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GREATEST EQUATION EVER ?
EULER’S EQUATION

ei⇡ + 1 = 0
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• fundamental constants
• basic operationsLeonhard Euler



GREATEST EQUATION EVER ?
MALDACENA’S EQUATION
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• Maxwell’s eq., non-abelian
• Dirac, Klein-Gordon equations
• QM, QFT, GR
• SUSY, Strings, extra dimensions

Joseph Polchinski

AdS = CFT
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MY GOALS
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• Give an introduction to many of the ideas connected to 
AdS / CFT without going into too much detail.

• Avoid very concrete examples like (really learn it!)

SU(N) N = 4 Super-Yang-Mills theory

= Type IIB Superstring theory on AdS5⇥ S
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• Vary the degree of difficulty.
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LARGE N THEORIES (1) (‘t Hooft 1974)
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Let us talk about a SU(N) gauge theory. This is a theory similar to 
QCD (which has N=3). It has gluons (instead of photons in QED), 
which interact with each other:

Feynman 
rules:

both vertices:propagator: ⇠ g2 ⇠ 1

g2

We are          .N2 � 1

L = �1

4
(F a

µ⌫)
2

⇠ 1

g2
(@A)2 +

1

g2
(@A)[A,A] +

1

g2
[A,A][A,A]
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LARGE N THEORIES (2)
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� = g2N

We can now define a new coupling constant (yes, we can!):

NV�E+F�E�V

=

N2�2g�E�VV � E + F

= 2� 2g

In terms of this each propagator (E) gets      and each 
vertex (V) gets    . Furthermore, loops (F) get    . So each 
Feynman diagram comes with a factor of

�

N
N

�
N

In the limit            the diagrams are ordered wrt    .  N ! 1 N



LARGE N THEORIES (3)
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Let’s do a bit of this counting. A propagator can be written 
in double-line notation:

For example, the diagram in Fig. 2 has 4 three point vertices, 6 propagators, and 4 index

loops, giving the final result N2λ2. In Fig. 3 we have a set of planar graphs, meaning that we

Figure 2: This diagram consists of 4 three point vertices, 6 propagators, and 4 index loops

can draw them on a piece of paper without any lines crossing; their contributions take the

general form λnN2. However, there also exist non-planar graphs, such as the one in Fig. 4,

whose contributions are down by (an even number of) powers of N . One thing that’s great

about this expansion is that the diagrams which are harder to draw are less important.

∝ N2

(a)

∝ λN2

(b)

∝ λ3N2

(c)

Figure 3: planar graphs that contribute to the vacuum→vacuum amplitude.
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]

∝ g2N = λN0

Figure 4: Non-planar (but still oriented!) graph that contributes to the vacuum→vacuum
amplitude.

We can be more precise about how the diagrams are organized. Every double-line graph

specifies a triangulation of a 2-dimensional surface Σ. There are two ways to construct the

explicit mapping:

Method 1 (“direct surface”) Fill in index loops with little plaquettes.
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zero slower than the coupling in the vector model gv ≡ λv/N ∼ 1/N .

We will be agnostic here about whether the U(N) symmetry is gauged, but if it is not

there are many more states than we can handle using the gravity dual. The important role of

the gauge symmetry for our purpose is to restrict the physical spectrum to gauge-invariant

operators, like trΦk.

The fields can have all kinds of spin labels and global symmetry labels, but we will just

call them Φ. In fact, the location in space can also for the purposes of the discussion of this

section be considered as merely a label on the field (which we are suppressing). So consider

a schematic Lagrangian of the form:

L ∼ 1

g2
Tr

(

(∂Φ)2 + Φ2 + Φ3 + Φ4 + . . .
)

.

I suppose we want Φ to be Hermitian so that this Lagrangian is real, but this will not be

important for our considerations.

We will now draw some diagrams which let us keep track of the N -dependence of various

quantities. It is convenient to adopt the double line notation, in which oriented index lines

follow conserved color flow. We denote the propagator by12:

〈Φa
bΦ

d
c〉 ∝ g2δac δ

d
b ≡ g2

d
a
b

c

and the vertices by: [B
ria

n
S
w
in

g
le
]

∝ g−2 ∝ g−2

.

To see the consequences of this more concretely, let’s consider some vacuum-to-vacuum

diagrams (see Fig. 3 and 4 for illustration). We will keep track of the color structure,

and not worry even about how many dimensions we are in (the theory could even be zero-

dimensional, such as the matrix integral which constructs the Wigner-Dyson distribution).

A general diagram consists of propagators, interaction vertices, and index loops, and

gives a contribution

diagram ∼
(
λ

N

)no. of prop.(N

λ

)no. of int. vert.
Nno. of index loops. (3.13)

12Had we been considering SU(N), the result would be 〈Φa
bΦ

d
c〉 ∝ δac δ

d
b−δab δcd/N2 = .

This difference can be ignored at leading order in the 1/N expansion.
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Then the dominant (planar) diagrams look like this:

For example, the diagram in Fig. 2 has 4 three point vertices, 6 propagators, and 4 index

loops, giving the final result N2λ2. In Fig. 3 we have a set of planar graphs, meaning that we

Figure 2: This diagram consists of 4 three point vertices, 6 propagators, and 4 index loops

can draw them on a piece of paper without any lines crossing; their contributions take the

general form λnN2. However, there also exist non-planar graphs, such as the one in Fig. 4,

whose contributions are down by (an even number of) powers of N . One thing that’s great

about this expansion is that the diagrams which are harder to draw are less important.

∝ N2

(a)

∝ λN2

(b)

∝ λ3N2

(c)

Figure 3: planar graphs that contribute to the vacuum→vacuum amplitude.
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∝ g2N = λN0

Figure 4: Non-planar (but still oriented!) graph that contributes to the vacuum→vacuum
amplitude.

