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Soft-Collinear Effective Theory [Bauer, Fleming, Pirjol, Stewart 00;
Beneke, Chapovsky, Diehl, Feldmann 02]

Effective field theory for light energetic particles

I

split into two energetic
collinear partons

I emit soft gluons that
I do not deflect the
I energetic quark

jet

) jet of collinear particles m2
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1.  Motivating an effective theory of QCD
(a)   Collider physics and the separation of scales
(b)  Resummation examples:  Z @ small pT and thrust

2.  A brief introduction to SCET
(c)   Formalism, power counting, and momentum mode suppression
(d)  SCET Lagrangian
(e)   SCET dijet factorisation
(f)   Renormalisation group resummation (for thrust)

3.  Universal soft functions at NLO
(g)  Divergence structures, measurement functions, and Laplace space
(h)  naive subtraction

4.  Soft automation to NNLO
(i)   NLO vs. NNLO:  the need for automation
(j)   Sector Decomposition, parameterising phase space, and SecDec
(k)  Analytic regulator at NNLO
(l)   Results
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Why an EFT for QCD?

3

• A perturbative description of collider phenomena with widely separated 
momentum scales generically involves large logarithms of the scales’ ratios—these 
must be resummed:

• Traditional approaches in QCD based on coherent branching algorithm (CTTW) 
which sums probabilities of independent gluon emission diagrammatically

• Effective field theories allow for analytic resummation using renormalisation 
group techniques at the amplitude level…very efficient.

• Hierarchy of scales implemented at the level of the Lagrangian…

Brief Article

The Author

March 6, 2015
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Resummation I:  Z @ small pT
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1109.6027(Becher/Neubert/Wilhelm)
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Figure 1: Resummed predictions for the transverse-momentum distribution of Higgs bosons
produced at the LHC at NLL (blue bands) and NNLL order (green bands). The factorization
scale µ is varied by a factor 2 about its default value µ = qT + q∗. The thick lines refer to the
default scale choice. The discontinuities at qT = 1.8GeV arise from the change from 5 to 4
light flavors occurring when µ ≤ 1

2(qT + q∗) = 4.75GeV.

also at qT > q∗, as they resum an asymptotically divergent, but Borel-summable subset of
higher-order corrections in as.

In Figure 1, we present predictions for the resummed transverse-momentum distributions of
Higgs bosons with mass mH = 125GeV produced in gluon fusion at the LHC. The blue bands
correspond to the results obtained at NLL order, in which case we keep terms up to O(ϵ0) in
(27) and (28) and use leading-order (LO) expressions for the Wilson coefficients Ct and CS in
RG-improved perturbation theory. The green bands show results with NNLL accuracy, which
are obtained by retaining all terms shown in (27) and (28) and using next-to-leading-order
(NLO) expressions for Ct and CS. We use v = 246.675GeV for the Higgs vacuum expectation
value and work with MSTW2008NNLO PDFs with αs(MZ) = 0.1171 [36]. In our numerical
results, we include finite top-quark mass effects by working with the exact leading-order cross
section, which can be found e.g. in [37]. Numerically, using mt = 172.6GeV, this leads to a
6.6% increase in the cross section compared to the mt → ∞ limit. We do not include the
b-quark contribution and electroweak effects, which are of similar size but opposite sign and
tend to cancel each other. The combined effect of these would be a reduction of the cross
section by about 1.5%. The left plot in the figure shows the spectrum dσ/dqT , while the plot
on the right shows the distribution dσ/dq2T , which tends to a constant at the origin. Note that
at NNLL order the value of the intercept is predicted with very good accuracy. In [17], we
have presented an explicit formula for the intercept for the case of the Drell-Yan process.

To estimate the theoretical uncertainty of our predictions, we vary the factorization scale
by a factor 2 about the default value µ = qT + q∗. Our results also depend on the two hard
matching scales µt and µh. At the scale µt the top quark is integrated out, giving rise to an
effective ggH vertex. The associated matching corrections are small, and varying µt in the
NNLL order cross section by a factor 2 about the default value µt = mt changes the result
by less than 1%. The scale µh is associated with the hard momentum transfer in the ggH
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pT distribution of Z-boson 
production @ LHC

• For pp -> Z + X @ small pT all radiation is 
confined to the beam or soft

• Perturbative expansion plagued by large 
logarithms of mZ/pT — resummation 
required. 

