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In a recent note' it was shown that the Gold-
stone theorem, ' that Lorentz-covaria. nt field
theories in which spontaneous breakdown of
symmetry under an internal Lie group occurs
contain zero-mass particles, fails if and only if
the conserved currents associated with the in-
ternal group are coupled to gauge fields. The
purpose of the present note is to report that,
as a consequence of this coupling, the spin-one
quanta of some of the gauge fields acquire mass;
the longitudinal degrees of freedom of these par-
ticles (which would be absent if their mass were
zero) go over into the Goldstone bosons when the
coupling tends to zero. This phenomenon is just
the relativistic analog of the plasmon phenome-
non to which Anderson' has drawn attention:
that the scalar zero-mass excitations of a super-
conducting neutral Fermi gas become longitudi-
nal plasmon modes of finite mass when the gas
is charged.
The simplest theory which exhibits this be-

havior is a gauge-invariant version of a model
used by Goldstone' himself: Two real' scalar
fields y„y, and a real vector field A interact
through the Lagrangian density

2 2
L =-&(&v ) -@'7v )1 2

2 2 ~ JL(,V—V(rp + y ) -P'1 2 P,v

where

V p =~ p -eA
1 jL(, 1 p, 2'

p2 +eA {p1'

F =8 A -BA
PV P, V V

e is a dimensionless coupling constant, and the
metric is taken as -+++. I. is invariant under
simultaneous gauge transformations of the first
kind on y, + iy, and of the second kind on A
Let us suppose that V'(cpa') = 0, V"(&p,') ) 0; then
spontaneous breakdown of U(1) symmetry occurs.
Consider the equations [derived from (1) by
treating ~y„ay„and A & as small quantities]
governing the propagation of small oscillations

about the "vacuum" solution y, (x) =0, y, (x) = y, :
s "(s (np )-ep A )=0,1 0 (2a)

(&'-4e,'V"(y,')f(&y, ) = 0, (2b)

s r"'=eq (s"(c,p, ) ep A-t.
V 0 1 0 p,

(2c)

Pv 2 2
8 B =0, 8 t" +e y 8 =0.

v 0 (4)

Equation (4) describes vector waves whose quanta
have (bare) mass ey, . In the absence of the gauge
field coupling (e =0) the situation is quite differ-
ent: Equations (2a) and (2c) describe zero-mass
scalar and vector bosons, respectively. In pass-
ing, we note that the right-hand side of (2c) is
just the linear approximation to the conserved
current: It is linear in the vector potential,
gauge invariance being maintained by the pres-
ence of the gradient term. '
When one considers theoretical models in

which spontaneous breakdown of symmetry under
a semisimple group occurs, one encounters a
variety of possible situations corresponding to
the various distinct irreducible representations
to which the scalar fields may belong; the gauge
field always belongs to the adjoint representa-
tion. ' The model of the most immediate inter-
est is that in which the scalar fields form an
octet under SU(3): Here one finds the possibil-
ity of two nonvanishing vacuum expectation val-
ues, which may be chosen to be the two Y=0,
I3=0 members of the octet. There are two
massive scalar bosons with just these quantum
numbers; the remaining six components of the
scalar octet combine with the corresponding
components of the gauge-field octet to describe

Equation (2b) describes waves whose quanta have
(bare) mass 2po(V"(yo'))'"; Eqs. (2a) and (2c)
may be transformed, by the introduction of new
var iables

fl =A -(ey ) '8 (n, (p ),
p. 0 p, 1'

G =8 B -BB =F
IL(.V p. V V p, LL(V

into the form
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massive vector bosons. There are two I= ~
vector doublets, degenerate in mass between
F=+1 but with an electromagnetic mass split-
ting between I, =+&, and the I, =+1 components
of a V =0, I=1 triplet whose mass is entirely
electromagnetic. The two Y =0, I=O gauge
fields remain massless: This is associated
with the residual unbroken symmetry under the
Abelian group generated by Y and I,. It may be
expected that when a. further mechanism (pre-
sumably related to the weak interactions) is in-
troduced in order to break Y conservation, one
of these gauge fields will acquire mass, leaving
the photon as the only massless vector particle.
A detailed discussion of these questions will be
presented elsewhere.
It is worth noting that an essential feature of

the type of theory which has been described in
this note is the prediction of incomplete multi-
plets of scalar and vector bosons. It is to be
expected that this feature will appear also in
theories in which the symmetry-breaking scalar
fields are not elementary dynamic variables but
bilinear combinations of Fermi fields. '

P. W. Higgs, to be published.
J. Goldstone, Nuovo Cimento 19, 154 (1961);J. Goldstone, A. Salam, and S. %einberg, Phys. Rev.

127, 965 (1962).
P. W. Anderson, Phys. Rev. 130, 439 (1963).

In the present note the model is discussed mainly in
classical terms; nothing is proved about the quantized
theory. It should be understood, therefore, that the
conclusions which are presented concerning the masses
of particles are conjectures based on the quantization
of linearized classical field equations. However, es-
sentially the same conclusions have been reached in-
dependently by F. Englert and R. Brout, Phys. Rev.
Letters 13, 321 (1964): These authors discuss the
same model quantum mechanically in lowest order
perturbation theory about the self-consistent vacuum.
~In the theory of superconductivity such a term arises

from collective excitations of the Fermi gas.
6See, for example, S. L. Glashow and M. Gell-Mann,

Ann. Phys. {N.Y.) 15, 437 {1961).
These are just the parameters which, if the scalar

octet interacts with baryons and mesons, lead to the
Gell-Mann-Okubo and electromagnetic mass splittings:
See S. Coleman and S. L. Glashow, Phys. Rev. 134,
B671 (1964).
Tentative proposals that incomplete SU(3) octets of

scalar particles exist have been made by a number of
people. Such a role, as an isolated Y = ~1, I =~ state,
was proposed for the K meson (725 MeV) by Y. Nambu
and J. J. Sakurai, Phys. Rev. Letters 11, 42 (1963).
More recently the possibility that the 0 meson (385
MeV) may be the Y=I=O member of an incomplete
octet has been considered by L. M. Brown, Phys. Rev.
Letters 13, 42 (1964).
In the theory of superconductivity the scalar fields

are associated with fermion pairs; the doubly charged
excitation responsible for the quantization of mag-
netic flux is then the surviving member of a U(1) doub-
let.

SPLITTING OF THE 70-PLET OF SU(6)
Mirza A. Baqi Bdg

The Rockefeller Institute, New York, New York

and

Virendra Singh*
Institute for Advanced Study, Princeton, New Jersey

(Received 18 September 1964)

1. In a previous note, ' hereafter called I, we
proposed an expression for the mass operator
responsible for lifting the degeneracies of spin-
unitary spin supermultiplets [Eq. (31)-Ij. The
purpose of the present note is to apply this ex-
pression to the 70-dimensional representation of
SU(6).
The importance of the 70-dimensional represen-

tation has already been underlined by Pais. '
Since

35@56 = 56' 707001134,
it follows that 70 is the natural candidate for ac-
commodating the higher meson-baryon reso-

nances. Furthermore, since the SU(3) CgISU(2)
content is

70= (1, 2)+(8, 2)+(10, 2)+ (8, 4), (2)

we may assume that partial occupancy of the 70
representation has already been established
through the so-called y octet' (32) . Recent ex-
periments appear to indicate that some (';)
states may also be at hand. ' With six masses at
one's disposal, our formulas can predict the
masses of all the other occupants of 70 and also
provide a consistency check on the input. Our
discussion of the 70 representation thus appears
to be of immediate physical interest.
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~~ In obtaining the expression (11) the mass difference
between the charged and neutral has been ignored.
~2M. Adernollo and R. Gatto, Nuovo Cimento 44A, 282
(1966); see also J. Pasupathy and H, . E. Marshak,
Phys. Rev. Letters 17, 888 (1966).
~3The predicted ratio I.eq. |,'12)] from the current alge-

bra is slightly larger than that (0.23%) obtained from
the p-dominance model of Ref. 2. This seems to be
true also in the other case of the ratio &(t) ~+m y}/
&(VV} calculated in Refs. 12 and 14.
L. M. Brown and P. Singer, Phys. Rev. Letters 8,

460 (1962}.

A MODEL OF LEPTONS*

Steven Weinberger
Laboratory for Nuclear Science and Physics Department,

Massachusetts Institute of Technology, Cambridge, Massachusetts
(Received 17 October 1967)

Leptons interact only with photons, and with
the intermediate bosons that presumably me-
diate weak interactions. What could be more
natura, l than to unite' these spin-one bosons
into a multiplet of gauge fields? Standing in
the way of this synthesis are the obvious dif-
ferences in the masses of the photon and inter-
rnediate meson, and in their couplings. We
might hope to understand these differences
by imagining that the symmetries relating the
weak and electromagnetic interactions a,re ex-
act symmetries of the Lagrangian but are bro-
ken by the vacuum. However, this raises the
specter of unwanted massless Goldstone bosons. '
This note will describe a model in which the
symmetry between the electromagnetic and
weak interactions is spontaneously broken,
but in which the Goldstone bosons are avoided
by introducing the photon and the intermediate-
boson fields as gauge fields. s The model may
be renormalizable.
We will restrict our attention to symmetry

groups that connect the observed electron-type
leptons only with each other, i.e. , not with
muon-type leptons or other unobserved leptons
or hadrons. The symmetries then act on a left-
handed doublet

and on a right-handed singlet

R = 4(i-},)le.
The largest group that leaves invariant the kine-
matic terms -I-yI" 8&L -R yI" 8&B of the Lagrang-
ian consists of the electronic isospin T acting
on L, plus the numbers NI„Ng of left- and
right-handed electron-type leptons. As far
as we know, two of these symmetries are en-
tirely unbroken: the charge Q =T3 NR 2NL—, —
and the electron number N=N~+NL. But the
gauge field corresponding to an unbroken sym-
metry will have zero mass, ' and there is no
massless particle coupled to N, ' so we must
form our gauge group out of the electronic iso-
spin T and the electronic hyperchange F=—Ng
+ 2NL.
Therefore, we shall construct our Lagrang-

ian out of L and B, plus gauge fields A& and
B& coupled to T and ~, plus a spin-zero dou-
blet

whose vacuum expectation value will break T
and ~ and give the electron its mass. The on-
ly renormalizable Lagrangian which is invar-
iant under T and & gauge transformations is

2=-g(6 A —6 A +gA xA ) -«(6 B -6 B ) -R}' (& ig'B )R Ly (6 igt—~ A —i2g'B )L-p. V V p, P, V P V V P P

1 1 2 —4 2 2igA ~ ty-+i ,g'B yl ——G (LcpR+Ry L)—M y y+h(y y) . (4)p, p, p, 1

We have chosen the phase of the 8 field to make Ge real, and can also adjust the phase of the L and
Q fields to make the vacuum expectation value A.

—= (y') real. The "physical" p fields are then p
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and

W&-=(V +V' -»)/~2 V. -=(V -V )/~~2. (5)
0 Ot 0 0$

The condition that p, have zero vacuum expec-
tation value to all orders of perturbation the-
ory tells us that A.

'—=M,'/2h, and therefore the
field p, has mass M, while p, and p have mass
zero. But me can easily see that the Goldstone
bosons represented by y, and y have no phys-
ical coupling. The Lagrangian is gauge invar-
iant, so we can perform a combined isospin
and hypercharge gauge transformation which
eliminates y and p, everywhere' without chang-
ing anything else. We will see that Ge is very
small, and in any case M, might be very large, '
so the y, couplings mill also be disregarded
in the following.
The effect of all this is just to replace p ev-

erywhere by its vacuum expectation value

(rp) =x( ). (6)

The first four terms in Z remain intact, while
the rest of the Lagrangian becomes
-~ y'g'[(A ')'+ (A 2)2]

p,

-~8K'(gA '+g'B )'—AG ee. (7)

We see immediately that the electron mass
is A.Ge. The charged spin-1 field is

gf ——2 &+(A & + fA 2)
p p,

and has mass

M = 2Ag.

= (g'+ g") "(gA '+g'& ),
p, P

(10)

=(g'+g") '"(-g'A '+g& ).
p.

Their masses are

M = —,X(g'+g")"', (12)

M~ ——0,

so A& is to be identified as the photon field.
The interaction betmeen leptons and spin-1
mesons is

The neutral spin-1 fields of definite mass are

Sg P,e y (1+y ) v W +H. c.+,»&2 ey eA

~(g'+g")"' 3g"-g' v u v+ 4,» ey e Fy y5-e+vy (1+y )v Z
— g' +g 5 p,

' (14)

G /Wr=g'/SM 2=1/2~2.

Note that then the e-p coupling constant is
=M /X=2 M G =2.07 10e e e W

(16)

We see that the rationalized electric charge
is

e=gg'/(g +g' )
and, assuming that W& couples as usual to had-
rons and muons, the usual coupling constant
of weak interactions is given by

by this model have to do with the couplings
of the neutral intermediate meson Z@ . If Z&
does not couple to hadrons then the best place
to look for effects of Z& is in electron-neutron
scattering. Applying a Fierz transformation
to the W-exchange terms, the total effective
e- v interaction is

( (3g'-g")
~~Py (1 +y) 5)v(+2, )F2y e+ Fy2y e ~.

