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Motivation

Motivation

@ A future high-energy linear collider such as the proposed
International Linear Collider (ILC) will provide an ideal
environment for precision top quark physics.

@ An ILC center-of-mass energy of 500 GeV is often discussed, for
example in the context of Ztt form factor measurements.

@ In fact, there has even been a proposal to measure the top
Yukawa (Htt) coupling at a center-of-mass energy of 1 TeV
(Rotoff and strube, LeD-NOTE-2013-001) Which requires, among other
things, precise control over the ¢t background.
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@ A future high-energy linear collider such as the proposed
International Linear Collider (ILC) will provide an ideal
environment for precision top quark physics.

@ An ILC center-of-mass energy of 500 GeV is often discussed, for
example in the context of Ztt form factor measurements.

@ In fact, there has even been a proposal to measure the top
Yukawa (Htt) coupling at a center-of-mass energy of 1 TeV
(Rotoff and strube, LeD-NOTE-2013-001) Which requires, among other
things, precise control over the ¢t background.

At these energies, continuum ¢ production
is important and cannot be safely ignored!
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Background The Factorization Formula
What We Have Calculated

Factorization in the Threshold Region

Eichten and Hill, Phys. Lett. B234, 511 (1990); Grinstein, Nucl. Phys. B339, 253 (1990);

Isgur and Wise, Phys. Lett. B237, 527 (1990); Georgi, Phys. Lett. B240, 447 (1990)
In the threshold region where the energy of the QCD radiation off of

the top quarks is small, heavy quark effective theory (HQET) implies
that ¢t differential distributions factorize, e.g.
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What We Have Calculated

The Two-Loop Soft Function
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Note that the hard function is known to two-loop order (sermreuther et a.,
Nucl. Phys. B706, 245 (2005), Nucl. Phys. B712, 229 (2005), and Nucl. Phys. B723, 91 (2005);
Gluza et al. JHEP 0907, 001 (2009)) but an appropriate two-loop, fully
differential, full QCD program is not yet available.
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Our Calculational Method

(Carefully) Evaluate The Appropriate Squared
Sum of Cut Eikonal Feynman Diagrams
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Get The Squared Amplitude From Feynman Di
Apply Inte. ion By P Reduction To T
Integrate The Mz U Henn Auxilia
Derive All-Order

Our Calculational Method

Integration By Parts Reduction

Tkachov, Phys. Lett. B100, 65, (1981); Chetyrkin and Tkachov, Nucl. Phys. B192, 159, (1981)

It is well-known that one can generate recurrence relations by
considering families of Feynman integrals and then integrating by
parts in d spacetime dimensions, e.g.

/ die d 2a/?

GO \@—m2) (@ may ™

(d —2a)I(a) — 2am?I(a+1)

In this case, the recurrence relation can be solved explicitly but it is
one of the few known examples where one can proceed directly.
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Our Calculational Method

Apply the Reduze 2 Integration By Parts
Identity Solver To Reduce The Integrand

@ In all but the simplest examples, the strategy used (Laporta, mt. 4.
Mod. Phys. A15, 5087, (2000)) to solve integration by parts identities is to
build a linear system of equations for the Feynman integrals in
the calculation by explicitly substituting particular values of the
indices into the recurrence relations.

@ The Reduze 2 (von Manteuffel and Studerus, arXiv:1201.4330) implementation
of Laporta’s algorithm is robust and well-tested.

@ However, the public version of the code was written with virtual
corrections in mind and does not support phase space integrals
such as those which arise in the calculation under discussion.
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Our Calculational Method

Apply the Reduze 2 Integration By Parts
Identity Solver To Reduce The Integrand

@ In all but the simplest examples, the strategy used (Laporta, mt. 4.
Mod. Phys. A15, 5087, (2000)) to solve integration by parts identities is to
build a linear system of equations for the Feynman integrals in
the calculation by explicitly substituting particular values of the
indices into the recurrence relations.

@ The Reduze 2 (von Manteuffel and Studerus, arXiv:1201.4330) implementation
of Laporta’s algorithm is robust and well-tested.

@ However, the public version of the code was written with virtual
corrections in mind and does not support phase space integrals
such as those which arise in the calculation under discussion.

The functionality of the code is straightforward to
appropriately extend and we find that there are just
14 master integrals which need to be calculated!
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The Method Of Differential Equations

@ The method of differential equations for Feynman integrals
(Ren\iddi, Nuovo Cim. A110, 1435, (1997); Gehrmann and Remiddi, Comput. Phys. Commun.
141, 206, (2001)) involves first deriving a system of first-order
differential equations by differentiating the integrals of interest
with respect to the available parameters (in this case, z) and
then using integration by parts identities to rewrite the
derivatives obtained in terms of master integrals.