• Traditional QCD resummation using CSS 
(N. Phys. B250), incomplete NNLL (hep-ph/0302104)

• Becher, Neubert, and Wilhelm achieve 
NNLL resummation via SCET methods.
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Resummation II:  thrust 
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Thrust is an e+e- event shape—a geometric, dimensionless physical observable 
characterising the momentum distribution of particles

•  One can intui:vely see why SCET may be appropriate to treat the T1 
limi:ng case.  We some:mes then prefer the variable τ = 1‐T. 

BUSSTEPP, September 2013 

II.I  Defini:on, Kinema:cal Endpoints, and Fixed Order Result 

12 

II.I:  THRUST 

•  Thrust is an event shape.  Event shapes are geometric, physical 
observables (dimensionless) that characterize the momentum 
distribu:on of outgoing par:cles.   

•  Thrust is perhaps the simplest, and is defined: 

•  n runs over unit vectors, so that (e.g.) in a dijet, “pencil‐like” event the 
numerator and denominator cancel (T=1).  The n‐vector which gives 
the maximum also defines the “thrust axis”=axis of max momentum 
flow 

BUSSTEPP, September 2013  11 

Canonical event shape

Thrust:

I T =
1
Q

max
~n

⇣X

i

|~pi · ~nT |
⌘

two-jet like: T ' 1 spherical: T ' 1/2

Thrust distribution precisely measured at LEP (⌧ = 1 � T )MEASUREMENTS OF THRUST

Will later use ALEPH and OPAL LEP I & II results
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Resummation II:  thrust 0803.0342v2(Becher/Schwartz)

SCET Talk Workbook

JT

March 10, 2015
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• Traditional QCD resummation achieved by CTTW @ NLL (Nucl. Phys. B407 [1993])

Red = Aleph data

• Becher, Schwartz achieve N3LL resummation using SCET methods (kind of)

• Recently extended to NNLL (1105.4560; Monni, Gehrmann, Luisoni)1st order
2nd order
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Figure 6: Convergence of resummed and fixed-order distributions. aleph data (red) and opal

data (blue) at 91.2 GeV are included for reference. All plots have αs(mZ) = 0.1168.

4 αs extraction and error analysis

In this section we now use our result for the thrust distribution to determine αs, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value αs(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the effective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small τ , where the distribution peaks. The peak region is affected by non-
perturbative effects, as will be discussed in the next section, but it will not be used in the
extraction of αs. The region relevant for the αs extraction is shown in the lower two plots.
The value of αs(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < τ < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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Resummation:  𝛼s

• Resummed results used to perform precision extractions of strong coupling:↵s determinations

Int. Workshop on Determination of Fundamental Parameters of QCD, March 18-21, 2013 

Strong coupling from event shapes 

André H. Hoang  

world average

determination from event shape fits↵s(mZ)

FO

moments fits

MC power 
corrections

Analytic power 
corrections

N3LL 
resummation

tail fits�

�

�

NLL
N3LL

�

�, �, Y3, B

�, �, Y3, B

NLL 
resummation

�, �, Y3, B

[Dissertori et al]

[Dissertori et al]

[Davison Webber]

[AFHMS]

[AFHMS]

[Gehrmann et al]

[Becher & Schwartz]

[Chien & Schwartz]

N2LL
[Gehrmann et al]

0.110

0.115

0.120

0.125

C-param

HKMS

[compilation from A. Hoang, QCD workshop, Singapore, March 2013]

I higher log resummations reduce uncertainties

I fits with analytic power corrections give lower values

I tension between most precise determinations and world average
[AFHMS: Abbate, Fickinger, Hoang, Mateu, Stewart 10,12]

J E T B R O A D E N I N G I N E F F E C T I V E F I E L D T H E O R Y G U I D O B E L L
PA R T I C L E P H Y S I C S S E M I N A R – T U R I N F E B R U A R Y 2 0 1 4

• ->      Higher log resummations reduce uncertainties. 
• ->      Precision fits are lower than the world average.



