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Analyzing the vacuum structure of QCD
Consider only gauge fields (pure gauge):

Aµ(x) =
i
g U(x)∂µU†(x)

Simple example of topological classes:
f : [0, 1]→ U(1)
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Topological classes with a winding number(integer)

q =
g2

32π2
∫

d4xF a
µν F̃ a

µν

where F a
µν is the euclidean Field strength and its dual

F̃ a
µν = εµναβF a

αβ

Pre-vacua: ...|−1〉 , |0〉 , |1〉... with non-vanishing transition
amplitude

〈n| e−Hτ |m〉 =

∫
[dAµ]n−me−Se
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Good combination:

|θ〉 =
∞∑

n=−∞
einθ |n〉

with transition amplitude〈
θ′
∣∣ e−Hτ |θ〉 =

= δ(θ′ − θ)
∫

[dAµ]exp(
∫

d4x(Le − iθ g2

16π2 Tr(Fµν F̃µν))
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Axion solution: adding a pseudoscalar field (the axion):

L = −1
4F a

µνF a µν + q̄i
(
i /D −mi

)
qi +

θ̄g2

32π2F a
µν F̃ a µν

+
ag2

32π2fa
F a

µν F̃ a µν +
1
2∂

µa∂µa

Minimum of effective axion potential is at (a/fa + θ̄) = 0
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Terminology, differential forms and tensors

F (x) = F[αβγ](x)dxα ∧ dxβ ∧ dxγ

dF (x) = ∂[µFαβγ](x)dxµ ∧ dxα ∧ dxβ ∧ dxγ

Degrees of freedom: Number of components with an
independent (Klein Gordon) equation of motion
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One-form, vector field, spin-1
Massive Case

L = −1
4F B

µνF B µν +
m2

2 BµBµ, F B
µν = ∂µBν − ∂νBµ

yields the “equation of motion” for B0:

∂i∂iB0 −m2B0 = ∂0∂iBi

and for the remaining spacial components

∂µ∂
µB i + m2B i = 0
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Massless Case

L = −1
4FµνF µν , Fµν = ∂µAν − ∂νAµ

Again A0 has no independent propagating e.o.m
Gauge invariance Aµ → Aµ + ∂µλ
Choosing gauge ↔ completely specify λ
Coulomb gauge ∂iAi = 0:
→ only two components have independent propagating e.o.m

∂µ∂
µAj = 0
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Massless Limit
Start with massive vector field

L = −1
4F B

µνF B µν +
m2

2 BµBµ

and substitute (redefine)

Bµ = Aµ +
1
m∂µϕ

to get Lagrangian and e.o.m.

L = −1
4FµνF µν +

m2

2 AµAµ + mAµ∂
µϕ+

1
2∂µϕ∂

µϕ,

∂µF µν + m2Aν + m∂νϕ = 0
m∂µAµ + ∂µ∂

µϕ = 0
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Emergence of a gauge invariance:

Aµ → Aµ + ∂µλ, ϕ→ ϕ−mλ

Limit of small mass (m2 = 0):

L = −1
4FµνF µν + mAµ∂

µϕ+
1
2∂µϕ∂

µϕ

∂µF µν + m∂νϕ = 0
m∂µAµ + ∂µ∂

µϕ = 0

Now massless limit is smooth.
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Massive Two-form:

L =
3
4∂[µBαβ]∂

[µBαβ] − m2

4 BµνBµν

3∂α∂
[αBβγ] + m2Bβγ = 0

Field strength is exterior derivative F αβγ := ∂[αBβγ]

Three propagating d.o.f.
Massless Two-form:

L =
1
4F B

αµνF B αµν , ∂µ∂
[µBνα] = 0

Gauge invariance: Bµν → Bµν + ∂[µλν]

One propagating d.o.f.
Stueckelberg substitution:

Bµν = Aµν − 1
m∂[µφν]
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Massive Three-form

L = ∂[µCαβγ]∂
[µCαβγ] −m2CαβγCαβγ ,

∂µ∂
[µCαβγ] + m2Cαβγ = 0

One propagating d.o.f.
Massless Three-form

L = ∂[αCβγδ]∂
[αCβγδ], ∂µC [µαβγ] = 0

Gauge invariance: Cαβγ → Cαβγ + ∂[αλβγ]

Appropriate gauge → no propagating d.o.f.
Stueckelberg substitution:

Cαβγ = Aαβγ − 1
m∂[αφβγ]
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Analogous θ-term of a massless three-form
Euler-Lagrange equation allows Cαβγ to have a constant
field strength in vacuum: F αβγδ = ∂[αCβγδ] = F0ε

αβγδ

Solution: “Stueckelberg mechanism” introduction of
massless two-form “axion”

L =
(
∂[αBβγ] − Cαβγ

)2
+ ∂[µCαβγ]∂

[µCαβγ]

→ Cαβγ got a gauge invariant mass (got higgsed)
→ Field strength vanishes in vacuum
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Duality between two-form and pseudoscalar
Simple case:

L = 3m2 (Pαβγ − Cαβγ)2 − 12FµαβγF µαβγ

with Pαβγ = ∂[αBβγ] and Fµαβγ = ∂[µCαβγ]

Take Pαβγ as fundamental three-form and ensure its
properties with lagrange multiplier La = Λ2aεµαβγ∂[µPαβγ].
Integrate out Pαβγ and then Cαβγ

→ effective equation of motion for a: ∂µ∂
µa + m2a = 0

Arbitrary potential:

L = Λ4K
( F

Λ2

)
+ 3m2 (Pαβγ − Cαβγ)2 + Λ2aεµαβγ∂µPαβγ

F = εµαβγFµαβγ = εµαβγ∂[µCαβγ]
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θ -term with three-form

Lθ =
θg2

32π2Ga
µνG̃a µν

With Ga
αβ = ∂αAa

β − ∂βAa
α + gf abcAb

αAc
β and

G̃µν = εµναβGαβ

After rearranging, Lθ takes the form

g2θ

32π2Ga
αβG̃a αβ = θεαβγδ∂[αCβγδ] = θF ,

with

Cαβγ =
g2

32π2
(

Aa
[αGa

βγ] −
1
3gf abcAa

[αAb
βAc

γ]

)
.
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Shift of Cαβγ under gauge transformations
Infinitesimal gauge transformation:

Aa
µ → Aa

µ +
1
g ∂µω

a + f abcAb
µω

c

Transformation of

Cαβγ =
g2

32π2
(

Aa
[αGa

βγ] −
1
3gf abcAa

[αAb
βAc

γ]

)

Cαβγ → Cαβγ + ∂[αΩβγ],

Ωβγ = − g2

32π2∂[βω
aAa

γ]
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Questions?
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