν) needed!
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Renormalization of the Potentials

Anomalous dimension of V contributes to σ(e+ e− → t t̄ ):

σtot ∼ Im
[ + + + : : :V VV ]

∼ |c1(ν)|
2 · Im

[

− i

∫

d
4
x e

iq̂x 〈0|T~j eff ∗

1 (x)~j
eff

1 (0) |0〉
]

+ . . .

∼ |c1(ν)|
2 · Im

[
G(0, 0,E, ν)

]
+ . . . GNNLL known X

?
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Μs�m
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1.1

1.12

1.14

c1@ΜsD
�����������������
c1@mD

NLL

NLL + NNLLnonmix

6

?

missing NNLLmix contribution
may reduce theortical error of σtot

⇒ VNLL(ν) needed!

Ultrasoft contributions dominant!
[αs(mv2) > αs(mv)]

ν =

δσ
σ

≈ 6%
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Renormalization of the 1/m2 - Potentials

NLL : ν
∂

∂ν
ln[c1(ν)] = −

Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν)+Vr(ν)

︸ ︷︷ ︸
+ S

2 Vs(ν)

]

+
1

2
Vk(ν)

V
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Renormalization of the 1/m2 - Potentials

NLL : ν
∂

∂ν
ln[c1(ν)] = −

Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν)+Vr(ν)

︸ ︷︷ ︸
+ S

2 Vs(ν)

]

+
1

2
Vk(ν)

�
�

��
renormalize directly

O(103) diagrams (Feynman gauge)

V


⇒

e.g.: [ MS & Dim. Reg. ]

⇒ δV2 loop
r

RGE
−−→ VNLL

r (ν)

0 0.2 0.4 0.6 0.8 1
Ν

-1.75

-1.5

-1.25

-1

-0.75

-0.5

-0.25

0

Vr

NLL full ultrasoft

NLL ultrasoft, nf only

LL soft + ultrasoft

�







�
�

���

VNLL
2 and VNLL

r complete X

[MS, Hoang]
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Renormalization of the 1/mk - Potentials

NLL : ν
∂

∂ν
ln[c1(ν)] = −

Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν)+Vr(ν) + S

2 Vs(ν)

]

+
1

2
Vk(ν)
︸ ︷︷ ︸

�
�
�
�
���6 ext. HQ legs, O(104) diagrams (Feynman gauge)

⇒

Absorb divergence by 6Q-Op.:

ÆC6Q

δC2loop
6Q

RGE
−−→ CNLL

6Q
(ν)

[ MS & Dim. Reg. ]
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Renormalization of the 1/mk - Potentials

NLL : ν
∂

∂ν
ln[c1(ν)] = −

Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν)+Vr(ν) + S

2 Vs(ν)

]

+
1

2
Vk(ν)
︸ ︷︷ ︸

�
�
�
�
���6 ext. HQ legs, O(104) diagrams (Feynman gauge)

⇒

Close finite HQ - Loop:

CNLL6Q

= CNLL
6Q

(ν)·
#
mk

≡ (Veff
k

)NLL

“effective” potential
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Renormalization of the 1/mk - Potentials

NLL : ν
∂

∂ν
ln[c1(ν)] = −

Vc(ν)

16π2

[
Vc(ν)

4
+ V2(ν)+Vr(ν) + S

2 Vs(ν)

]

+
1

2
Vk(ν)
︸ ︷︷ ︸

�
�
�
�
���6 ext. HQ legs, O(104) diagrams (Feynman gauge)

“Abelian” topologies:
Done X

“NonAbelian” topologies:
Work in progress
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Status of Calculations / Summary

• Ultrasoft NLL running of the potentials Vk, Vr, V2 is essential for a precise
prediction of σtot(e

+ e− → t t̄) at threshold.
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Status of Calculations / Summary

• Ultrasoft NLL running of the potentials Vk, Vr, V2 is essential for a precise
prediction of σtot(e

+ e− → t t̄) at threshold.

• usoft NNLL mixing contributions to c1 from Vr, V2 already compensate a
bit for the large usoft NNLL nonmixing contribution:
δc1 = (−1.9%,−0.5%) for ν = 0.1, 0.2
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Status of Calculations / Summary

• Ultrasoft NLL running of the potentials Vk, Vr, V2 is essential for a precise
prediction of σtot(e

+ e− → t t̄) at threshold.

• usoft NNLL mixing contributions to c1 from Vr, V2 already compensate a
bit for the large usoft NNLL nonmixing contribution:
δc1 = (−1.9%,−0.5%) for ν = 0.1, 0.2

• What about Vk (dominant at NLL)? −→ w.i.p.

• Current status of the calculation: [αS = αs(mv), αU = αs(mv2)]

Contribution order /αS Vk Vr V2 Vs

soft + usoft LL (αS ln v)n, (αU ln v)n X X X X

usoft NLL nf nf αU(αU ln v)n X X X 0

full usoft NLL αU(αU ln v)n w.i.p. X X 0

soft NLL αS(αS ln v)n – – – X
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Back Up: Results for the 1/m2 - Potentials

Results for 1
m2 potentials:
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0
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NLL full ultrasoft
NLL ultrasoft, nf only
LL soft + ultrasoft
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�
�

��	

�
�

�
��
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Back Up: Results for the 1/m2 - Potentials

Results for 1
m2 potentials:
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�

�
�
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�

�
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Back Up: Results for the 1/m2 - Potentials

Results for 1
m2 potentials:

0 0.2 0.4 0.6 0.8 1
Ν

0

0.5

1

1.5

2

Vr

NLL full ultrasoft
NLL ultrasoft, nf only
LL ultrasoft

�

�
�

�	
�

�
��

0 0.2 0.4 0.6 0.8 1
Ν

-0.175

-0.15

-0.125

-0.1

-0.075
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0

V2

- Analysis shows that usoft LL ∼ usoft NLL

- δc1 = (−1.9%,−0.5%) for ν = 0.1, 0.2

⇒ Big NNLLmix contributions to c1 expected

⇒ may compensate NNLLnonmix and
reduce ν dependence of c1!

0.1 0.15 0.2 0.25 0.3 0.35 0.4
Μs�m
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Back Up: Old nf Result

0.1 0.15 0.2 0.25 0.3 0.35 0.4
Μs�m
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1.16

c1@ΜsD
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nf -corrections, nf = 5

NLL + NNLLnonmix

NLL

< p top >
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Back Up: Extra Formulae

ν
∂

∂ν
ln[c1(ν)] = −

V
(0)
c (ν)

16π2

[
V

(0)
c (ν)

4
+ V

(2)
2 (ν) + V

(2)
r (ν) + S2

V
(2)
s (ν)

]

+
1

2
V

(1)
k

(ν) + α2
s (mν)

[
3V

(1)
k1

(ν) + 2V
(1)
k2

(ν)
]

v ∼= αs(mv) =
4π

β0 ln(m2v2/Λ2
QCD

)
⇒ v ∼= αs

∼= 0.14

v ≡

√√
s−2mt

mt
→

√√
s−2mt+iΓt

mt
[Fadin, Khoze]

Maximilian Stahlhofen – DPG Früjahrstagung 2008 – p. 13
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