Introducing SCET:  intuition 
• SCET is an effective theory whose degrees of freedom are soft and 

collinear partons

8

Soft-Collinear Effective Theory [Bauer, Fleming, Pirjol, Stewart 00;
Beneke, Chapovsky, Diehl, Feldmann 02]

Effective field theory for light energetic particles

I

split into two energetic
collinear partons

I emit soft gluons that
I do not deflect the
I energetic quark

jet

) jet of collinear particles m2
J ⌧ E2

J

I soft large-angle radiation Es ⌧ EJ
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Two versions of SCET

SCETI: E2
s ⌧ m2

J ⌧ E2
J

I

EJ ⇠ Q

mJ

Es ⇠ m2

J
Q

d� ' H(Q, µ) · J(mJ , µ) · S(m2
J/Q, µ)

ln2 Q2

m2
J
= 1

2 ln2 Q2

µ2 � ln2 m2
J

µ2 + 1
2 ln2 m4

J/Q2

µ2

) resum Sudakov logarithms with RG techniques

SCETII: E2
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d� ' H(Q, µ) · J(mJ , µ) · S(mJ , µ)

ln2 Q2

m2
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) new type of logarithms that cannot be resummed with RG techniques

J E T B R O A D E N I N G I N E F F E C T I V E F I E L D T H E O R Y G U I D O B E L L
PA R T I C L E P H Y S I C S S E M I N A R – T U R I N F E B R U A R Y 2 0 1 4



Introducing SCET:  notation 
• SCET is formulated in light-cone basis:

9

• Such that any vector or invariant can be parameterised as follows:

h(x, y, {✓j}) = ĝ(x, y, {✓j}) [ ˆf(y, {✓j})]2✏+↵ e�x
(18)

Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =

Z
dx

Z
dy x�1�n✏y�1�m✏{f(x, y)�f(0, y)�f(x, 0)+ add terms back}

H(Q2, µ) = H(Q2, µh) Uh(µh, µ)

dH(Q2, µ)

d lnµ
=


2�cusp ln(

Q2

µ2
) + 4�(↵s)

�
H(Q2.µ)

� =

pT
MH

� =

p
⌧

H(Q2, µ) = exp


4⇡�0

�2
0

1

↵s(Q)

✓
1� 1

µ
� lnµ

◆�

= 1� �0

2

↵2(Q)

4⇡
ln

2

✓
Q2

µ2

◆
+O(↵2

s)

(19)

nµ
= (1, 0, 0, 1) n̄µ

= (1, 0, 0,�1) (20)

n · n = 0 = n̄ · n̄ n · n̄ = 2 (21)

3

¯S(1)
(⌧L, µ) = ↵s CF (µ2e�E )✏ ⌫↵

⇡�1�r/2

�(1� ✏� r/2)

rY

k=1

Z 1

�1
sin

�k�2✏ ✓k d cos ✓k

⇥
Z 1

0
dx

Z 1

0
dy x�1�2✏�↵{⌧2✏+↵

L y�1+n✏+(n�1)↵/2} h(x, y, {✓j})
(18)

h(x, y, {✓j}) = ĝ(x, y, {✓j}) [ ˆf(y, {✓j})]2✏+↵ e�x
(19)

Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =

Z
dx

Z
dy x�1�n✏y�1�m✏{f(x, y)�f(0, y)�f(x, 0)+ add terms back}

H(Q2, µ) = H(Q2, µh) Uh(µh, µ)

dH(Q2, µ)

d lnµ
=


2�cusp ln(

Q2

µ2
) + 4�(↵s)

�
H(Q2.µ)

� =

pT
MH

� =

p
⌧

Lcollinear =
¯⇣n

✓
in ·D + i /D?

1

in ·Di /D?

◆
/̄n
2

⇣n

H(Q2, µ) = exp


4⇡�0

�2
0

1

↵s(Q)

✓
1� 1

µ
� lnµ

◆�

= 1� �0

2

↵2(Q)

4⇡
ln

2

✓
Q2

µ2

◆
+O(↵2

s)

(20)

nµ
= (1, 0, 0, 1) n̄µ

= (1, 0, 0,�1) (21)

n · n = 0 = n̄ · n̄ n · n̄ = 2 (22)

pµ =

n̄µ

2

n · p+ nµ

2

n̄ · p+ p?,µ ⌘ (p+, p�, p?) (23)

(24)

p2 = p+p� + p2? (25)

(26)

p · q =

1

2

p+ · q� +

1

2

p� · q+ + p? · q? (27)

3



Introducing SCET:  power-counting

• Separation of scales in EFTs characterised by power counting expansion parameter, 
in SCET this parameter changes depending on observable, e.g.:

10

• Momentum scaling is then determined for each relevant type of particle.   
Consider back-to-back light jets on the light cone, with background soft radiation:

(thrust)(Z @ small pT)

 Collinear scaling along +

Collinear scaling along -

Ultrasoft scaling

� =
pT
MH

� =
p
⌧

LQCD =  ̄i /D ) Lcollinear = ⇣̄

✓
in ·D + i /D?