The coupling of p, to muons is stronger by a
factor M&/Me, but still very weak. Note al-
so that (14) gives g and g' larger than e, so
(16) tells us that Mgr &40 BeV, while (12) gives
MZ &Mgr and MZ &80 BeV.
The only unequivocal new predictions made

If g »e then g »g', and this is just the usual
e-v scattering matrix element times an extra
factor ~. If g =e then g«g', and the vector
interaction is multiplied by a factor —2 rath-
er than 2. Of course our model has too many
arbitrary features for these predictions to be
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groups that connect the observed electron-type
leptons only with each other, i.e. , not with
muon-type leptons or other unobserved leptons
or hadrons. The symmetries then act on a left-
handed doublet

and on a right-handed singlet

R = 4(i-},)le.
The largest group that leaves invariant the kine-
matic terms -I-yI" 8&L -R yI" 8&B of the Lagrang-
ian consists of the electronic isospin T acting
on L, plus the numbers NI„Ng of left- and
right-handed electron-type leptons. As far
as we know, two of these symmetries are en-
tirely unbroken: the charge Q =T3 NR 2NL—, —
and the electron number N=N~+NL. But the
gauge field corresponding to an unbroken sym-
metry will have zero mass, ' and there is no
massless particle coupled to N, ' so we must
form our gauge group out of the electronic iso-
spin T and the electronic hyperchange F=—Ng
+ 2NL.
Therefore, we shall construct our Lagrang-

ian out of L and B, plus gauge fields A& and
B& coupled to T and ~, plus a spin-zero dou-
blet

whose vacuum expectation value will break T
and ~ and give the electron its mass. The on-
ly renormalizable Lagrangian which is invar-
iant under T and & gauge transformations is

2=-g(6 A —6 A +gA xA ) -«(6 B -6 B ) -R}' (& ig'B )R Ly (6 igt—~ A —i2g'B )L-p. V V p, P, V P V V P P

1 1 2 —4 2 2igA ~ ty-+i ,g'B yl ——G (LcpR+Ry L)—M y y+h(y y) . (4)p, p, p, 1

We have chosen the phase of the 8 field to make Ge real, and can also adjust the phase of the L and
Q fields to make the vacuum expectation value A.

—= (y') real. The "physical" p fields are then p
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and

W&-=(V +V' -»)/~2 V. -=(V -V )/~~2. (5)
0 Ot 0 0$

The condition that p, have zero vacuum expec-
tation value to all orders of perturbation the-
ory tells us that A.

'—=M,'/2h, and therefore the
field p, has mass M, while p, and p have mass
zero. But me can easily see that the Goldstone
bosons represented by y, and y have no phys-
ical coupling. The Lagrangian is gauge invar-
iant, so we can perform a combined isospin
and hypercharge gauge transformation which
eliminates y and p, everywhere' without chang-
ing anything else. We will see that Ge is very
small, and in any case M, might be very large, '
so the y, couplings mill also be disregarded
in the following.
The effect of all this is just to replace p ev-

erywhere by its vacuum expectation value

(rp) =x( ). (6)

The first four terms in Z remain intact, while
the rest of the Lagrangian becomes
-~ y'g'[(A ')'+ (A 2)2]

p,

-~8K'(gA '+g'B )'—AG ee. (7)

We see immediately that the electron mass
is A.Ge. The charged spin-1 field is

gf ——2 &+(A & + fA 2)
p p,

and has mass

M = 2Ag.

= (g'+ g") "(gA '+g'& ),
p, P

(10)

=(g'+g") '"(-g'A '+g& ).
p.

Their masses are

M = —,X(g'+g")"', (12)

M~ ——0,

so A& is to be identified as the photon field.
The interaction betmeen leptons and spin-1
mesons is

The neutral spin-1 fields of definite mass are

Sg P,e y (1+y ) v W +H. c.+,»&2 ey eA

~(g'+g")"' 3g"-g' v u v+ 4,» ey e Fy y5-e+vy (1+y )v Z
— g' +g 5 p,

' (14)

G /Wr=g'/SM 2=1/2~2.

Note that then the e-p coupling constant is
=M /X=2 M G =2.07 10e e e W

(16)

We see that the rationalized electric charge
is

e=gg'/(g +g' )
and, assuming that W& couples as usual to had-
rons and muons, the usual coupling constant
of weak interactions is given by

by this model have to do with the couplings
of the neutral intermediate meson Z@ . If Z&
does not couple to hadrons then the best place
to look for effects of Z& is in electron-neutron
scattering. Applying a Fierz transformation
to the W-exchange terms, the total effective
e- v interaction is

( (3g'-g")
~~Py (1 +y) 5)v(+2, )F2y e+ Fy2y e ~.

The coupling of p, to muons is stronger by a
factor M&/Me, but still very weak. Note al-
so that (14) gives g and g' larger than e, so
(16) tells us that Mgr &40 BeV, while (12) gives
MZ &Mgr and MZ &80 BeV.
The only unequivocal new predictions made

If g »e then g »g', and this is just the usual
e-v scattering matrix element times an extra
factor ~. If g =e then g«g', and the vector
interaction is multiplied by a factor —2 rath-
er than 2. Of course our model has too many
arbitrary features for these predictions to be
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taken very seriously, but it is worth keeping
in mind that the standard calculation' of the
electron-neutrino cross section may well be
wrong.
Is this model renormalizable? We usually

do not expect non-Abelian gauge theories to
be renormalizable if the vector-meson mass
is not zero, but our Z& and W& mesons get
their mass from the spontaneous breaking of
the symmetry, not from a mass term put in
at the beginning. Indeed, the model Lagrang-
ian we start from is probably renormalizable,
so the question is whether this renormalizabil-
ity is lost in the reordering of the perturbation
theory implied by our redefinition of the fields.
And if this model is renormalizable, then what
happens when we extend it to include the coup-
lings of A& and B& to the hadrons?
I am grateful to the Physics Department of

MIT for their hospitality, and to K. A. Johnson
for a valuable discussion.
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SPECTRAL-FUNCTION SUM RULES, ('d-p MIXING, AND LEPTON-PAIR
DECAYS OF VECTOR MESONS*

R. J. Oakest
Brookhaven Nationa1. Laboratory, Upton, New York

J. J. Sakurai
The Enrico Fermi Institute for Nuclear Studies and the Department of Physics,

The University of Chicago, Chicago, Dlinois
(Received 18 October 1967)

Within the framework of vector-meson dominance, the current-mixing model is shown
to be the only theory of ~-y mixing consistent with Weinbeig's first sum rule as applied
to the vector-current spectral functions. Relations among the leptonic decay rates of p,
(d, and y are derived, and other related processes are discussed.

We begin by considering VFeinberg's first sum rule' extended to the (1+8) vector currents of the
eightfold way:

fdm [m p ' '(m )+p ' '(m )]=85 +S'5 5 0,
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Abstract: Renormalizable models are constructed in which local gauge invariance is broken 
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energy scattering requires these trajectories not to be
associated with spin-zero particles. 2 This is by no means
a drawback to our model; again, as in the case of the a
n R.J.N. Phillips and W. Rarita, Phys. Rev. 139,B1336 (1965).

meson, we remark that we do not expect to obtain all the
known mesons out of the present model. The dynamical
origin of spin-zero particles may very well be found in a
different channel.
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Spontaneous Symmetry Breakdown without Massless Bosons*
Pzrzz W. Hroost

Departntent of Physics, University of North Carolina, Chapel Hil/, North Carolina
(Received 27 December 1965)

V/e examine a simple relativistic theory of two scalar Qelds, Grst discussed by Goldstone, in which as a
result of spontaneous breakdown of U(1) symmetry one of the scalar bosons is massless, in conformity with
the Goldstone theorem. When the symmetry group of the Lagrangian is extended from global to local U(1)
transformations by the introduction of coupling with a vector gauge Geld, the Goldstone boson becomes the
longitudinal state of a massive vector boson whose transverse states are the quanta of the transverse gauge
Geld. A perturbative treatment of the model is developed in which the major features of these phenomena are
present in zero order. Transition amplitudes for decay and scattering processes are evaluated in lowest order,
and it is shown that they may be obtained more directly from an equivalent Lagrangian in which the original
symmetry is no longer manifest. When the system is coupled to other systems in a U(1) invariant La-
grangian, the other systems display an induced symmetry breakdown, associated with a partially conserved
current which interacts with itself via the massive vector boson.

I. INTRODUCTION
HE idea that the apparently approximate nature
of the internal symmetries of elementary-particle

physics is the result of asymmetries in the stable solu-
tions of exactly symmetric dynamical equations, rather
than an indication of asymmetry in the dynamical
equations themselves, is an attractive one. Within the
framework of quantum 6eld theory such a "spontane-
ous" breakdown of symmetry occurs if a Lagrangian,
fully invariant under the internal symmetry group, has
such a structure that the physical vacuum is a member
of a set of (physically equivalent) states which trans-
form according to a nontrivial representation of the
group. This degeneracy of the vacuum permits non-
trivial multiplets of scalar fields (which inay be either
fundamental dynamic variables or polynomials con-
structed from them) to have nonzero vacuum expecta-
tion values, whose appearance in Feynman diagrams
leads to symmetry-breaking terms in propagators and
vertices. That vacuum expectation values of scalar
fields, or "vacuons, " might play such a role in the
breaking of symmetries was 6rst noted by Schwinger'
and by Salam and Ward. ' Vnder the alternative name,
"tadpole" diagrams, the graphs in which vacuons

*This work was partially supported by the U. S. Air Force
QfBce of Scientidc Research under grant No. AF-AFQSR-153-64.
t Qn leave from the Tait Institute of Mathematical Physics,

University of Edinburgh, Scotland.' J. Schwinger, Phys. Rev. 104, 1164 (1954); Ann. Phys.(!Y.) 2, 407 (1957).' A. Salam and J. C. Ward, Phys. Rev. Letters 5, 390 (1960);
Nuovo Cimento 19, 167 (1961).

appear have been used by Coleman and Glashow' to
account for the observed pattern of deviations from
SU(3) symmetry.
The study of Geld theoretical models which display

spontaneous breakdown of symmetry under an internal
Lie group was initiated by Nambu, 4 who had noticed'
that the BCS theory of superconductivity' is of this
type, and was continued by Glashow7 and others. 8 All
these authors encountered the difficulty that their
theories predicted, inter alia, the existence of a number
of massless scalar or pseudoscalar bosons, named
"zerons" by Freund and Nambu. ' Since the models
which they discussed, being inspired by the BCS
theory, used an attractive interaction between mass-
less fermions and antifermions as the mechanism of
symmetry breakdown, it was at first unclear whether
zerons occurred as a result of the approximations
(including the usual cutoff for divergent integrals)
involved in handling the models or whether they
would still be there in an exact solution. Some authors,

3 S. Coleman and S. L. Glashow, Phys. Rev. 134, 8671 (1964}.
4 V. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961);

124, 246 (1961};Y. Nambu and P. Pascual, Nuovo Cimento 30,
354 (1963).' Y. Nambu, Phys. Rev. 117, 648 (1960).i J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
106, 162 (1957).
r M. Baker and S. L. Glashow, Phys. Rev. 128, 2462 (1962);

S. L. Glashow, ibid 130, 2132 (1962). .
vM. Suzuki, Progr. Theoret. Phys. (Kyoto) 30, 138 (1963);

30, 627 (1963); N. Byrne, C. Iddings, and E. Shrauner, Phys.
Rev. 139, B918 (1965); 139, B933 (1965).

9 P. G. Q. Freund and Y. Nambu, Phys. Rev. Letters 13, 221
(1964).
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SPONTANEOUS SYM M ETRY BREAK DOWN

going states and associated complex conjugate wave
functions.

i. Decay of a Scalar Boson into Toro
Vector Bosons

The process occurs in erst order (four of the 6ve
cubic vertices contribute), provided that mp&2m~. Let
p be the incoming and k~, kp the outgoing momenta.
Then

M=i{e[a* (k,)( ik—,„)y*(kp)+a*»(k,)( ik—&„)y*(k&)j—( p.)L *"(k )~*(k.)+ *"(k )~*(k )3—2emga„*(kg) a*»(kp)—fmoy'(kg)y*(kp) }.
By using Eq. (15), conservation of momentum, and
the transversality (k„b»(k)=0) of the vector wave
functions we reduce this to the form

M=—2iemyb*» (kg) b„(kp)
—iem (p'+m. ')y*(k,)y*(k,). (16)

We have retained the last term, which we shall need
in calculating scattering amplitudes; when the incident
particle is on the mass shell it vanishes and we are left
with the invariant expression

M=—2iemgb* (kg) b„~(kp) . (17)
Conservation of angular momentum allows three pos-
sibilities for the spin states of the decay products: They
may be both right-handed, both left-handed, or both
longitudinal (p ~=op ——+1,—1, or 0). With the help of
the explicit vectors (14), we 6nd

M(+1, +1)=M(—1,—1)=2iem~,
M(0,0)=ifmp(1 2e'/f') .—

We note that as @~0 the amplitudes for decay to
transverse states tend to zero, but the amplitude
M(0,0) tends to the value ifmp which we would calcu-
late from the vertex —'pfmpC'X for the decay of one
massive into two massless scalar bosons in the original
Goldstone model. (The sign change arises from the
factor i which is associated with the term p in each b„).

ii. Vector Boson-Vector Boson Scattering
Let k~, k2 be the incoming and k~', k2' the outgoing

momenta. The process occurs as a second-order effect
of the cubic vertices, by exchange of a scalar boson in
the s, t, or I channel, where s=—(p~+ pp)',=—(p,—p,')', I=—(p,—p,')'. It also occurs as a
direct effect of two of the quartic vertices. Equation
(16) enables us to write down

M,=i'( 2emgb»*(—kg') b*»(kp')
+em'—'(s—mp') y*(kg')@*(kp') }
Xi(s—mp') —'{—2emgb„(kg) b" (kp)

+em' '(s—mp')P(kg)y(kp) }

and similar expressions for M& and M . The quartic
vertices yield a contribution given by

Md;, ~g——p(—2e') (a»*(kg') a'»(kp')y (kg)g (kp)
+5 similar terms)
+i(-3f')4*(k~')4*(kp')4 (k~)4 (kp)

=—2pd(b»+(k, ')b*»(k,')y(k, )y(k,)
+5 similar terms)
+i(4e'—3f')4*(ki')4*(kp')4(k~)4 (kp).

