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Analyzing the vacuum structure of QCD
Consider only gauge fields (pure gauge):

AU = LU, UT(x)

Simple example of topological classes:
f:]0,1] — U(1)
f(x)
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Topological classes with a winding number(integer)

4 ra
s [
where F7, is the euclidean Field strength and its dual

’E:I/ = g/iVaﬁF;,B

Pre-vacua: ...|-1),|0),|1)... with non-vanishing transition
amplitude

(nl & m) = [ (A, me
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The 6-term of
QCD

Good combination:

o= 3 & n)

n=—0o0

with transition amplitude
<9/| e—H’T |9> —

= 5(0' - 0) [[dAJexp([ d*X(Le — i055 Tr(Fpu Fyu))



The axion solution

Axion solution: adding a pseudoscalar field (the axion):

1 g
L=—2F2,F" g (i — m;) q; + g SF2,Fom
4 3272
ag® v
32021, Fa P + 8“38 a

Minimum of effective axion potential is at (a/f, + ) =0



Degrees of

Terminology, differential forms and tensors freedom of

differential forms
F(x) = Flagy(x)dx® A dx? A dx7
dF (x) = 0}, Fagy (x)dx" A dx® A dx? A dx?

Degrees of freedom: Number of components with an
independent (Klein Gordon) equation of motion



One-form, vector field, spin-1
Massive Case

L= LpEpBw  ™p g FE g5
__Z jn% +7H ’ pr — Yp
yields the “equation of motion” for BY:
8;6,-80 — m280 = 808,‘8,'

and for the remaining spacial components

0,0"B' + m*B' =0

v

—0,B,

Spin-1, on

e-form



Massless Case
1 v
L:_ZFMVFM y FMV:(?MA,,—aVAM

Again A° has no independent propagating e.0.m

Gauge invariance A* — A* 4+ OM A

Choosing gauge <+ completely specify A

Coulomb gauge 0;A; = 0:

— only two components have independent propagating e.o.m

9 OA =0

Spin-1, on

e-form



Massless Limit
Start with massive vector field

1 B Buw m?
L:_ZF/WF ® +78,LB“

and substitute (redefine)
1
BM = AN + ;8;”0

to get Lagrangian and e.o.m.

1 v m’ Iz H L e
L= =2 FuF" + - A A+ mAL0" o + S 0,00" ¢,

4
OuF"™ + m?A” + md”p =0
mo, A" + 0,0"p =0

Spin-1, on

e-form



Emergence of a gauge invariance:
AR — AF+OFN, o = p— mA
Limit of small mass (m? = 0):
1 1
L= _ZF’WFW + mA, 0" o + Eaugoa“ap

OuF" +md"p =0
mo, A" + 0,0"p =0

Now massless limit is smooth.

Spin-1, one

-form



Massive Two-form:

3 o m? y
L= 3 0uBag 0V B — =~ B, B"
30,01BM + m*BY =0

Field strength is exterior derivative F*7 := glo gl
Three propagating d.o.f.
Massless Two-form:

1 EB FBOCMV’ 8H6[MBVQ] -0

L:Z apy

Gauge invariance: By, — B, + 0, A\

One propagating d.o.f.
Stueckelberg substitution:

BMY — ARV _ l@[ugbV]
m

Two-form



Massive Three-form
L = 8}, Copyyot CoPN — m?Co3, C¥P7,
aua[u CoP L m2cePr = o

One propagating d.o.f.
Massless Three-form

L = 010 Cprg] ol chrdl, au(:[uaﬁv] -0
Gauge invariance: C*%7 — €Y 4 glo )/l
Appropriate gauge — no propagating d.o.f.

Stueckelberg substitution:

CoBY — pxBY _ la[aqﬁb’v]
m

Three-form



Analogous 0-term of a massless three-form
Euler-Lagrange equation allows C*?7 to have a constant
field strength in vacuum: FeB79 = glo B0l = Fyeahro

Solution: “Stueckelberg mechanism™ introduction of
massless two-form “axion”

2
L= (91aBsy) — Casy)” + 0 Cagydl €

— C*B7 got a gauge invariant mass (got higgsed)
— Field strength vanishes in vacuum

Analogous CP
problem and
solution



Duality between two-form and pseudoscalar
Simple case:

L=3m (Pagy — aﬁ7)2 - 12FuaﬁvFWm

with Pa/g,y = 8[0[8/37] and Fuaﬁ'y = 8[M Caﬁfy]

Take P,gp, as fundamental three-form and ensure its
properties with lagrange multiplier L, = /\235““578[MP(157].

Integrate out P,3, and then C,3-
— effective equation of motion for a: 0,0"a + m?a=0 Duality

transformation

Arbitrary potential:

F o
L = K (/\2) 1+ 3m? (Pagy — Cagy)? + A22ch918, Py

F=c"F, pafy = Euaﬁ'ya[u Caprl



0 -term with three-form

0g*
= s GLE
With G253 = Da A3 — 0pA3, + gf P AL AS and
G = etoB G o3
After rearranging, Ly takes the form

g%0
327r

25G2P = 921001, Cg.5 = OF,

with P

three-form

g2

— abc
Capy = 327T( [ GBv ~ gf A[aAb’Av]>



Shift of C,3, under gauge transformations
Infinitesimal gauge transformation:

1
AZ — AZ + gaﬂwa + fabCAch

Transformation of

g2

— abc
Capy = 32772 ( [0 G — 3 gf A[ocAﬂ 7])

Capy = Capy + 0jafsy);
2
Qﬁ'y = 32 28[5w A ]



Questions?
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