1

in ·Di /D?

◆
/̄n
2
⇣

H(Q2, µ) = exp


4⇡�0
�2
0

1

↵s(Q)

✓
1� 1

µ
� lnµ

◆�

= 1� �0
2

↵2(Q)

4⇡
ln2

✓
Q2

µ2

◆
+O(↵2

s)

(25)

pµ ⇠ Q(1,�2,�)+,�,?

qµ ⇠ Q(�2, 1,�)

kµ ⇠ Q(�2,�2,�2)

(26)

nµ = (1, 0, 0, 1) n̄µ = (1, 0, 0,�1) (27)

n · n = 0 = n̄ · n̄ n · n̄ = 2 (28)

↵s ln

✓
m2

H

p2T

◆
(29)

I =

Z 1

0
dx

Z 1

0
dy(x+ y)�2+✏ (30)

I = I1 + I2 =

Z 1

0
dx

Z x

0
dy(x+ y)�2+✏ +

Z 1

0
dy

Z y

0
dx(x+ y)�2+✏ (31)

S̄RR(⌧) =
µ4✏

(2⇡)2d�2

Z
ddk �(k2) ✓(k0)

Z
ddl �(l2) ✓(l0) |A(k, l)|2 M̄(⌧, k, l) (32)

S̄RR(⌧) = (⇡µ2e�)2✏
⌦d�2⌦d�3

1024⇡6

Z 1

0
dk+

Z 1

0
dk�

Z 1

0
dl+

Z 1

0
dl�

Z 1

�1
d cos ✓(k+k�l+l�)

�✏ sind�5 ✓

⇥|A(k, l)|2 M̄(⌧, k, l)

4

� =
pT
MZ

� =
p
⌧
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Introducing SCET:  SCETI vs. SCETII

• There are two types of SCET, depending on the relative scaling of soft and collinear modes:

• In SCETII scaling alone does not suffice to differentiate—can only distinguish modes from their 
rapidity…

Momentum modes

Thrust (SCETI) Broadening (SCETII)

collinear

soft anti-collinear

hard

k�

k+

Q

⌧Q

Q⌧Q

collinear

soft

anti-collinear

hard

k�

k+

Q

b

b2/Q

Qbb2/Q

I thrust: p2
s ⌧ p2

c

I broadening: p2
s ⇠ p2

c

I ) cannot distinguish soft mode from collinear mode when radiated into jet direction

I ) need additional regulator that distinguishes modes by their rapidities

J E T B R O A D E N I N G I N E F F E C T I V E F I E L D T H E O R Y G U I D O B E L L
PA R T I C L E P H Y S I C S S E M I N A R – V I E N N A A P R I L 2 0 1 3

pT

p2T/Q

p2T/Q pT

Thrust (SCETI) Z @ small pT (SCETII)

Thrust

Z small pT



• Begin with fundamental QCD fields and split into soft and collinear components:
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Introducing SCET:  effective Lagrangian

• Further project collinear fermion into two components: 

• Now consider 2-pt correlators, and determine how field scales:

• Now, integrate out power suppressed modes.  Note, this is not a traditional EFT! Let’s look 
at the collinear portion of the SCET Lagrangian:

� =
pT
MH

� =
p
⌧

Lcollinear = ⇣̄n

✓
in ·D + i /D?

1

in ·Di /D?

◆
/̄n
2
⇣n

H(Q2, µ) = exp


4⇡�0
�2
0

1

↵s(Q)

✓
1� 1

µ
� lnµ

◆�

= 1� �0
2

↵2(Q)

4⇡
ln2

✓
Q2

µ2

◆
+O(↵2

s)

(25)

nµ = (1, 0, 0, 1) n̄µ = (1, 0, 0,�1) (26)

n · n = 0 = n̄ · n̄ n · n̄ = 2 (27)

↵s ln

✓
m2

H

p2T

◆
(28)

I =

Z 1

0
dx

Z 1

0
dy(x+ y)�2+✏ (29)

I = I1 + I2 =

Z 1

0
dx

Z x

0
dy(x+ y)�2+✏ +

Z 1

0
dy

Z y

0
dx(x+ y)�2+✏ (30)

S̄RR(⌧) =
µ4✏

(2⇡)2d�2

Z
ddk �(k2) ✓(k0)