It is only when we combine these four contributions
that we obtain (after some algebra) the invariant
expression

M„„(=M.+M)+M.+Me;, t
=—4~e'mP( (s—mp')-'b*»(kg') b*»(kp') b„(kg)b" (kp)
+(i—mo') 'b *(kg') b»(kg) b„*(kp')b"(kp)
+(I—moo) 'b ~(kg')b»(kp)b„*(kp')b"(ky)}. (18)

iii. Vector Boson-Scalar Boson Scattering

Let k, p be the momenta of the incoming vector and
scalar boson, respectively, and k', p' be their outgoing
momenta. Again there are four contributions, M„3f~,
M„, and M~;, ~. In the s and u channels a vector boson
is exchanged and it turns out that the various propa-
gators, (T*Ag„), (T*A„C), and (T*CC), occur only in
the combination (T*BQ„).We obtain the expression

M,=io(—2em&b*»(k')+ieq»g*(k') }i(g»„+m& 'q„q„)
X (s—mP) '(—2em~b" (k)—ieq"P(k) },

where q=k+p and s=—q', and a similar expression
for M . In the t channel a scalar boson is exchanged,
and we 6nd that

M~=i'( —3fmo}i(t—mo') '{—2emqb»~(k')b»(k)
+em (i—moo)y'(k')y(k) },

where i=—(k—k')'. Finally, the contribution of the
quartic vertices is given by

Mp;, t——i(—2e'$b„*(k')—imp 'k»'g*(k')]
XLb»(k)+im&-'k»y(k) j—f'y*(k')y(k) }

Again the four contributions sum to the invariant
expression

M~opsi= —2imP(2e'(s —ma') '$b *(k')b"(k)
+m p»'b*»(k') p b"(k)$
+3f'(r—mop)-'b„*(k') b»(k)
+2e'(u—mP) 'Lb»*(k') b»(k)
+m p„b*»(k')p„'b"(k)$}

2ie'b *(k')b—»(k) . (19)

A similar matrix element may be written down for the
process, vector pair &-+ scalar pair, by making appropri-
ate interchanges of incoming and outgoing momenta
and wave functions.

Wednesday, April 17, 2013



Nuclear Physics B106 (1976) 292-340 
0 North-Holland Publishing Company 

A PHENOMENOLOGICAL PROFILE OF THE HIGGS BOSON 

John ELLIS, Mary K. GAILLARD * and D.V. NANOPOULOS ** 
CERN, Geneva 

Received 7 November 1975 

A discussion is given of the production, decay and observability of the scalar Higgs 
boson H expected in gauge theories of the weak and electromagnetic interactions such as 
the Weinberg-Salam model. After reviewing previous experimental limits on the mass of 
the Higgs boson, we give a speculative cosmological argument for a small mass. If its mass 
is similar to that of the pion, the Higgs boson may be visible in the reactions n-p + Hn or 
yp --t Hp near threshold. If its mass is < 300 MeV, the Higgs boson may be present in the 
decays of kaons with a branching ratio 0(10-T), or in the decays of one of the new par- 
ticles: 3.7 + 3.1 + H with a branching ratio 0(10e4). If its mass is <4 GeV, the Higgs 
boson may be visible in the reaction pp --f H + X, H --f n+p-. If the Higgs boson has a mass 
<2m , the decays H -+ e+e- and H + y-r dominate, and the lifetime is 0(6 X 10m4 to 
2 X ib-12) seconds. As thresholds for heavier particles (pions, strange particles, new par- 
ticles) are crossed, decays into them become dominant, and the lifetime decreases rapidly 
to O(lO-*o) set for a Higgs boson of mass 10 CeV. Decay branching ratios in principle 
enable the quark masses to be determined. 
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We should perhaps finish with an apology and a caution. We apologize to ex- 
perimentalists for having no idea what is the mass of the Higgs boson, unlike the 
case with charm [3,4] and for not being sure of its couplings to other particles, except 
that they are probably all very small. For these reasons we do not want to encourage 
big experimental searches for the Higgs boson, but we do feel that people performing 
experiments vulnerable to the Higgs boson should know how it may turn up. 
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Within the Weinberg model mass differences between members of a multiplet generate 
further mass differences between the neutral and charged vector bosons. The experimen- 
tal situation on the Weinberg model leads to an upper limit of about 800 GeV on mass 
differences within a multiplet. No limit on the average mass can be deduced. 

1. Introduction 

The recent experimental results on e+e - annihilation suggest that there may be 
more elementary particles than contained in the so-called standard model [1 ]. That 
is, there may be a heavy lepton of about 2 GeV, possibly with its own neutrino, and 
also there may be further quarks beyond the usual four. One cannot help but won- 
der what will happen when PETRA will be switched on: will we see another jump 
in the ratio R, will further leptons be discovered? If so, is there a natural point 
where this will stop? These are very interesting questions *, and in this paper we 
will investigate some aspects of this problem. This we can only do within the frame- 
work of some model of weak and e.m. interactions, for which we take the Weinberg 
model. In particular we will employ the usual simple Higgs system, containing just 
one isodoublet, which leads to the mass relation M~o = M2/c 2 between the masses 
of the neutral and the charged vector boson. Here c = cos 0w. According to the data 
we have c 2 ~ 2, while furthermore this mass relation seems to be well satisfied. We 
will refer to this situation as the Higgs AJ = ~ rule. 

Let us now suppose that more and more particles turn up in e+e - annihilation as 
the energy increases. Since the photon is not an SU(2) X U(1) singlet we then have 
automatically coupling of the neutral vector boson to these particles. Depending on 
the multiplet structure as well as on the mass differences of the new particles there 
will be quantum corrections to the above mass relation. In view of the fact that this 
relation seems to hold within 15% we can draw some conclusion from the observed 
smallness of these quantum corrections. The general suggestion is that the vector bo- 
son mass seems to be a natural measure for the maximally possible mass differences. 

* This and other points have been raised before. See for instance ref. [2]. 
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M 2 _  e2 ( e 2 ) 1 + in m 2 + 
2G(1 - ~) 127r2(1 - ~) 

e 2 
In m 2 - !m2). 

327r2(1- - ~) (m2 (5.9) 

In these equations ~ in the point k 2 = 0 is understood. 

6. Quantum corrections to o ~ e 

The amplitude for this process is given by eqs. (5.3) and (5.4). Using the relation 

Jell Ik2=O =~2  (f+lk2=0 ~ig27r 2 rn2) ,  + 

we have 

g2 8G 
M 2  - C2fl 1/(27r) 4i - 1 -- (m 2/87r 2) G" 

Thus the amplitude for this process requires a quantum correction 1 + m2G/8~r 2, 
and the cross section a correction 

m2 m 2 
1 +47r- ~ G = 1 + 1 . 8 3 X  10 -7  2"  mp 

Assume now that there are N lepton-neutrino doublets, with lepton masses mi, i = 1, 
..., N. The corrections add up, and from the requirement that this correction should 
be less than 15% we get: 

N 
1.83 X 10 -7  ~ m ~ <  i=l m~ 0 .15.  

The presently known leptons do not contribute significantly to this relation. It 
would however be saturated by one heavy lepton with a mass of  905 mp ~ 850 GeV. 

The calculation can be repeated easily for the case that both leptons are massive, 
with masses ml  and m2. The quantum correction becomes 

I + ~ G  ml  2 + m ~ -  ~ - - - - 2 1 n  
m 2 -- m 1 

I f m  2 = m I + e we find, neglecting terms e/ml:  

G e2 
1 + 37r~ . 

Thus mass differences should be less than 750 GeV. 

ρ = 
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Figure 2: Left: pull comparison of the fit results with the direct measurements in units of the experimental
uncertainty. Right: determination of MH excluding the direct MH measurements and all the sensitive
observables from the fit, except the one given. Note that the fit results shown are not independent.

which exceeds the experimental world average in precision. The indirect determination of the
effective weak mixing angle, cf. Fig. 3 (bottom right, blue band) gives

sin2θ�eff = 0.23150± 0.00010 , (3)

which is compatible and more precise than the average of the LEP/SLD measurements [9]. Finally,
the top quark mass, cf. Fig. 3 (top right, blue band), is indirectly determined to be

mt = 175.8+2.7
−2.4 GeV , (4)

in agreement with the direct measurement and cross-section based determination (cf. Footnote 5).

The measured value of MH together with the fermion masses, the strong coupling strength αS(M2
Z
)

and the three parameters defining the electroweak sector and its radiative corrections (chosen

here to be MZ , GF and ∆α(5)
had(M

2
Z
)) form a minimal set of parameters allowing one, for the

first time, to predict all the other SM parameters/observables. A fit using only this minimal
set of input measurements6 yields the SM predictions MW = 80.360 ± 0.011 GeV and sin2θ�eff =

6For αS(M
2
Z) we use the result from Table 1.
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• max significance (local) 3 σ
• max significance (global) 2.5 σ after LEE of 4 
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• Perform fit of S+B model 
to data

• Compare combined best 
fit Higgs production cross 
section to result from 
individual production 
modes

• Consistent with SM 
values within the 
uncertainties

Combination of searches for Higgs decaying into WW and bb
shows a clear excess in the 115 GeV to 135 GeV mass region 

For a Higgs mass of 125 GeV, the combined production rates 
are consistent with the SM ones within 1 σ  

but the bb rate appears to be enhanced 

Wednesday, September 19, 2012
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what about higher orders?
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Gluon fusion: recent progress

• Higgs line shape

• Signal/Background interference

• validity of effective 1/mt theory

• jet veto uncertainties

Goria, Passarino, Rosco ’12;  Anastasiou, Buehler, Herzog, Lazopoulos ’11

Glover, v.d. Bij ’89;  Binoth, Ciccolini, Kauer, Krämer ’06;  
Campbell, Ellis, Williams ’11;  Kauer ’12;  Passarino ’12;
S.P. Martin ’13;  Bonfini, Caola, Forte, Melnikov, Ridolfi ’13

RH, Mantler, Marzani, Ozeren ’09;  Pak, Rogal, Steinhauser ’09
Alwall, Li, Maltoni ’11;  Bagnaschi, Degrassi, Slavich, Vicini ’11
RH, Neumann, Wiesemann ’12

Anastasiou, Dissertori, Grazzini, Stöckli, Webber ’09
Stewart, Tackmann ’11
Banfi, Monni, Salam, Zanderighi ’12; Becher, Neubert ’12
Tackmann, Walsh, Zuberi ’12
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Towards NNNLO
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Figure 5. Scale dependence of the hadronic cross section in consecutive orders in perturbative QCD.
See the text for details.

convolution with the parton luminositites, we obtain5

σLO(pp → Hj) = 2713+1216
−776 fb,

σNLO(pp → Hj) = 4377+760
−738 fb,

σNNLO(pp → Hj) = 6177−204
+242 fb.

(7.8)

We note that NNLO corrections are sizable, as expected from the large NLO K−factor, but

the perturbative expansion shows marginal convergence. We also evaluated PDFs error using

the full set of NNPDF replicas, and found it to be of order 5% at LO, and of order 1-2% at

both NLO and NNLO, similarly to the inclusive Higgs case [78]. The cross-section increases

by about sixty percent when we move from LO to NLO and by thirty percent when we move

from NLO to NNLO. It is also clear that by accounting for the NNLO QCD corrections we

reduce the dependence on the renormalization and factorization scales in a significant way.

The scale variation of the result decreases from almost 50% at LO, to 20% at NLO, to less

than 5% at NNLO. We also note that a perturbatively-stable result is obtained for the scale

choice µ ≈ mH/2. In this case the ratio of the NNLO over the LO cross-section is just 1.5,

to be compared with 2.3 for µ = mH and 3.06 for µ = 2mH , and the ratio of NNLO to NLO

is 1.2. It is interesting to point out that a similar trend was observed in the calculation of

higher-order QCD corrections to the Higgs boson production cross-section in gluon fusion. It

has been pointed out that because of the rapid fall of the gluon PDFs, the production cross

section is dominated by the threshold region, thus making µ = mH/2 an excellent choice for

the renormalization and factorization scales [14, 81]. The reduced scale dependence is also

apparent from Fig. 5, where we plot total cross-section as a function of the renormalization

and factorization scale µ in the region p⊥,j < µ < 2mh.