We can be more precise about how the diagrams are organized. Every double-line graph

specifies a triangulation of a 2-dimensional surface Σ. There are two ways to construct the

explicit mapping:

Method 1 (“direct surface”) Fill in index loops with little plaquettes.
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A subdominant one (non-planar) is



LARGE N THEORIES (4)
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This is exactly the way, diagrams in perturbative string 
theory are ordered. It is according to topology:

Gluons have charge 
and anticharge; 
glueballs can be seen 
as closed strings:

g = 0 g = 1 g = 2

2 interacting 
closed strings



Could a large N expansion be good for QCD (N=3)?

A priori this should not be discarded. Actually, the QED fine 
structure constant is (Witten ~ 70s):

LARGE N THEORIES (5)
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↵ =
e2

4⇡
=

1

137
) e ⇡ 1

3

However, the question which background is very difficult!

Every large N theory is basically a string 
theory on a different background. 
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WEINBERG & WITTEN
THEOREM
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Since some oscillation mode of the string describes the 
graviton, this basically means a graviton is made of gauge 
bosons. 

This seems to contradict the Weinberg & Witten theorem 
from 1980. But it is actually evaded since gauge bosons 
and graviton live in spacetimes with different dimension!

Tr (AµA⌫) ” , ” gµ⌫

w
w

w
.n

nd
b.

co
m

/p
eo

pl
e/

94
5/

00
00

99
64

8/

http://www.nndb.com/people/945/000099648/
http://www.nndb.com/people/945/000099648/


HOLOGRAPHIC PRINCIPLE (‘t Hooft ’93, Susskind ‘94)
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Usually, in thermodynamics, the entropy scales with the 
volume of the observed system:

S / V

Black holes behave differently. Their entropy scales 
with the area of the horizon (in Planck units):

S =
A

4G

This must be a general feature 
in a quantum theory of gravity.
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Plato’s allegory of the cave
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• What is reality? 
• How limited is our understanding?
• Chained prisoners can only see the shadows on and 
the echoes off the wall. They perceive this as real, not just 
as a reflection of true reality.
• In holography, both descriptions (the people and their 
shadows) are real and carry the same information!
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NEWTON’S LAW (Duff, Liu 2000)
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One may compute 1-loop corrections to the graviton 
propagator. 
Let us have photons, fermions and scalars run in the loop. 
For a particular theory (N=4 SYM) the correction then is:

V (r) =
GmM

r

✓
1 +

2N2G

3⇡r2

◆

brane (our universe)

gravity brane
(where gravity is located)

Identical to the one in the 
Randall-Sundrum model 
for extra dimensions: w
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RENORMALIZATION GROUP (1)
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What could be the extra dimension? 
Hint: RG equations are local in scale:

� = 0

Such theories should be scale invariant, i.e. the following 
must be a symmetry. 

Let’s use a simplified case (conformal). 
That’s the CFT in AdS / CFT:

µ
@

@µ
g = �(g(µ))

Let the extra dimension coordinate r scales like an energy.

x

µ ! �x

µ

r ! ��1 r
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RENORMALIZATION GROUP (2)
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IR UVz

d−1,1

z

R
AdSd+1

minkowski

UV
IR

...

Figure 1: The extra (‘radial’) dimension of the bulk is the resolution scale of the field theory.
The left figure indicates a series of block spin transformations labelled by a parameter z.

The right figure is a cartoon of AdS space, which organizes the field theory information
in the same way. In this sense, the bulk picture is a hologram: excitations with different

wavelengths get put in different places in the bulk image. The connection between these two
pictures is pursued further in [15]. This paper contains a useful discussion of many features of

the correspondence for those familiar with the real-space RG techniques developed recently
from quantum information theory.

of length. Although this is a dimensionful parameter, a scale transformation xµ → λxµ can

be absorbed by rescaling the radial coordinate u→ u/λ (by design); we will see below more

explicitly how this is consistent with scale invariance of the dual theory. It is convenient to

do one more change of coordinates, to z ≡ L2

u , in which the metric takes the form

ds2 =

(
L

z

)2
(

ηµνdx
µdxν + dz2

)

. (2.1)

These coordinates are better because fewer symbols are required to write the metric. z will

map to the length scale in the dual theory.

So it seems that a d-dimensional conformal field theory (CFT) should be related to a

theory of gravity on AdSd+1. This metric (2.1) solves the equations of motion of the following

action (and many others)4

Sbulk[g, . . . ] =
1

16πGN

∫

dd+1x
√
g (−2Λ+R+ . . . ) . (2.2)

Here,
√
g ≡

√

| det g| makes the integral coordinate-invariant, and R is the Ricci scalar

but there is no proof for d > 1 + 1. Without Poincaré invariance, scale invariance definitely does not imply
conformal invariance; indeed there are scale-invariant metrics without Poincaré symmetry, which do not have
have special conformal symmetry [16].

4For verifying statements like this, it can be helpful to use Mathematica or some such thing.
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ds

2 =
r

2

L

2
⌘µ⌫dx

µ
dx

⌫ +
L

2

r

2
dr

2

A Poincaré-invariant metric which also has this symmetry is:

That is the metric of AdS space (that’s the ... in ...).

Kadanoff block spin transformation <=> AdS space



OUR CONFERENCE LOGO (Strydom 2013)
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• large number of colours (large N)
• black hole in AdS space (holographic principle)



SUMMARY
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• Greatest equation ever ?!
• Large N theories
• Weinberg & Witten theorem
• Holographic Principle
• Plato’s allegory of the cave
• Quantum corrections to Newton’s law
• Renormalization group & AdS / CFT



THANK YOU FOR LISTENING!
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I took pictures / explanations from the following sources:


