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Non-geometry in string theory

Basic idea

What is non-geometry?

Innocent idea:

1. String theory as a field theory with fields Xµpτ, σq

2. Canonical quantisation: rXµ,Πνs � i

3. T-duality to a non-geometric situation: Xµ Ñ Zµ

4. What are the commutators rZµ,Z νs?
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Non-geometry in string theory

String theory as a field theory

� Consider a two-dimensional field theory with fields

Xµ : Σ Ñ T 3 , pτ, σq ÞÑ Xµpτ, σq

and an action

S � �
1

4πα1

»
Σ

d2σ
�

GµνpX q η
αβ � BµνpX q ε

αβ
	
BαXµBβX ν

� Define three-dimensional torus as “target space”

Xµpτ, σ � 2πq � Xµpτ, σq � 2πNµ
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Non-geometry in string theory

String theory as a field theory 2

� Choose simple metric and “H-flux”

G �

�
����

1 0 0

0 1 0

0 0 1

�
���
 , B �

�
����

0 HX 3 0

�HX 3 0 0

0 0 0

�
���


� Highly non-trivial equations of motion

BαB
αXµpτ, σq � H εµνρBσX νpτ, σqBτX ρpτ, σq

� Our ansatz: dilute flux approximation

Xµpτ, σq � Xµ
0 pτ, σq � HXµ

Hpτ, σq �OpH
2q
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Non-geometry in string theory

String theory as a field theory 3

Solution to EOM and target space BC, order by order

� OpH0q: free string

Xµ
0 pτ, σq � xµ � pµτ � Nµσ �

i

2

¸
n�0

1

n

�rαµne�inσ� � αµne�inσ�
�

� OpH1q: much more involved

Xµ
Hpτ, σq � xµH � pµH τ �

i

2

¸
n�0

1

n

�rγµn e�inσ� � γµn e�inσ�
�

�εµνρ pρNν τ
2

2

�εµνρ
1

2
τ
�

NνX ρ
0 |Σ � pνX̃ ρ

0 |Σ

	
�εµνρ

1

4
X̃ ν

0 |ΣX ρ
0 |Σ
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Non-geometry in string theory

Canonical quantisation

How to quantise?

� Impose canonical equal-“time” commutation relations

rXµpτ, σq,X νpτ, σ1qs � 0

rΠµpτ, σq,Πνpτ, σ
1qs � 0

rXµpτ, σq,Πνpτ, σ
1qs � i δµν δpσ � σ1q

with momentum

Πµ �
δL

δBτXµ
�

1

π
pGµνpX qBτX ν � BµνpX qBσX νq

� Direction (1,2) for rΠ,Πs complicated

� Again, proceed order by order
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Non-geometry in string theory

Canonical quantisation 2

Order OpH0q

� Simple momentum Πµ � π�1ηµνBτX ν

� Impose free string quantisation

rXµ
0 pτ, σq,X

ν
0 pτ, σ

1qs � 0

rBτXµ
0 pτ, σq, BτX ν

0 pτ, σ
1qs � 0

rXµ
0 pτ, σq, BτX ν

0 pτ, σ
1qs � iπ ηµν δpσ � σ1q

� Plug in mode expansion and read off

rrαµm, rανns � rαµm, α
ν
ns � m δm,�n η

µν

rxµ, pνs � i
2η

µν
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Non-geometry in string theory

Canonical quantisation 3
Order OpH1q: Need to be careful!

� Wrong idea for first commutator

rXµ
Hpτ, σq,X

ν
Hpτ, σ

1qs � 0

Would be OpH2q and ill-defined

� Instead, two terms

0 � rXµpτ, σq,X νpτ, σ1qs
��
H

� H rXµ
0 pτ, σq,X

ν
Hpτ, σ

1qs � H rXµ
Hpτ, σq,X

ν
0 pτ, σ

1qs

and even more complicated for other commutators
� Finally, read off some - but by far not all - commutators

rγ1, α2s � rγ2, α1s � 0

rγ1, p2s � rp2
H , α

1s � 0

rγ1,N2s � 0
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Non-geometry in string theory

Intermission

Results so far

� Imposed canonical commutation relations on the classical
solution up to order OpH1q

� Found compatible commutators for combinations of expansion
coefficients

� No exhaustive list of such commutators Ñ eventually, not
possible to judge whether quantisation is fully consistent

� Difficulties come from solving order by order and cannot be
overcome in that procedure, even in principle
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Non-geometry in string theory

T-duality

What is this?

� T-duality relates different string theories

� Simple case: string theory on a torus with radius R Ø string
theory on a torus with radius 1{R

� Physically equivalent: mass spectrum invariant

� In path integral description: gauging procedure, simply a
matter of what is integrated out

� Always necessary: isometry in the target space

� Here: metric and B-field only depend on X 3 Ñ 2 isometries

10/14 P. Patalong, MPI for Physics, Munich
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Non-geometry in string theory

T-duality 2

Changing frame: Xµ Ñ Zµ

� Transforming metric and B-field under 2 T-dualities

G � f

�
����

1 0 0

0 1 0

0 0 1
f

�
���
 , B � f

�
����

0 �HZ 3 0

HZ 3 0 0

0 0 0

�
���


, f �
1

1 � pHZ 3q2

� f makes this “non-geometric”: going around a circle
Z 3 Ñ Z 3 � 2π cannot be absorbed by gauge transformation
or diffeomorphism

(for X -frame it could!)
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Non-geometry in string theory

T-duality 3

How to find out about the Zµ?

� Use T-duality

BτX 1 � BσZ 1 � HZ 3BτZ 2 BτZ 1 � BσX 1 � HX 3BτX 2

BσX 1 � BτZ 1 � HZ 3BσZ 2 BσZ 1 � BτX 1 � HX 3BσX 2

BτX 2 � BσZ 2 � HZ 3BτZ 1 ðñ BτZ 2 � BσX 2 � HX 3BτX 1

BσX 2 � BτZ 2 � HZ 3BσZ 1 BσZ 2 � BτX 2 � HX 3BσX 1

BτX 3 � BτZ 3 BτZ 3 � BτX 3

BσX 3 � BσZ 3 BσZ 3 � BσX 3

� Integrate!

Ñ super-complicated expressions Zµpτ, σq � . . .

� Unknown integration constants (operators)
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Non-geometry in string theory

Non-commutativity

� Our hypothesis: non-geometric situation ñ Canonical
commutation relations are not valid anymore

� Strategy: use obtained expressions for Zµ and known
commutators for expansion coefficients

� Plug in!

rZ 1pτ, σq,Z 2pτ, σ1qs �

long and nasty computation

� somethingpσ, σ1q

� cN3H for σ1 Ñ σ

� Had to choose particular commutators for the unknown
integration constants
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Non-geometry in string theory

Non-commutativity 2

rZ 1pτ, σq,Z 2pτ, σ1qs � cN3H

Results

� Coordinates do not commute

� Non-commutativity proportional to flux H and winding N3

� T-duality maps geometric into non-geometric theories

� Non-commuting coordinates = target space not a manifold
(internal directions only)

� Uncertainty relation

p∆Z 1q2p∆Z 2q2 ¥ H2 xN3y2

finis
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