5We checked our LO and NLO results against MCFM (gluons only), and found agreement.

– 41 –
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Figure 7. Dependence of the NLO and NNLO cross sections on the renormalization scale µR and fac-

torization scale µF. The curves labeled gg (N)NLO are obtained including all channels at (N)LO and the

gluon-gluon contribution at (N)NLO.
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Figure 8. Dependence of the N3LO cross section on the renormalization scale µR.

The scale dependence of our N3LO result is displayed in Fig. 8. We only show the renormalization

scale dependence: the factorization scale dependence of the N3LO result will be weaker than that of

the NNLO, which is already negligible. Also, our N3LO result only includes the (dominant) gluon

contribution, so its factorization scale dependence would be misleadingly large, and canceled by a

contribution from the quark channels.

The N3LO contribution reduces the renormalization scale dependence of the NNLO QCD result

from ±10% to ±7% if the scale is varied in the range 0.5 < µR/mH < 2. We also show the prediction

obtained using the soft approximation C(3)
N -soft, with ḡ0,3 = 0, i.e. essentially the approximation of

Ref. [28]. The scale dependence of the N -soft result is similar to that of our own, but its absolute size

is rather smaller. Note that in Ref. [28] a smaller value of αs(mZ) is adopted, which would lead to a

yet smaller result.

18

Ball, Bonvini, Forte, Marzani, 
Ridolfi ’13

Combination of low- and high-
energy limit, including finite mt!

Moch, Vogt ’05
low-energy limit, infinite mt
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• perturbative (scale variation)

• PDF/αs
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Influence of theory errors

Impact of theory uncertainties

Combined limits with and without theoretical systematic uncertainties:

• at this stage: differences of 3− 6% except for the very high mass range:
∼ 20% at 600GeV/c2 (from σH and mH shape)

Choice of data-driven
methods to constrain
uncertainties: how much
“data-driven” are they?

Theory uncertainties will
relatively play a bigger role
as statistics will increase!

Grégory Schott (KIT) Overview of Higgs Boson Searches in CMS 8 Dec. 2011 26 / 54
R. Harlander ( BU Wuppertal ) Inclusive Higgs Cross Sections January 2012 35 / 1

Influence of theory errors
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Transverse momentum:

Inclusive H XS at NNLO Exclusive H XS at NNLO WH production H qT resummation Conclusions

Resummed results: qT spectrum of the Higgs boson at the LHC
√
s = 7TeV

The NNLL+NLO band obtained varying
µR , µF , Q independently:

1/2 ≤ {µF /mZ , µR/mZ , 2Q/mZ , µF /µR ,Q/µR} ≤ 2
to avoid large logarithmic contributions
(∼ ln(µ2

F /µ
2
R ), ln(Q

2/µ2
R)) in the evolution of

the parton densities and in the the resummed
form factor.

Fractional difference with respect to the reference
result: NNLL+NLO, µR = µF = 2Q = mZ .

NNLL+NLO scale dependence is ±10% at the
peak, ±8% at qT = 30 GeV and ±10% at
qT = 50 GeV . At large qT the resummed result
looses predictivity (anyway NLO and NNLL+NLO
bands overlap).

NNLO PDFs uncertainty (at 68% CL) on
NNLL+NLO prediction.

Giancarlo Ferrera – Università di Milano SM@LHC 2012 Copenhagen – 12/4/2012

NNLO QCD predictions for Higgs Physics at the LHC 18/22

HqT Bozzi, Catani, de Florian, Grazzini ’03

de Florian, Kulesza, Vogelsang ’06
Kulesza, Sterman, Vogelsang ’03
Berger, Qiu ’03

see also:

...
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Inclusive H XS at NNLO Exclusive H XS at NNLO WH production H qT resummation Conclusions

Higgs qT -resummation with decay dependence: HRes
de Florian,G.F.,Grazzini,Tommasini arXiv:1203.6321 D. Tommasini Ph.D. project(’12)

>>>>
..

>>>> ..

σ̂ab

"1

(θ, φ)"2

H(M,!qT , y)
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b(x2p2)

fa/h1
(x1,µ

2
F )

fb/h2
(x2,µ

2
F )

}

X

h1(p1)

h2(p2)

...

Experiments have finite acceptance:
important to provide exclusive
theoretical predictions.

Analytic resummation formalism
inclusive over soft-gluon emission:
not possible to apply selection cuts
on final state partons.

Included the full dependence of Higgs decays: H → γγ, H → WW → 2l2ν,
H → ZZ → 4l , possible to apply cuts on Higgs boson and decay products variables.

To construct the “finite” part we rely on the fully-differential NNLO result from the
code HNNLO [Catani,Grazzini(’07)].

Calculation implemented in a numerical program HRes. Possible to compute
distributions in form of bin histograms:
http://theory.fi.infn.it/grazzini/codes.html.

Giancarlo Ferrera – Università di Milano SM@LHC 2012 Copenhagen – 12/4/2012

NNLO QCD predictions for Higgs Physics at the LHC 19/22

de Florian, Ferrera, Grazzini, Tommasini ’11

including decay:

de Florian, Kulesza, Vogelsang ’06
Kulesza, Sterman, Vogelsang ’03
Berger, Qiu ’03

see also:

...
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Fig. 40: Ratio, for different values of the SM Higgs-boson mass, of the normalised Higgs transverse-momentum
distribution computed with exact top- and bottom-mass dependence over the one obtained in the ET. Left: ratio of
the NLO QCD predictions. Right: ratio of the POWHEG+PYTHIA predictions.

In the equation above the variables Φ̄1 ≡ (M2, Y ) denote the invariant mass squared and the rapidity of
the Higgs boson, which describe the kinematics of the Born (i.e., lowest-order) process gg → φ. The
variables Φrad describe the kinematics of the additional final-state parton in the real emission processes.
The factor B̄(Φ̄1) in Eq. (16) is related to the total cross section computed at NLO in QCD. It contains
the value of the differential cross section, including real and virtual radiative corrections, for a given
configuration of the Born final-state variables, integrated over the radiation variables. The integral of
this quantity on dΦ̄1, without acceptance cuts, yields the total cross section and is responsible for the
correct NLO QCD normalisation of the result. The terms within curly brackets in Eq. (16) describe the
real emission spectrum of an extra parton: the first term is the probability of not emitting any parton with
transverse momentum larger than a cutoff pmin

T , while the second term is the probability of not emitting
any parton with transverse momentum larger than a given value pT times the probability of emitting a
parton with transverse momentum equal to pT. The sum of the two terms fully describes the probability
of having either zero or one additional parton in the final state. The probability of non-emission of a
parton with transverse momentum kT larger than pT is obtained using the POWHEG Sudakov form
factor

∆(Φ̄1, pT) = exp

{
−
∫

dΦrad
R(Φ̄1,Φrad)

B(Φ̄1)
θ(kT − pT)

}
, (17)

where the Born squared matrix element is indicated byB(Φ̄1) and the squared matrix element for the real
emission of an additional parton can be written, considering the subprocesses gg → φg and gq → φq,
as

R(Φ̄1,Φrad) = Rgq(Φ̄1,Φrad) +
∑

q

[
Rgq(Φ̄1,Φrad) +Rqg(Φ̄1,Φrad)

]
. (18)

Finally, the last term in Eq. (16) describes the effect of the qq → φg channel, which has been kept apart
in the generation of the first hard emission, because it does not factorise into the Born cross section times
an emission factor.

The NLO QCD matrix elements used in this implementation have been computed in Refs. [210,
211]. We compared the numerical results for the distributions with those of the code FEHIPRO [208],
finding good agreement. We also checked that, in the case of a light Higgs and considering only the top
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Keung, Petriello ’09;  Brein ’10;
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Bagnasci, Degrassi, Slavich, Vicini ’11
see also
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211]. We compared the numerical results for the distributions with those of the code FEHIPRO [208],
finding good agreement. We also checked that, in the case of a light Higgs and considering only the top
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Figure 8: Analogous to lower right plot in Fig. 3 of Ref. [14]. Blue, dashed

curve: Ratio of dσt/dpT and dσhtl→t/dpT ; red, solid curve: Ratio of dσt+b/dpT
and dσhtl→t+b/dpT .

POWHEG+PYTHIA (blue, dashed in Fig. 8; black, dashed in Fig. 3 of Ref. [14]). Considering

an exact top- and bottom-mass dependence (red, solid curve in our plot; blue, solid curve

in Ref. [14]), on the other hand, the mass effects on the two approaches appear to be

considerably different for pT � 50 GeV, i.e. in the region where resummation becomes im-

portant. However, both approaches are theoretically well defined and the numerical results

are consistent within the respective resummation formalism. The discrepancy might be

caused by the different treatment of the next-to-leading logarithms in the two approaches.

Furthermore, it needs to be clarified whether the discrepancy arises from the normaliza-

tion factor, or whether it is a genuine effect in the cross section with full mass dependence.

Currently, it has to be considered as a measure of the theory uncertainty at small pT .
Clearly, the source of the difference deserves further investigation.

11

In summary we find that in all cases studied in this paper it is not a good approximation

to account for b-loop effects using the reweighted cross section in the heavy-top limit. We

conclude that bottom-mass effects should be included only up to the order where their

calculation is feasible and should be omitted otherwise.

11
According to Ref. [51] in the MC@NLO approach [52] the shape of the curve including top- and

bottom-mass dependence is much more similar to ours (red, solid curve in Fig. 8).
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Figure 2: (a),(b) Diagrams of group VI and (c) group RI contributing to the process
qq̄ → VH(g) at order g3λtα2

s.

LHC.

In this paper we consider another class of diagrams which are formally of order g
3λtα2

s

and were neglected in previous analyses. For simplicity, we will refer to them as “top-
mediated terms” in this paper, even though they are not the only contributions involving
top-quarks, as noted above. Their numerical impact is at the percent level and therefore
within the current estimated theoretical uncertainty of the NNLO result (see Ref. [11]).
Note, however, that this uncertainty estimate is dominated by the effects from PDFs and
αs; once these will be known with higher precision, the results of this paper will be required
for the perturbative part to compete with this precision.

The remainder of this paper is organized as follows: Section 2 defines the effects to be
calculated, briefly describes the methods applied, and presents analytical expressions for
part of the results. In Section 3, we study the size of the newly evaluated effects and
present updated values for the total inclusive cross section for WH and ZH production at
the Tevatron and the LHC at collision energies of 7 and 14TeV.

2 Calculational details

2.1 Outline of the problem

The Feynman diagrams of the top-mediated terms considered in this paper can be divided
into four groups which will be described in this section.

Examples of diagrams of the first group, named VI in what follows, are shown in Fig. 2 (a)
and (b). They are characterized by the emission of a Higgs boson off a top-quark bubble-
insertion into an internal (i.e. virtual) gluon line. They contribute to the total cross section
through the interference with the leading order amplitude (see Fig. 1 (a)).

The second group (RI), see Fig. 2 (c), can be viewed as the real emission counterpart of
group VI. It is obtained by radiating the Higgs off a top-quark bubble-insertion into an

3
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Fig. 8: Cross section for the sum ofW+H andW−H production for 7 TeV and 14 TeV at (a) NLO and (b) NNLO
QCD, including NLO EW effects in both cases.
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Fig. 9: K-factors (ratio to LO prediction) for the NLO and NNLO cross sections of Fig. 8.
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Fig. 10: Cross section for ZH production for 7 TeV and 14 TeV at (a) NLO and (b) NNLO QCD, including NLO
EW effects in both cases.
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Fig. 11: K-factors (ratio to LO prediction) for the NLO and NNLO cross sections of Fig. 10.
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Fig. 8: Cross section for the sum ofW+H andW−H production for 7 TeV and 14 TeV at (a) NLO and (b) NNLO
QCD, including NLO EW effects in both cases.
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Fig. 9: K-factors (ratio to LO prediction) for the NLO and NNLO cross sections of Fig. 8.
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Fig. 10: Cross section for ZH production for 7 TeV and 14 TeV at (a) NLO and (b) NNLO QCD, including NLO
EW effects in both cases.
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Fig. 11: K-factors (ratio to LO prediction) for the NLO and NNLO cross sections of Fig. 10.
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Figure 7: Scale dependence of the hadronic LO and NLO cross section for
√
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(dashed) and 14TeV (solid). The renormalization and factorization scales are varied
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�
(pH + pZ)2. The Higgs mass is set to

MH = 125GeV.

• ∆Kqg,∆Kqq — contributions from qg and qq̄ initial states

The sum of all these terms results in Ktot, the total K-factor.

4.3.2 Residual scale uncertainty

As described in the introduction, the LO scale dependence for this purely gluon-induced
process is quite large. NLO corrections typically decrease this uncertainty. Let us recall
the situation in the gluon-fusion process gg → H, however: For the LO result, the usually
adopted scale variation by a factor of two around the central scale leads to a gross un-
derestimation of the size of the higher-order effects. At NLO, the scale uncertainty is not
significantly smaller than at LO, but it does provide a good estimate of the NNLO effects.
Consistently, inclusion of the NNLO corrections leads to a significant reduction of the scale
uncertainty.

