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Non-geometry in string theory

Basic idea

What is non-geometry?
Innocent idea:

1. String theory as a field theory with fields X* (7, o)
2. Canonical quantisation: [X*, "] =i
3. T-duality to a non-geometric situation: X# — Z#
4. What are the commutators [Z#, Z¥]?

P. Patalong, MPI for Physics, Munich



String theory as a field theory
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» Consider a two-dimensional field theory with fields
XF:Y T3, (1,0) = X¥1,0)

and an action
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S:

f 0 (Guu(X) 1 + Bu(X) 227) 2, X 05X"
>

» Define three-dimensional torus as “target space”

XH(r,0 4 2mw) = XH(1,0) + 2mNH
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String theory as a field theory 2

» Choose simple metric and “H-flux”

100 0 HX3 0
G=lo10|,B=|-H3 0 o
001 0 0 0

» Highly non-trivial equations of motion
0a.0“XH(1,0) = H €!,,0, X" (1,0)0: X" (T, 0)
» Our ansatz: dilute flux approximation

XH(r,0) = X (r,0) + HX[j(T,0) + O(H?)

P. Patalong, MPI for Physics, Munich
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String theory as a field theory 3

Solution to EOM and target space BC, order by order

» O(HO): free string

X (r,0) = x* + p't + N'o + ~ Z a“e’i"‘”' + a‘,ﬁe’i"”*)

H#O
» O(HY): much more involved
Xh(r,0) =Xl +ply T+ = Z —inoy 4 Yhe™ ino )
n:éO
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Canonical quantisation

How to quantise?

» Impose canonical equal-“time” commutation relations

» Direction (1,2) for [I1, ] complicated
» Again, proceed order by order
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Order O(H°)
» Simple momentum [1, = 7r*177w,67X”

» Impose free string quantisation
[X§ (r,0), X5 (1,0")] =0

[aTXé‘(T, 0),0:-Xy(r,06)] =0
[X#(T, 0),0: Xy (1,0")] = ir " 6(0 — o)
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Non-geometry in string theory

Canonical quantisation 2

Order O(H°)
» Simple momentum [1, = 7r*177W67X”

» Impose free string quantisation
[X§ (r,0), X5 (1,0")] =0
[0: XS (T,0),0- X5 (T,0")] =0
[X5'(7,0),0: X5 (7, 0")] = im " (0 — o)
» Plug in mode expansion and read off

[a, an] = o, @

] = 4

v

n] =m 5’"7—” nul/
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Order O(H'): Need to be carefull
» Wrong idea for first commutator

(Xt (7,0), Xpi(7,0")] = 0

Would be O(H?) and ill-defined
» Instead, two terms
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Canonical quantisation 3
Order O(H'): Need to be carefull
» Wrong idea for first commutator
[Xi(7.0), Xpi(r,0")] = 0
Would be O(H?) and ill-defined
» Instead, two terms

0= [XN(T,O'),XV(T,O'I)”H
= H [X§(r,0), X{i(1, o) + H [X} (1, 0), X§ (1, 6")]

and even more complicated for other commutators
» Finally, read off some - but by far not all - commutators

' e?] = 72, 1]¢0
LRV
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Non-geometry in string theory

Intermission

Results so far

» Imposed canonical commutation relations on the classical
solution up to order O(H?)

» Found compatible commutators for combinations of expansion
coefficients

» No exhaustive list of such commutators — eventually, not
possible to judge whether quantisation is fully consistent

» Difficulties come from solving order by order and cannot be
overcome in that procedure, even in principle

P. Patalong, MPI for Physics, Munich
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T-duality

What is this?
» T-duality relates different string theories

» Simple case: string theory on a torus with radius R < string
theory on a torus with radius 1/R

» Physically equivalent: mass spectrum invariant

» In path integral description: gauging procedure, simply a
matter of what is integrated out

» Always necessary: isometry in the target space

» Here: metric and B-field only depend on X3 — 2 isometries

P. Patalong, MPI for Physics, Munich
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T-duality 2

Changing frame: X* — Z#
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T-duality 2

Changing frame: X* — Z#

» Transforming metric and B-field under 2 T-dualities

100 0 -—HZ® 0 1
G=flo1o|, B=flnz o o,fzw
00 % 0 0 0 +( )

» f makes this “non-geometric’: going around a circle

73 — 73 + 21 cannot be absorbed by gauge transformation
or diffeomorphism
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T-duality 2

Changing frame: X* — Z#

» Transforming metric and B-field under 2 T-dualities

100 0 -—HZ® 0 1
G=flo1o|, B=flnz o o,fzw
00 % 0 0 0 +( )

» f makes this “non-geometric’: going around a circle
73 — 73 + 21 cannot be absorbed by gauge transformation
or diffeomorphism (for X-frame it could!)

P. Patalong, MPI for Physics, Munich
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T-duality 3
How to find out about the Z#?

» Use T-duality

8- XY = 0,71 — HZ30, 22 0-Z' = 0, X1 + HX30, X2
0o Xt = 0,ZY — HZ30, 22 052t = 0, X1 + HX30,X?
0:X? = 0,72 + HZ30, 7' | = | 0,2% = 0,X? — HX30. X}
0o X2 = 0, 2% + HZ30, 21 0sZ% = 0;X? — HX30, X!
0, X3 = 0,23 0,73 = 0. X3
0, X3 = 0,28 0,23 = 0,X3
» Integrate!
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T-duality 3
How to find out about the Z#?

» Use T-duality

8- XY = 0,71 — HZ30, 22 0-Z' = 0, X1 + HX30, X2
0o X' = 0,2' — HZ30,Z> 05 ZY = 0, X + HX30,X?
0 X% = 0,22 + HZ30, 7" | = | 0.2 = 0,X? — HX30, X?
0o X2 = 0, 2% + HZ30, 21 0sZ% = 0;X? — HX30, X!
0, X3 = 0,73 0,73 = 0, X3
0, X3 = 0,23 0523 = 0,X3

» Integrate! — super-complicated expressions Z*(1,0) = ...

» Unknown integration constants (operators)

P. Patalong, MPI for Physics, Munich
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Non-geometry in string theory

Non-commutativity

» Our hypothesis: non-geometric situation = Canonical
commutation relations are not valid anymore

» Strategy: use obtained expressions for Z* and known
commutators for expansion coefficients

» Plug in!

[ZY(r,0), Z%(1,0")] = long and nasty computation

something(c, o)

= cN3H for o’ - o

» Had to choose particular commutators for the unknown
integration constants

P. Patalong, MPI for Physics, Munich
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Non-commutativity 2

[ZY(7,0), Z%(1,0")] = <N3*H

Results
» Coordinates do not commute
» Non-commutativity proportional to flux H and winding N3
» T-duality maps geometric into non-geometric theories

» Non-commuting coordinates = target space not a manifold
(internal directions only)

» Uncertainty relation
(AZI)Z(AZ2)2 > H2 <N3>2

finis
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