@ The system of differential equations obtained can be solved
order-by-order in € up to constants. In practice, a large
percentage of the master integrals are actually completely
determined in this approach because many of the integration
constants are completely determined by the physics.

@ Unfortunately, the method is cumbersome to apply because an
order-by-order solution is complicated by the fact that the
systems obtained are typically coupled in a non-trivial way.
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Our Calcula al Method

Henn Auxiliary Systems

@ Recently, Henn suggested a novel approach to the decoupling of
first-order systems of differential equations for Feynman integrals
(Henn, Phys. Rev. Lett. 110, 251601, (2013)).

@ When the method applies, it provides a clean prescription for the
computation which is transparent and in many cases usable even
by non-experts to obtain results to arbitrarily high orders in e.

@ Proceed by finding a basis of integrals
fe,z) = {fi(e,2),..., f7(e,x)} with € expansions of the form
file,r) = S ™ ()€™ such that:

n=0 "1

Robert M. Schabinger



Get The Amplitude From Feynman Dia,
Apply Int on B ts Reduction The Int
Integrate T r; ng Henn Aux Ty

Our Calculational Method s
Derive All-Orde ions For Input Int

What Is Special About A Henn Auxiliary System?

One obtains PDEs (here ODEs) such that the functional form of the
term of O (e"“) is completely determined by the term of O (e™):

0
= (2) = A)e™ (2) }
Here, the A;;(z) are rational linear combinations of %, ﬁ, and H%z
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Our Calculational Method

What Is Special About A Henn Auxiliary System?

One obtains PDEs (here ODEs) such that the functional form of the
term of O (e"“) is completely determined by the term of O (e™):

0
= (2) = A)e™ (2) }
Here, the A;;(z) are rational linear combinations of %, ﬁ, and H%z

For this problem, HPLs suffice to all orders in ¢!
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Our Calculational Method

What Is Special About A Henn Auxiliary System?

One obtains PDEs (here ODEs) such that the functional form of the
term of O (e"“) is completely determined by the term of O (e™):

0
= (2) = A)e™ (2) }
Here, the A;;(z) are rational linear combinations of %, ﬁ, and H%z

For this problem, HPLs suffice to all orders in ¢!

For the problem at hand, the generation of solutions to arbitrarily
high orders in the € expansion becomes an almost trivial exercise once
the integration constants are fixed. Among other things, this requires
explicit integrations of some of the simpler master integrals.
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Our Calcu al Method

A Typical Input Integral

The only real-real input integral is the z-independent phase space
volume. However, there are four real-virtual input integrals, e.g.
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Cross-Checks On The Result

How Do We Know Our Result Is Correct?

@ All pole terms in our expression for the two-loop bare soft
function coincide with the prediction furnished by
renormalization group invariance.

o The threshold limit of the O (a?) result (z — 1) is zero.

@ The finite part of the CZ color structure is correctly predicted by
the non-Abelian exponentiation theorem.

@ We were able to make an explicit comparison to the recent
calculation of the single-soft emission contributions by
Bierenbaum, Czakon, and MitOV (Nucl. Phys. B856, 228 (2012)) and our
real-virtual terms are completely consistent with their results.

o Finally, we discovered a direct connection between our bare result
in the small x limit and the bare ¢g soft function which actually
checks the terms in the expression which are most challenging to
correctly compute (more on this below).
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The Structure Of The Small x Limit

The Small x Asymptotics Of The Bare Soft Function

Qs 2e 8
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The Structure Of The Small x Limit

Magic Connection To The Bare ¢¢ Soft Function

Surprisingly, we find that one can produce the bare
qq soft function for all non-trivial color structures
to all orders in ¢ by making simple replacements!
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The Structure Of The Small x Limit

Magic Connection To The Bare ¢¢ Soft Function

Surprisingly, we find that one can produce the bare
qq soft function for all non-trivial color structures
to all orders in ¢ by making simple replacements!

For example, if we take In"(x) — 0 for all n > 1 and

In(z) = = in S . (z = 0,\, )

bare

, we reproduce
CanTF
Belitsky, Phys. Lett. B442 (1998) 307
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We conjecture that, for all non-trivial color structures, we can obtain
the massless result via In"(z) — 0 for all n > 1 and In(z) — £ at L
loop order by expanding to one order higher in ¢ than normal.

Robert M. Schabinger Two-Loop Fully Differential Continuum eTe™ — tf



Outlook

Outlook

As usual, there is much more work to do:

@ Understand better the connection between our mysterious

relation and well-known relations between massive and massless
soft functions, €.(. Fleming et. al. Phys. Rev. D77, 074010, (2008);

Ferroglia et. al. Phys. Rev. D86, 034010, (2012)
o Extend the functionality of Reduze further still

@ Develop a two-loop fully differential program for the full QCD
part of the phase space slicing calculation

@ Understand all subtleties and do phenomenology!
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