Expecting a similar behaviour for the gg → HZ process, it is not surprising to see the result
shown in Fig. 7: Both for the inclusive and the boosted scenario the scale dependence
decreases from more than 100% at LO to 60% at NLO when the renormalization and
factorization scales are varied simultaneously by a factor of six around their central value
µ0, see Eq. (16). As for the process gg → H, the behaviour in µ/µ0 is strictly monotonous,
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pT ,W/Z > 190 GeV.

Giancarlo Ferrera – Milan University VI LHC Higgs XS Workshop – CERN – 24/5/2012

VH cross section working group 8/16

Denner, Dittmaier, Kallweit, Mück ’11

Wednesday, April 17, 2013



 [GeV] HM
80 100 200 300 400 1000

 H
+X

) [
pb

]  
  

(p
p 

-210

-110

1

10

210
= 8 TeVs

LH
C

 H
IG

G
S 

XS
 W

G
 2

01
2

 H (NNLO+NNLL QCD + NLO EW)

pp 

 qqH (NNLO QCD + NLO EW)

pp 

 WH (NNLO QCD + NLO EW)

pp 
 ZH (NNLO QCD +NLO EW)

pp 

 ttH (NLO QCD)

pp 

pp → t t̄H

t

_
t

H

σ(pp → tt
_ 
H + X) [fb]

√s = 14 TeV

MH = 120 GeV

µ0 = mt + MH/2

NLO

LO

µ/µ0

0.2 0.5 1 2 5
0

200

400

600

800

1000

1200

1400

[Beenakker, Dittmaier, Krämer,
Plümper, Spira, Zerwas ’01]

[Dawson, Reina, Wackeroth,
Orr, Jackson ’01-’03]

R. Harlander ( BU Wuppertal ) Inclusive Higgs Cross Sections January 2012 4 / 1

Beenakker, Dittmaier, Krämer,
   Plümper, Spira, Zerwas ’01;
Dawson, Reina, Wackeroth, Orr,
   Jackson ’01-’03;

t

_
t

H

t t̄H

R. Harlander (Univ. Wuppertal) Beyond the Terascale May 2012 1 / 1

NLO:

Wednesday, April 17, 2013



 [GeV] HM
80 100 200 300 400 1000

 H
+X

) [
pb

]  
  

(p
p 

-210

-110

1

10

210
= 8 TeVs

LH
C

 H
IG

G
S 

XS
 W

G
 2

01
2

 H (NNLO+NNLL QCD + NLO EW)

pp 

 qqH (NNLO QCD + NLO EW)

pp 

 WH (NNLO QCD + NLO EW)

pp 
 ZH (NNLO QCD +NLO EW)

pp 

 ttH (NLO QCD)

pp 

Beenakker, Dittmaier, Krämer,
   Plümper, Spira, Zerwas ’01;
Dawson, Reina, Wackeroth, Orr,
   Jackson ’01-’03;

t

_
t

H

t t̄H

R. Harlander (Univ. Wuppertal) Beyond the Terascale May 2012 1 / 1

Frederix, Frixione, Hirschi, Maltoni,
   Pittau, Torielli ’12 → aMC@NLO
Garzelli, Kardos, Papadopoulos, 
   Trócsányi ’11→ PowHel

NLO:

NLO+PS:

tt̄H: matching NLO calculations with PS MC

YR2: Study of tt̄H (and tt̄A) fully decayed and hadronized final state

distributions, including scale+αs+PDF uncertainty,@7 TeV using:

aMC@NLO: R. Fredrix, et al.

PowHel: M.V. Garzelli, A. Kardos, C.G. Papadopoulos, Z. Trócsányi

Theoretical uncertainty on signal under good control: results can easily be

reproduced for 8 TeV.
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Fig. 18: Typical diagrams for the Higgs-boson productionmechanisms related to Higgs radiation off bottom quarks
in the 5FS and 4FS at leading order: (a) bb → h/H/A (5FS) and (b) gg → bb + h/H/A (4FS).

achieved if the factorization scale of the bottom-quark densities is chosen as about a quarter of the Higgs
mass [197,198]. If both bottom jets accompanying the Higgs boson in the final state are tagged, one has
to rely on the fully exclusive calculation for gg → bb+h/H/A. For the case of a single b-tag in the final
state the corresponding calculation in the 5FS starts from the process bg → b + h/H/A with the final-
state bottom quark carrying finite transverse momentum. The NLO QCD and electroweak corrections to
this process have been calculated [199–201] supplemented by the NLO SUSY QCD corrections recently
[202].

In our study we concentrated on the gluon-fusion processes and neutral Higgs-boson radiation
off bottom quarks as the first step. We have focused on the mmax

h scenario [147, 154], which is char-
acterised by rather heavy SUSY particles. Genuine SUSY QCD and SUSY electroweak corrections in
this scenario are below the 10% level for Higgs-boson radiation off bottom quarks as well as the gluon-
fusion processes. For the calculation of the MSSM Higgs-boson masses and couplings we have used
the program FEYNHIGGS 2.7.4 [148–151] which includes the most up-to-date radiative corrections to
the MSSM Higgs sector up to the two-loop level and the ∆b terms as an approximation of the SUSY
QCD and electroweak corrections to the bottom Yukawa couplings. In further steps we will have to in-
clude the full SUSY QCD and SUSY electroweak corrections where available and in addition allow for
complex MSSM parameters which leads to additional complications of the Higgs sector, since the mass
eigenstates will no longer be CP-eigenstates. Moreover, for this study we have fixed the MSSM scenario,
since otherwise general predictions as in the SM case will not be possible due to the huge variety of the
MSSM parameter space. However, the results in the mmax

h scenario will not be representative for all
possible MSSM scenarios. In the further progress of this work we will develop the machinery to be able
to cover as many aspects of the MSSM as possible. This requires the combination of the most advanced
results and tools available in our HEP community for neutral MSSM Higgs-boson production.

6.3 Gluon fusion
The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
coupling factors,

σMSSM(gg → φ) =

(
gMSSM
t

gSMt

)2

σtt(gg → φ) +

(
gMSSM
b

gSMb

)2

σbb(gg → φ)

48

+
gMSSM
t

gSMt

gMSSM
b

gSMb
σtb(gg → φ), (5)

where σtt,σbb, and σtb denote the square of the top contributions, the square of the bottom contribu-
tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
calculation of HIGLU [203]. For σtt we have used the full NLO QCD result of HIGLU and added
the NNLO corrections in the heavy-top-quark limit by using the program GGH@NNLO [14, 168] in
the following way: σ0

LO,σ
0
NLO, and σ0

NNLO have been calculated by GGH@NNLO. The additional part
added to the full NLO result of σtt is then given by

∆σNNLO
tt (gg → φ) = ∆KNNLO σLO

tt (gg → φ),

∆KNNLO =
σ0
NNLO − σ0

NLO

σ0
LO

, (6)

where the individual cross sections σ0
LO,σ

0
NLO,σ

0
NNLO have been evaluated consistently with LO, NLO,

and NNLO PDFs, respectively. Since top mass effects are small at NNLO [24–29] this procedure pro-
vides a result that is expected to be very close to full NNLOQCD accuracy for the σtt parts. Electroweak
corrections to MSSM Higgs-boson production via gluon fusion have not been calculated. The corre-
sponding electroweak corrections in the SM case [31–33, 35] cannot be translated easily to the MSSM
and have thus been neglected. Moreover, we have neglected the NNLL resummation effects [18, 19, 22]
on the σtt part for two reasons: (i) The NNLL resummation has not been calculated for the pseudoscalar
Higgs boson so far so that in order to treat the scalar and pseudoscalar Higgs bosons at the same level, the
NNLL effects should be neglected. (ii) For a completely consistent NNLL prediction also NNLL PDFs
would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.

The top and bottom-quark masses have been introduced as pole masses in the calculation including
the corresponding Yukawa couplings. The MSSMYukawa coupling ratios to the SM couplings in Eq. (5)
have been taken from the program FEYNHIGGS 2.7.4 [148–151] . As mentioned above, for the numeri-
cal MSSM results we have chosen the mmax

h benchmark scenario as specified in Eq. (4). As the central
choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.

We have generated grids of the three cross section parts σNNLO
tt ,σNLO

bb , and σNLO
tb for the mass

ranges from 70 GeV up to 1 TeV in steps of 1 GeV for the scalar and pseudoscalar Higgs bosons sepa-
rately. These grids are then used for interpolation and the resulting numbers rescaled and added according
to the coupling ratios of FEYNHIGGS. For the mmax

h scenario we have included the tan β-enhanced ∆b

corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while
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Fig. 18: Typical diagrams for the Higgs-boson productionmechanisms related to Higgs radiation off bottom quarks
in the 5FS and 4FS at leading order: (a) bb → h/H/A (5FS) and (b) gg → bb + h/H/A (4FS).

achieved if the factorization scale of the bottom-quark densities is chosen as about a quarter of the Higgs
mass [197,198]. If both bottom jets accompanying the Higgs boson in the final state are tagged, one has
to rely on the fully exclusive calculation for gg → bb+h/H/A. For the case of a single b-tag in the final
state the corresponding calculation in the 5FS starts from the process bg → b + h/H/A with the final-
state bottom quark carrying finite transverse momentum. The NLO QCD and electroweak corrections to
this process have been calculated [199–201] supplemented by the NLO SUSY QCD corrections recently
[202].

In our study we concentrated on the gluon-fusion processes and neutral Higgs-boson radiation
off bottom quarks as the first step. We have focused on the mmax

h scenario [147, 154], which is char-
acterised by rather heavy SUSY particles. Genuine SUSY QCD and SUSY electroweak corrections in
this scenario are below the 10% level for Higgs-boson radiation off bottom quarks as well as the gluon-
fusion processes. For the calculation of the MSSM Higgs-boson masses and couplings we have used
the program FEYNHIGGS 2.7.4 [148–151] which includes the most up-to-date radiative corrections to
the MSSM Higgs sector up to the two-loop level and the ∆b terms as an approximation of the SUSY
QCD and electroweak corrections to the bottom Yukawa couplings. In further steps we will have to in-
clude the full SUSY QCD and SUSY electroweak corrections where available and in addition allow for
complex MSSM parameters which leads to additional complications of the Higgs sector, since the mass
eigenstates will no longer be CP-eigenstates. Moreover, for this study we have fixed the MSSM scenario,
since otherwise general predictions as in the SM case will not be possible due to the huge variety of the
MSSM parameter space. However, the results in the mmax

h scenario will not be representative for all
possible MSSM scenarios. In the further progress of this work we will develop the machinery to be able
to cover as many aspects of the MSSM as possible. This requires the combination of the most advanced
results and tools available in our HEP community for neutral MSSM Higgs-boson production.

6.3 Gluon fusion
The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
coupling factors,

σMSSM(gg → φ) =

(
gMSSM
t

gSMt

)2

σtt(gg → φ) +

(
gMSSM
b

gSMb

)2

σbb(gg → φ)
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+
gMSSM
t

gSMt

gMSSM
b

gSMb
σtb(gg → φ), (5)

where σtt,σbb, and σtb denote the square of the top contributions, the square of the bottom contribu-
tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
calculation of HIGLU [203]. For σtt we have used the full NLO QCD result of HIGLU and added
the NNLO corrections in the heavy-top-quark limit by using the program GGH@NNLO [14, 168] in
the following way: σ0

LO,σ
0
NLO, and σ0

NNLO have been calculated by GGH@NNLO. The additional part
added to the full NLO result of σtt is then given by

∆σNNLO
tt (gg → φ) = ∆KNNLO σLO

tt (gg → φ),

∆KNNLO =
σ0
NNLO − σ0

NLO

σ0
LO

, (6)

where the individual cross sections σ0
LO,σ

0
NLO,σ

0
NNLO have been evaluated consistently with LO, NLO,

and NNLO PDFs, respectively. Since top mass effects are small at NNLO [24–29] this procedure pro-
vides a result that is expected to be very close to full NNLOQCD accuracy for the σtt parts. Electroweak
corrections to MSSM Higgs-boson production via gluon fusion have not been calculated. The corre-
sponding electroweak corrections in the SM case [31–33, 35] cannot be translated easily to the MSSM
and have thus been neglected. Moreover, we have neglected the NNLL resummation effects [18, 19, 22]
on the σtt part for two reasons: (i) The NNLL resummation has not been calculated for the pseudoscalar
Higgs boson so far so that in order to treat the scalar and pseudoscalar Higgs bosons at the same level, the
NNLL effects should be neglected. (ii) For a completely consistent NNLL prediction also NNLL PDFs
would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.

The top and bottom-quark masses have been introduced as pole masses in the calculation including
the corresponding Yukawa couplings. The MSSMYukawa coupling ratios to the SM couplings in Eq. (5)
have been taken from the program FEYNHIGGS 2.7.4 [148–151] . As mentioned above, for the numeri-
cal MSSM results we have chosen the mmax

h benchmark scenario as specified in Eq. (4). As the central
choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.

We have generated grids of the three cross section parts σNNLO
tt ,σNLO

bb , and σNLO
tb for the mass

ranges from 70 GeV up to 1 TeV in steps of 1 GeV for the scalar and pseudoscalar Higgs bosons sepa-
rately. These grids are then used for interpolation and the resulting numbers rescaled and added according
to the coupling ratios of FEYNHIGGS. For the mmax

h scenario we have included the tan β-enhanced ∆b

corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while
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Fig. 18: Typical diagrams for the Higgs-boson productionmechanisms related to Higgs radiation off bottom quarks
in the 5FS and 4FS at leading order: (a) bb → h/H/A (5FS) and (b) gg → bb + h/H/A (4FS).

achieved if the factorization scale of the bottom-quark densities is chosen as about a quarter of the Higgs
mass [197,198]. If both bottom jets accompanying the Higgs boson in the final state are tagged, one has
to rely on the fully exclusive calculation for gg → bb+h/H/A. For the case of a single b-tag in the final
state the corresponding calculation in the 5FS starts from the process bg → b + h/H/A with the final-
state bottom quark carrying finite transverse momentum. The NLO QCD and electroweak corrections to
this process have been calculated [199–201] supplemented by the NLO SUSY QCD corrections recently
[202].

In our study we concentrated on the gluon-fusion processes and neutral Higgs-boson radiation
off bottom quarks as the first step. We have focused on the mmax

h scenario [147, 154], which is char-
acterised by rather heavy SUSY particles. Genuine SUSY QCD and SUSY electroweak corrections in
this scenario are below the 10% level for Higgs-boson radiation off bottom quarks as well as the gluon-
fusion processes. For the calculation of the MSSM Higgs-boson masses and couplings we have used
the program FEYNHIGGS 2.7.4 [148–151] which includes the most up-to-date radiative corrections to
the MSSM Higgs sector up to the two-loop level and the ∆b terms as an approximation of the SUSY
QCD and electroweak corrections to the bottom Yukawa couplings. In further steps we will have to in-
clude the full SUSY QCD and SUSY electroweak corrections where available and in addition allow for
complex MSSM parameters which leads to additional complications of the Higgs sector, since the mass
eigenstates will no longer be CP-eigenstates. Moreover, for this study we have fixed the MSSM scenario,
since otherwise general predictions as in the SM case will not be possible due to the huge variety of the
MSSM parameter space. However, the results in the mmax

h scenario will not be representative for all
possible MSSM scenarios. In the further progress of this work we will develop the machinery to be able
to cover as many aspects of the MSSM as possible. This requires the combination of the most advanced
results and tools available in our HEP community for neutral MSSM Higgs-boson production.

6.3 Gluon fusion
The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
coupling factors,

σMSSM(gg → φ) =

(
gMSSM
t

gSMt

)2

σtt(gg → φ) +

(
gMSSM
b

gSMb

)2

σbb(gg → φ)
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+
gMSSM
t

gSMt

gMSSM
b

gSMb
σtb(gg → φ), (5)

where σtt,σbb, and σtb denote the square of the top contributions, the square of the bottom contribu-
tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
calculation of HIGLU [203]. For σtt we have used the full NLO QCD result of HIGLU and added
the NNLO corrections in the heavy-top-quark limit by using the program GGH@NNLO [14, 168] in
the following way: σ0

LO,σ
0
NLO, and σ0

NNLO have been calculated by GGH@NNLO. The additional part
added to the full NLO result of σtt is then given by

∆σNNLO
tt (gg → φ) = ∆KNNLO σLO

tt (gg → φ),

∆KNNLO =
σ0
NNLO − σ0

NLO

σ0
LO

, (6)

where the individual cross sections σ0
LO,σ

0
NLO,σ

0
NNLO have been evaluated consistently with LO, NLO,

and NNLO PDFs, respectively. Since top mass effects are small at NNLO [24–29] this procedure pro-
vides a result that is expected to be very close to full NNLOQCD accuracy for the σtt parts. Electroweak
corrections to MSSM Higgs-boson production via gluon fusion have not been calculated. The corre-
sponding electroweak corrections in the SM case [31–33, 35] cannot be translated easily to the MSSM
and have thus been neglected. Moreover, we have neglected the NNLL resummation effects [18, 19, 22]
on the σtt part for two reasons: (i) The NNLL resummation has not been calculated for the pseudoscalar
Higgs boson so far so that in order to treat the scalar and pseudoscalar Higgs bosons at the same level, the
NNLL effects should be neglected. (ii) For a completely consistent NNLL prediction also NNLL PDFs
would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.

The top and bottom-quark masses have been introduced as pole masses in the calculation including
the corresponding Yukawa couplings. The MSSMYukawa coupling ratios to the SM couplings in Eq. (5)
have been taken from the program FEYNHIGGS 2.7.4 [148–151] . As mentioned above, for the numeri-
cal MSSM results we have chosen the mmax

h benchmark scenario as specified in Eq. (4). As the central
choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.

We have generated grids of the three cross section parts σNNLO
tt ,σNLO

bb , and σNLO
tb for the mass

ranges from 70 GeV up to 1 TeV in steps of 1 GeV for the scalar and pseudoscalar Higgs bosons sepa-
rately. These grids are then used for interpolation and the resulting numbers rescaled and added according
to the coupling ratios of FEYNHIGGS. For the mmax

h scenario we have included the tan β-enhanced ∆b

corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while
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Fig. 18: Typical diagrams for the Higgs-boson productionmechanisms related to Higgs radiation off bottom quarks
in the 5FS and 4FS at leading order: (a) bb → h/H/A (5FS) and (b) gg → bb + h/H/A (4FS).

achieved if the factorization scale of the bottom-quark densities is chosen as about a quarter of the Higgs
mass [197,198]. If both bottom jets accompanying the Higgs boson in the final state are tagged, one has
to rely on the fully exclusive calculation for gg → bb+h/H/A. For the case of a single b-tag in the final
state the corresponding calculation in the 5FS starts from the process bg → b + h/H/A with the final-
state bottom quark carrying finite transverse momentum. The NLO QCD and electroweak corrections to
this process have been calculated [199–201] supplemented by the NLO SUSY QCD corrections recently
[202].

In our study we concentrated on the gluon-fusion processes and neutral Higgs-boson radiation
off bottom quarks as the first step. We have focused on the mmax

h scenario [147, 154], which is char-
acterised by rather heavy SUSY particles. Genuine SUSY QCD and SUSY electroweak corrections in
this scenario are below the 10% level for Higgs-boson radiation off bottom quarks as well as the gluon-
fusion processes. For the calculation of the MSSM Higgs-boson masses and couplings we have used
the program FEYNHIGGS 2.7.4 [148–151] which includes the most up-to-date radiative corrections to
the MSSM Higgs sector up to the two-loop level and the ∆b terms as an approximation of the SUSY
QCD and electroweak corrections to the bottom Yukawa couplings. In further steps we will have to in-
clude the full SUSY QCD and SUSY electroweak corrections where available and in addition allow for
complex MSSM parameters which leads to additional complications of the Higgs sector, since the mass
eigenstates will no longer be CP-eigenstates. Moreover, for this study we have fixed the MSSM scenario,
since otherwise general predictions as in the SM case will not be possible due to the huge variety of the
MSSM parameter space. However, the results in the mmax

h scenario will not be representative for all
possible MSSM scenarios. In the further progress of this work we will develop the machinery to be able
to cover as many aspects of the MSSM as possible. This requires the combination of the most advanced
results and tools available in our HEP community for neutral MSSM Higgs-boson production.

6.3 Gluon fusion
The gluon-fusion processes gg → φ (φ = h,H,A) have been calculated by generating grids for the
individual contributions of the top and bottom-quark loops. Stop and sbottom loops have been neglected
in this first step but will be included in the next steps. We have generated grids for the scalar and
pseudoscalar Higgs bosons individually with Yukawa couplings of SM-like strength. The MSSM cross
sections can then be obtained by rescaling the individual parts by the corresponding MSSM Yukawa
coupling factors,

σMSSM(gg → φ) =

(
gMSSM
t

gSMt

)2

σtt(gg → φ) +

(
gMSSM
b

gSMb

)2

σbb(gg → φ)
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+
gMSSM
t

gSMt

gMSSM
b

gSMb
σtb(gg → φ), (5)

where σtt,σbb, and σtb denote the square of the top contributions, the square of the bottom contribu-
tions, and the top–bottom interference, respectively. For σbb and σtb we have used the full NLO QCD
calculation of HIGLU [203]. For σtt we have used the full NLO QCD result of HIGLU and added
the NNLO corrections in the heavy-top-quark limit by using the program GGH@NNLO [14, 168] in
the following way: σ0

LO,σ
0
NLO, and σ0

NNLO have been calculated by GGH@NNLO. The additional part
added to the full NLO result of σtt is then given by

∆σNNLO
tt (gg → φ) = ∆KNNLO σLO

tt (gg → φ),

∆KNNLO =
σ0
NNLO − σ0

NLO

σ0
LO

, (6)

where the individual cross sections σ0
LO,σ

0
NLO,σ

0
NNLO have been evaluated consistently with LO, NLO,

and NNLO PDFs, respectively. Since top mass effects are small at NNLO [24–29] this procedure pro-
vides a result that is expected to be very close to full NNLOQCD accuracy for the σtt parts. Electroweak
corrections to MSSM Higgs-boson production via gluon fusion have not been calculated. The corre-
sponding electroweak corrections in the SM case [31–33, 35] cannot be translated easily to the MSSM
and have thus been neglected. Moreover, we have neglected the NNLL resummation effects [18, 19, 22]
on the σtt part for two reasons: (i) The NNLL resummation has not been calculated for the pseudoscalar
Higgs boson so far so that in order to treat the scalar and pseudoscalar Higgs bosons at the same level, the
NNLL effects should be neglected. (ii) For a completely consistent NNLL prediction also NNLL PDFs
would be needed which, however, are not available. To use NNLO PDFs instead is not fully consistent.

The top and bottom-quark masses have been introduced as pole masses in the calculation including
the corresponding Yukawa couplings. The MSSMYukawa coupling ratios to the SM couplings in Eq. (5)
have been taken from the program FEYNHIGGS 2.7.4 [148–151] . As mentioned above, for the numeri-
cal MSSM results we have chosen the mmax

h benchmark scenario as specified in Eq. (4). As the central
choices of the renormalization and factorization scales we adopted the corresponding Higgs-boson mass
Mφ. For the NLO pieces of the cross section we used the NLO MSTW2008 PDFs, while for the NNLO
contributions the NNLO MSTW2008 PDFs have been used appropriately. The strong coupling constant
has been normalized according to the PDFs, i.e. αs(MZ) = 0.12018 at NLO and αs(MZ) = 0.11707 at
NNLO [41,44]. The scale uncertainty has been determined by varying the renormalization and factoriza-
tion scales betweenMφ/2 and 2Mφ. It amounts to about 10−15% for the whole Higgs mass and tan β
range although for large values of tan β the results are dominated by the bottom-quark loops which are
only known at NLO, unless the light (heavy) scalar Higgs mass is close to its upper (lower) bound, where
the top loops are dominant for large values of tan β, too. However, the scale dependence of the bottom-
quark contributions is considerably smaller than that of the top quark ones [10, 160]. We have added the
68% CL PDF+αs uncertainties of the MSTW2008 PDFs to the scale uncertainties linearly. Since there
are no NNLO PDF sets of CTEQ and NNPDF we did not include those sets in this uncertainty.

We have generated grids of the three cross section parts σNNLO
tt ,σNLO

bb , and σNLO
tb for the mass

ranges from 70 GeV up to 1 TeV in steps of 1 GeV for the scalar and pseudoscalar Higgs bosons sepa-
rately. These grids are then used for interpolation and the resulting numbers rescaled and added according
to the coupling ratios of FEYNHIGGS. For the mmax

h scenario we have included the tan β-enhanced ∆b

corrections in the effective MSSM bottom Yukawa couplings, since we expect them to dominate the
full SUSY QCD corrections for squark and gluino masses much larger than the Higgs masses [177].
The resulting cross sections for the pseudoscalar Higgs boson are shown for various values of tan β in
Fig. 19, while Figs. 20 and 21 display the corresponding results for the light and heavy CP-even MSSM
Higgs bosons. The overall scale and PDF+αs uncertainties amount to about 15%. It is visible that for
small and moderate values of tan β virtual tt thresholds develop for Higgs masses Mφ = 2mt, while
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Figure 4: The instability scale ΛI at which the SM potential becomes negative as a function of the

Higgs mass (left) and of the top mass (right). The theoretical error is not shown and corresponds

to a ±1GeV uncertainty in Mh.

The O(ααs) term, that is the parametrically smallest correction, is equivalent to a tiny shift

in Mt below 0.1 GeV. This effect is well below the O(ΛQCD) irreducible non-perturbative

uncertainty on the top-quark mass determined at hadron colliders (see e.g. ref. [35]), that

is responsible for the theoretical error in eq. (62). More explicitly, we estimate an irre-

ducible theoretical error of ±ΛQCD ≈ ±0.3GeV in Mt from non-perturbative effects, and an

additional uncertainty of ±0.15GeV from missing O(α4
s) threshold corrections.

Next, applying the threshold corrections discussed in section 2, we determine the following

value for the Higgs self coupling in the MS scheme renormalized at the pole top mass:

λ(Mt) = 0.12577 + 0.00205

�
Mh

GeV
− 125

�
− 0.00004

�
Mt

GeV
− 173.15

�
± 0.00140th . (63)

The residual theoretical uncertainty, that is equivalent to an error of ±0.7 GeV in Mh, has

been estimated varying the low-energy matching scale for λ between MZ and 2Mt.

For completeness, we also include in the one- and two-loop RG equation the contributions

of the small bottom and tau Yukawa couplings, as computed from the MS b-quark mass,

mb(mb) = 4.2GeV, and from Mτ = 1.777GeV.
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Figure 3: Evolution of the Higgs coupling λ(µ) and its beta function, eq. (50), as a function of the

renormalization scale, compared to the evolution of the effective coupling λeff(h), defined in eq. (51),

as a function of the field value. Left: curves plotted for the best-fit value of Mt. Right: curves

plotted for the lower value of Mt that corresponds to λ(MPl) = 0.

The factor

Γ(h) ≡
� h

Mt

γ(µ) d lnµ , (54)

where γ ≡ d lnh/d lnµ is the Higgs field anomalous dimension, takes into account the wave-

function renormalization. We have also defined rp ≡ ln[κpe2Γ(h)].

The difference λeff(h) − λ(h) is positive, as illustrated in fig. 3. As a result [3], at a

given field value the potential is more stable than what guessed from the naive expectation

based on the RG-improved tree-level potential in eq. (49), with µ = h. We finally notice

that the difference λeff(h) − λ(h) gets suppressed at large field values, especially when λ

reaches its minimum close to the Planck scale. This is expected according to the following

two observations: 1) the difference between λeff and λ can be reabsorbed by a shift in the

scales at which the two couplings are evaluated, up to finite two-loop corrections; 2) this

shift has a small impact at large field values given the corresponding vanishing of βλ (see

fig. 3).
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Abstract

There are indications that gravity is asymptotically safe. The Standard Model (SM) plus gravity could be valid up to arbitrarily
high energies. Supposing that this is indeed the case and assuming that there are no intermediate energy scales between the
Fermi and Planck scales we address the question of whether the mass of the Higgs boson mH can be predicted. For a positive
gravity induced anomalous dimension A! > 0 the running of the quartic scalar self interaction ! at scales beyond the Planck
mass is determined by a fixed point at zero. This results in mH = mmin = 126 GeV, with only a few GeV uncertainty. This
prediction is independent of the details of the short distance running and holds for a wide class of extensions of the SM as well.
For A! < 0 one finds mH in the interval mmin < mH < mmax ! 174 GeV, now sensitive to A! and other properties of the short
distance running. The case A! > 0 is favored by explicit computations existing in the literature.

Key words:
Asymptotic safety, gravity, Higgs field, Standard Model
PACS: 04.60.-m 11.10.Hi 14.80.Bn

Though gravity is non-renormalizable by pertur-
bative methods, it may exist as a field theory non-
perturbatively [1], exhibiting a non-trivial ultraviolet
fixed point (FP) of the functional renormalization group
flow [2–4]. In [5] such a fixed point was indeed found
in the so-called Einstein-Hilbert truncation. Many
works (for a recent review see [6]), based on the exact
functional renormalization group equation (FRGE) of
[4] (for a review see [7]), produced further evidence
in favor of this conjecture. The non-perturbative FP
of [5] stays in place when higher order operators are
added to Einstein-Hilbert action, when the form of the
infrared cutoff is changed, etc. A similar picture arises
in lattice formulations of quantum gravity [8] (for a
recent review see [9]). Yet another indication comes
from perturbative computations [10].

The “flowing action” or “effective average action” "k

includes all quantum fluctuations with momenta larger
than an infrared cutoff scale. For k → # no fluctua-
tions are included and "k→# coincides with the classi-
cal or microscopic action, while for k→ 0 the flowing
action includes all quantum fluctuations and becomes
the generating functional of the one-particle irreducible
Green’s functions. The scale dependence of "k obeys
an exact functional renormalization group equation [4].
It is of a simple one loop type, but nevertheless can be
solved only approximately by suitable non-perturbative
truncations of its most general functional form.

From the studies of the functional renormalization
group for"k one infers a characteristic scale dependence
of the gravitational constant or Planck mass,

M2
P(k) =M2

P+ 2$0k2 , (1)
where MP = (8%GN)−1/2 = 2.4× 1018 GeV is the low
energy Planck mass, and $0 is a pure number, the exact
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Conclusions

• Heuer: I think we have it! RH: Me too.

• importance of theory undeniable

• error estimates will become crucial

• revival of precision physics? hopefully not...
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NNLO jet veto:

σ(0-jet) = σ(total) - σ(≥1-jet)
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Fig. 41: Fixed-order perturbative uncertainties for gg → H+0 jets at NLO and NNLO. On the left, the uncertain-
ties are obtained from the direct exclusive scale variation in σ0(pcutT ) between µ = MH/4 and µ = MH (method
A). On the right, the uncertainties are obtained by independently evaluating the inclusive scale uncertainties in
σtotal and σ≥1(pcut) and combining them in quadrature (method B). The plots are taken from Ref. [204].

logarithms on the perturbative series. Taking their difference to get σ0, one observes a sizeable numerical
cancellation between the two series at each order in αs.

Since ∆cut and ∆total are by definition uncorrelated, by associating ∆cut = ∆≥1 we are effec-
tively treating the perturbative series for σtotal and σ≥1 as independent with uncorrelated perturbative
uncertainties. That is, considering {σtotal,σ≥1}, the covariance matrix is diagonal,

(
∆2

total 0
0 ∆2

≥1

)
, (26)

where ∆total and ∆≥1 are evaluated by separate scale variations in the fixed-order predictions for σtotal
and σ≥1. This is consistent, since for small pcut the two series have very different structures. In particular,
there is no reason to believe that the same cancellations in σ0 will persist at every order in perturbation
theory at a given pcut. It follows that the perturbative uncertainty in σ0 = σtotal − σ≥1 is given by
∆2

total +∆2
≥1, and the resulting covariance matrix for {σ0,σ≥1} is

C =

(
∆2

≥1 +∆2
total −∆2

≥1

−∆2
≥1 ∆2

≥1

)
. (27)

The ∆≥1 contributions here are equivalent to Eq. (20) with ∆cut = ∆≥1. Note also that all of ∆total

occurs in the uncertainty for σ0. This is reasonable from the point of view that σ0 starts at the same order
in αs as σtotal and contains the same leading virtual corrections.

The limit ∆cut = ∆≥1 that Eq. (27) is based on is of course not exact. However, the preceding
arguments show that it is a more reasonable starting point than using a common scale variation for
the different jet bins as in method A, since the latter does not account for the additional pcut induced
uncertainties. These two methods of evaluating the perturbative uncertainties are contrasted in Figure 41
for gg → H + 0 jets at NLO (light gray) and NNLO (dark gray) as a function of pcutT (using µ =
MH/2 for the central scale choice). The left panel shows the uncertainties from method A obtained
from a direct scale variation by a factor of two in σ0(pcutT ). For small values of pcutT the cancellations
that take place in σ0(pcut) cause the error bands to shrink and eventually vanish at pcutT # 25 GeV,
where there is an almost exact cancellation between the two series in Eq. (24). In contrast, in the right
panel the uncertainties are obtained using the above method B by combining the independent inclusive
uncertainties to obtain the exclusive uncertainty, ∆2

0 = ∆2
total + ∆2

≥1. For large values of pcutT this
reproduces the direct exclusive scale variation, since σ≥1(pcut) becomes small. On the other hand, for
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we will therefore consider the structure of the fixed-order cross sections, and subsequently
proceed to introduce our matching prescriptions and to examine the results.

4 Jet-veto at fixed order

The state-of-the-art of fixed-order predictions for fully differential differential partonic
Higgs-boson and Z-boson cross sections is NNLO, i.e. the calculation of Σ2(pt,veto) and
σ2, with tools like fehip [13] and hnnlo [14] for Higgs productions, and fewz [47] and
dynnlo [48] for Z production. For the purpose of determining the jet-veto cross section,
it is however also possible (and sometimes numerically cheaper) to compute only σ2 with
these NNLO tools (or from the inclusive results [49, 50, 51, 52]), and obtain Σ1(pt,veto) and
Σ2(pt,veto) from the relation

Σi(pt,veto) = σi + Σ̄i(pt,veto), Σ̄i(pt,veto) = −

∫
∞

pt,veto

dpt
dΣi(pt)

dpt
. (4.1)

The differential distributions dΣ̄1/dpt and dΣ̄2/dpt can be computed from the boson+jet
cross sections at LO and NLO respectively, e.g. using MCFM [18, 19, 53]. We recall that,
throughout, we use the large mtop approximation for Higgs production.

4.1 Prescriptions for the efficiency

There is little ambiguity in the definition of the fixed order results for the total and jet-
vetoed cross-sections, with the only freedom being, as usual, in the choice or renormal-
isation and factorisation scale. However, given the expressions of Σ and σ at a given
perturbative order, there is some additional freedom in the way one computes the jet-veto
efficiency. For instance, at NNLO the efficiency can be defined as

ε(a)(pt,veto) ≡
Σ0(pt,veto) + Σ1(pt,veto) + Σ2(pt,veto)

σ0 + σ1 + σ2
, (4.2a)

but the following expressions are equally valid at NNLO,

ε(b)(pt,veto) ≡
Σ0(pt,veto) + Σ1(pt,veto) + Σ̄2(pt,veto)

σ0 + σ1
, (4.2b)

ε(c)(pt,veto) ≡ 1 +
Σ̄1(pt,veto)

σ0
+

(
Σ̄2(pt,veto)

σ0
−

σ1

σ2
0

Σ̄1(pt,veto)

)
, (4.2c)

since they differ relative to Eq. (4.2a) only by terms O (α3
s), which are not under control.

Option (a) is the most widely used, and may appear at first sight to be the most
natural, since one keeps as many terms as possible both in the numerator and denominator.
However, option (b) can be motivated as follows: since the zeroth order term of ε(pt,veto)
is equal to 1, it is really only 1− ε(pt,veto) that has a non-trivial perturbative series, given
by the ratio of the inclusive 1-jet cross section above pt,veto, σNLO

1-jet (pt,veto), to the total cross
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Figure 2: Jet-veto efficiency for Higgs (left) and Z-boson production (right) using three
different prescriptions for the NNLO expansion, see Eqs.(4.2a–4.2c). For each prescription,
the thick solid line corresponds to the result obtained with µR = µF = MH/Z/2, while the
band shows the scale uncertainty as obtained with the choices of Eq. (3.14).

section. Insofar as the 1-jet cross section is known only to NLO, in taking the ratio to the
total cross section one can argue that one should also use NLO for the latter, i.e.

ε(pt,veto) = 1−
σNLO

1-jet (pt,veto)

σ0 + σ1
. (4.3)

It is straightforward to verify that this then leads to Eq. (4.2b). This procedure also
coincides with the one adopted in event-shape studies in DIS and hadron-hadron collisions
(σ2 is not even known in the latter case). Option (c) is also well motivated, since it is
a strict fixed order expansion of the ratio, so no uncontrolled terms beyond NNLO are
included. This is the prescription that is usually adopted in e+e− event-shape and jet-rate
studies.

While other possibilities are also equally valid, the above three schemes capture a
substantial part of the freedom that one has in writing the series. The size of the differences
between them is one way to estimate the associated theoretical uncertainty and goes beyond
the usual variation of scales.

4.2 Numerical results

Figure 2 shows the NNLO results for the jet-veto efficiency in the 3 schemes discussed
above. Each scheme is displayed as a band corresponding to the envelope of the scale
variations as in Eq. (3.14), together with a solid line for the prediction with the central
scale choice.

In the case of Higgs production (left-hand plot) the bands barely overlap and, in the
region of interest, pt,veto ∼ 25 − 30 GeV, the three predictions differ considerably, with
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Figure 4: Comparison of fixed-order (NNLO) and matched resummed (NLL+NNLO)
predictions for the jet veto efficiencies in Higgs (left) and Z production (right). The
uncertainties are those derived from the envelope method: for both fixed order and matched
results they include renormalisation and factorisation scale uncertainties, as well as the
scheme for defining the efficiency (or matching prescription). In the matched case, there
is additionally the uncertainty from the variation of Q. The lower panels show the ratio of
the results to the central matched prediction.
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Higgs production (MH = 125 GeV)

NNLO NLL+NNLO

pt,veto = 25 GeV 60+11
−9 % 57+8

−4%

pt,veto = 30 GeV 67+9
−8% 64+8

−4%

Z production

NNLO NLL+NNLO

pt,veto = 25 GeV 81+1
−2% 81+1

−2%

pt,veto = 30 GeV 85+1
−1% 85+1

−2%

Table 3: Jet veto efficiencies and their uncertainties at NNLO and NLL+NNLO, for the
values of pt,veto used by ATLAS and CMS, shown for the anti-kt algorithm with R = 0.5,
and based on MSTW2008 NNLO PDFs.

the central value from the matched calculation is closer to that of the fixed-order results
than to the resummed results, but with a slightly reduced uncertainty, indicating that
resummation is at the edge of its validity in this region. Here too the bands from the
different matching schemes fail to overlap in the Higgs case. Since the bands differ at most
by NNNLL terms, this has implications for the degree of improvement that one might
expect when extending the resummation from NLL to NNLL accuracy.

A direct comparison of the fixed-order and matched predictions is to be found in Fig. 4.
Here the uncertainty envelopes encompass the full scheme a band as well as the central
values of the two other schemes. This follows the procedure outlined in section 5 and
it provides the uncertainties that we shall use throughout the rest of the article. The
efficiencies for the two jet-veto thresholds used by ATLAS and CMS, 25 and 30 GeV
respectively, are summarised in table 3. For Higgs production, one observes that the
absolute efficiencies are about 3% lower in the matched calculation as compared to the
NNLO result (equivalent to a relative 5% reduction in the efficiency). The uncertainties are
somewhat more asymmetric in the matched calculation and in particular the uncertainty
towards lower efficiencies is reduced by about a factor of two. For Z-boson production,
the uncertainties with matching are the same or larger as those of the pure NNLO result.
This surprising result may be because the resummation explicitly involves the running of
the coupling and thus, for low pt,veto, directly probes the uncertainties associated with a
perturbative expansion whose coupling constant is somewhat larger than the αs(MZ/2)
that appears in the NNLO calculation.

7 Comparisons to other calculations

In this section we will complement our resummed matched study so far with information
from event generators and analytical boson-pt resummations. For brevity we concentrate
on the case of Higgs production, using MH = 125 GeV throughout.

7.1 Effects beyond the scope of matched calculations

The matched calculation that we have performed applies to partons and assumes infinite
detector acceptance. Experiments, however, measure hadrons, including the underlying
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4 Jet-veto at fixed order

The state-of-the-art of fixed-order predictions for fully differential differential partonic
Higgs-boson and Z-boson cross sections is NNLO, i.e. the calculation of Σ2(pt,veto) and
σ2, with tools like fehip [13] and hnnlo [14] for Higgs productions, and fewz [47] and
dynnlo [48] for Z production. For the purpose of determining the jet-veto cross section,
it is however also possible (and sometimes numerically cheaper) to compute only σ2 with
these NNLO tools (or from the inclusive results [49, 50, 51, 52]), and obtain Σ1(pt,veto) and
Σ2(pt,veto) from the relation

Σi(pt,veto) = σi + Σ̄i(pt,veto), Σ̄i(pt,veto) = −

∫
∞

pt,veto

dpt
dΣi(pt)

dpt
. (4.1)

The differential distributions dΣ̄1/dpt and dΣ̄2/dpt can be computed from the boson+jet
cross sections at LO and NLO respectively, e.g. using MCFM [18, 19, 53]. We recall that,
throughout, we use the large mtop approximation for Higgs production.

4.1 Prescriptions for the efficiency

There is little ambiguity in the definition of the fixed order results for the total and jet-
vetoed cross-sections, with the only freedom being, as usual, in the choice or renormal-
isation and factorisation scale. However, given the expressions of Σ and σ at a given
perturbative order, there is some additional freedom in the way one computes the jet-veto
efficiency. For instance, at NNLO the efficiency can be defined as

ε(a)(pt,veto) ≡
Σ0(pt,veto) + Σ1(pt,veto) + Σ2(pt,veto)

σ0 + σ1 + σ2
, (4.2a)

but the following expressions are equally valid at NNLO,

ε(b)(pt,veto) ≡
Σ0(pt,veto) + Σ1(pt,veto) + Σ̄2(pt,veto)

σ0 + σ1
, (4.2b)

ε(c)(pt,veto) ≡ 1 +
Σ̄1(pt,veto)

σ0
+

(
Σ̄2(pt,veto)

σ0
−

σ1

σ2
0

Σ̄1(pt,veto)

)
, (4.2c)

since they differ relative to Eq. (4.2a) only by terms O (α3
s), which are not under control.

Option (a) is the most widely used, and may appear at first sight to be the most
natural, since one keeps as many terms as possible both in the numerator and denominator.
However, option (b) can be motivated as follows: since the zeroth order term of ε(pt,veto)
is equal to 1, it is really only 1− ε(pt,veto) that has a non-trivial perturbative series, given
by the ratio of the inclusive 1-jet cross section above pt,veto, σNLO

1-jet (pt,veto), to the total cross
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Figure 2: Jet-veto efficiency for Higgs (left) and Z-boson production (right) using three
different prescriptions for the NNLO expansion, see Eqs.(4.2a–4.2c). For each prescription,
the thick solid line corresponds to the result obtained with µR = µF = MH/Z/2, while the
band shows the scale uncertainty as obtained with the choices of Eq. (3.14).

section. Insofar as the 1-jet cross section is known only to NLO, in taking the ratio to the
total cross section one can argue that one should also use NLO for the latter, i.e.

ε(pt,veto) = 1−
σNLO

1-jet (pt,veto)

σ0 + σ1
. (4.3)

It is straightforward to verify that this then leads to Eq. (4.2b). This procedure also
coincides with the one adopted in event-shape studies in DIS and hadron-hadron collisions
(σ2 is not even known in the latter case). Option (c) is also well motivated, since it is
a strict fixed order expansion of the ratio, so no uncontrolled terms beyond NNLO are
included. This is the prescription that is usually adopted in e+e− event-shape and jet-rate
studies.

While other possibilities are also equally valid, the above three schemes capture a
substantial part of the freedom that one has in writing the series. The size of the differences
between them is one way to estimate the associated theoretical uncertainty and goes beyond
the usual variation of scales.

4.2 Numerical results

Figure 2 shows the NNLO results for the jet-veto efficiency in the 3 schemes discussed
above. Each scheme is displayed as a band corresponding to the envelope of the scale
variations as in Eq. (3.14), together with a solid line for the prediction with the central
scale choice.

In the case of Higgs production (left-hand plot) the bands barely overlap and, in the
region of interest, pt,veto ∼ 25 − 30 GeV, the three predictions differ considerably, with
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Figure 4: Comparison of fixed-order (NNLO) and matched resummed (NLL+NNLO)
predictions for the jet veto efficiencies in Higgs (left) and Z production (right). The
uncertainties are those derived from the envelope method: for both fixed order and matched
results they include renormalisation and factorisation scale uncertainties, as well as the
scheme for defining the efficiency (or matching prescription). In the matched case, there
is additionally the uncertainty from the variation of Q. The lower panels show the ratio of
the results to the central matched prediction.
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Higgs production (MH = 125 GeV)

NNLO NLL+NNLO

pt,veto = 25 GeV 60+11
−9 % 57+8

−4%

pt,veto = 30 GeV 67+9
−8% 64+8

−4%

Z production

NNLO NLL+NNLO

pt,veto = 25 GeV 81+1
−2% 81+1

−2%

pt,veto = 30 GeV 85+1
−1% 85+1

−2%

Table 3: Jet veto efficiencies and their uncertainties at NNLO and NLL+NNLO, for the
values of pt,veto used by ATLAS and CMS, shown for the anti-kt algorithm with R = 0.5,
and based on MSTW2008 NNLO PDFs.

the central value from the matched calculation is closer to that of the fixed-order results
than to the resummed results, but with a slightly reduced uncertainty, indicating that
resummation is at the edge of its validity in this region. Here too the bands from the
different matching schemes fail to overlap in the Higgs case. Since the bands differ at most
by NNNLL terms, this has implications for the degree of improvement that one might
expect when extending the resummation from NLL to NNLL accuracy.

A direct comparison of the fixed-order and matched predictions is to be found in Fig. 4.
Here the uncertainty envelopes encompass the full scheme a band as well as the central
values of the two other schemes. This follows the procedure outlined in section 5 and
it provides the uncertainties that we shall use throughout the rest of the article. The
efficiencies for the two jet-veto thresholds used by ATLAS and CMS, 25 and 30 GeV
respectively, are summarised in table 3. For Higgs production, one observes that the
absolute efficiencies are about 3% lower in the matched calculation as compared to the
NNLO result (equivalent to a relative 5% reduction in the efficiency). The uncertainties are
somewhat more asymmetric in the matched calculation and in particular the uncertainty
towards lower efficiencies is reduced by about a factor of two. For Z-boson production,
the uncertainties with matching are the same or larger as those of the pure NNLO result.
This surprising result may be because the resummation explicitly involves the running of
the coupling and thus, for low pt,veto, directly probes the uncertainties associated with a
perturbative expansion whose coupling constant is somewhat larger than the αs(MZ/2)
that appears in the NNLO calculation.

7 Comparisons to other calculations

In this section we will complement our resummed matched study so far with information
from event generators and analytical boson-pt resummations. For brevity we concentrate
on the case of Higgs production, using MH = 125 GeV throughout.

7.1 Effects beyond the scope of matched calculations

The matched calculation that we have performed applies to partons and assumes infinite
detector acceptance. Experiments, however, measure hadrons, including the underlying
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Figure 3: The MA–tanβ plane in the mmod+
h (left) and mmod−

h (right) scenarios. The
colors show exclusion regions from LEP (blue) and the LHC (red), and the favored region
Mh = 125.5± 2 (3) GeV (green), see the text for details.

Figure 3 shows the bounds on the MA–tanβ parameter space in the mmod+
h (left) and

mmod−
h (right) scenarios, using the same choice of colors as in the mmax

h scenario presented
in the previous section, but from here on we show the full LHC exclusion region as solid
red only.3 As anticipated, there is a large region of parameter space at moderate and large
values of tan β where the mass of the light CP-even Higgs boson is in good agreement with
the mass value of the particle recently discovered at the LHC. Accordingly, the green area
indicating the favored region now extends over almost the whole allowed parameter space of
this scenario, with the exception of a small region at low values of tanβ. From Fig. 3 one
can see that once the magnitude of Xt has been changed in order to bring the mass of the
light CP-even Higgs boson into agreement with the observed mass of the signal, the change
of sign of this parameter has a minor impact on the excluded regions.

As mentioned above, the exclusion limits obtained from the searches for heavy MSSM
Higgs bosons in the τ+τ− and bb̄ final states are significantly affected in parameter regions
where additional decay modes of the heavy MSSM Higgs bosons are open. In particular, the
branching ratios for the decay of H and A into charginos and neutralinos may become large
at small or moderate values of tan β, leading to a corresponding reduction of the branching
ratios into τ+τ− and bb̄. In Fig. 4 we show again the mmod+

h (left) and mmod−
h (right)

scenarios, where the excluded regions from the Higgs searches at LEP and the LHC are as
before. In the upper row of Fig. 4 the color coding for the allowed region of the parameter
space indicates the average value of the branching ratios for the decay of H and A into
charginos and neutralinos (summed over all contributing final states).4 One can see from
the plots that as a consequence of the relatively low values of µ and M2 in this benchmark
scenario decays of H and A into charginos and neutralinos are kinematically open essentially

3 The light red color in Fig. 4 has a different meaning.
4The branching ratios into charginos and neutralinos turn out to be very similar for the heavy CP-even

Higgs boson, H , and the CP-odd Higgs boson, A, in this region of parameter space.
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3.2 The mmod

h
scenario

As explained in the discussion of Fig. 1, the mass of the light CP-even Higgs boson in the
mmax

h scenario is in agreement with the discovery of a Higgs-like state only in a relatively
small strip in the MA–tanβ plane at rather low tan β. This was caused by the fact that the
mmax

h scenario was designed to maximize the value of Mh, so that in the decoupling region
this scenario yieldsMh values that are higher than the observed mass of the signal. Departing
from the parameter configuration that maximizes Mh, one naturally finds scenarios where in
the decoupling region the value of Mh is close to the observed mass of the signal over a wide
region of the parameter space. A convenient way of modifying the mmax

h scenario in this way
is to reduce the amount of mixing in the stop sector, i.e. to reduce |Xt/MSUSY| compared to
the value of ≈ 2 (FD calculation) that gives rise to the largest positive contribution to Mh

from the radiative corrections. This can be done for both signs of Xt.
Accordingly, we propose an “mmod

h scenario” which is a modification of the mmax
h scenario

consisting of a reduction of |Xt/MSUSY|. We define two variants of this scenario, the mmod+
h

and the mmod−
h scenario, which differ by their sign (and absolute value) of Xt/MSUSY. While

the positive sign of the product (µM2) results in general in better agreement with the (g−2)µ
experimental results, the negative sign of the product (µAt) yields in general (assuming
minimal flavor violation) better agreement with the BR(b → sγ) measurements (see Ref. [54]
for a recent analysis of the impact of other rare B decay observables, most notably Bs →
µ+µ−). The parameter settings for these two scenarios are:

mmod+
h :

mt = 173.2 GeV,

MSUSY = 1000 GeV,

µ = 200 GeV,

M2 = 200 GeV,

XOS
t = 1.5MSUSY (FD calculation),

XMS
t = 1.6MSUSY (RG calculation),

Ab = Aτ = At,

mg̃ = 1500 GeV,

Ml̃3
= 1000 GeV . (21)

mmod−
h :

mt = 173.2 GeV,

MSUSY = 1000 GeV,

µ = 200 GeV,

M2 = 200 GeV,

XOS
t = −1.9MSUSY (FD calculation),

XMS
t = −2.2MSUSY (RG calculation),

Ab = Aτ = At,

mg̃ = 1500 GeV,

Ml̃3
= 1000 GeV . (22)
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Fig. 23: Total production cross sections of pp → bbH/A + X for
√
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using MSTW2008 PDFs [41, 44]. The upper bands (blue bands) exhibit the combined scale and 68% CL PDF+αs

uncertainties of the 5FS, while the lower bands (red bands) include the scale uncertainties of the 4FS only.
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RH, Wiesemann ’11; +Ozeren ’09

Buehler, Herzog, Lazopoulos, Mueller ’12

Fully NNLO differential:
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