Z
ddl �(l2) ✓(l0) |A(k, l)|2 M̄(⌧, k, l) (31)

S̄RR(⌧) = (⇡µ2e�)2✏
⌦d�2⌦d�3

1024⇡6

Z 1

0
dk+

Z 1

0
dk�

Z 1

0
dl+

Z 1

0
dl�

Z 1

�1
d cos ✓(k+k�l+l�)

�✏ sind�5 ✓

⇥|A(k, l)|2 M̄(⌧, k, l)

|A(k, l)|2 = 128⇡2↵2
sCFTFnf

2k · l(k� + l�)(k+ + l+)� (k�l+ � k+l�)

(k� + l�)2(k+ + l+)2(2k · l)2 (32)

Aµ(x) ! Aµ
c (x) +Aµ

s (x)  µ(x) !  µ
c (x) + 

µ
s (x) (33)

4

Logarithmic Accuracy �Cusp �H , �J , �s H, J, S

LL 1-loop tree tree

NLL 2-loop 1-loop tree

NNLL 3-loop 2-loop 1-loop

N3LL 4-loop 3-loop 2-loop

h0|{⇣(x)⇣̄(0)}|0i ⇠ �2 ) ⇣(x) ⇠ � (⌘(x) ⇠ �2) (35)

I1 =

Z 1

0
dx

Z 1

0
dy x�1+✏(1 + t)�2+✏ (36)

I2 =

Z 1

0
dy

Z 1

0
dx y�1+✏(1 + t)�2+✏ (37)

pµ =
n̄µ

2
n · p+ nµ

2
n̄ · p+ p?,µ ⌘ (p+, p�, p?) (38)

(39)

p2 = p+p� + p2? (40)

(41)

p · q =
1

2
p+ · q� +

1

2
p� · q+ + p? · q? (42)

5

pµ ⇠ Q(1,�2,�)+,�,?

qµ ⇠ Q(�2, 1,�)

kµ ⇠ Q(�2,�2,�2)

(36)

S ⇠ {c2
✏2

+
c1
✏1

+ c0} (at order ↵1
s) (37)

nµ = (1, 0, 0, 1) n̄µ = (1, 0, 0,�1) (38)

n · n = 0 = n̄ · n̄ n · n̄ = 2 (39)

↵n
s ln

2n

✓
m2

H

p2T

◆
(40)

I =

Z 1

0
dx

Z 1

0
dy(x+ y)�2+✏ (41)

I = I1 + I2 =

Z 1

0
dx

Z x

0
dy(x+ y)�2+✏ +

Z 1

0
dy

Z y

0
dx(x+ y)�2+✏ (42)

S̄RR(⌧) =
µ4✏

(2⇡)2d�2

Z
ddk �(k2) ✓(k0)

Z
ddl �(l2) ✓(l0) |A(k, l)|2 M̄(⌧, k, l) (43)

S̄RR(⌧) = (⇡µ2e�)2✏
⌦d�2⌦d�3

1024⇡6

Z 1

0
dk+

Z 1

0
dk�

Z 1

0
dl+

Z 1

0
dl�

Z 1

�1
d cos ✓(k+k�l+l�)

�✏ sind�5 ✓

⇥|A(k, l)|2 M̄(⌧, k, l)

|A(k, l)|2 = 128⇡2↵2
sCFTFnf

2k · l(k� + l�)(k+ + l+)� (k�l+ � k+l�)

(k� + l�)2(k+ + l+)2(2k · l)2 (44)

Aµ(x) ! Aµ
c (x) +Aµ

s (x)  µ(x) !  µ
c (x) + 

µ
s (x) (45)

⇣(x) =
/n/̄n

4
 c(x), ⌘(x) =

/̄n/n

4
 c(x) (46)

5

R(⌫, k+) =

✓
⌫

k+

◆↵

|A|2 = 64⇡2

k+k�
CF (42)

p� = k� + l� p+ = k+ + l+

a =

s
k�l+
k+l�

b =

s
k�k+
l�l+

=
k?
l?

(43)

S̄(1)(⌧, µ) = ↵s CF (µ2e�E )✏ ⌫↵
⇡�3/2

�(1� ✏� 1/2)

Z 1

�1
sin�1�2✏ ✓ d cos ✓

⇥
Z 1

0
dx

Z 1

0
dy x�1�2✏�↵⌧2✏+↵ y�1+n✏+(n�1)↵/2 h(x, y, ✓)

(44)

h(x, y, ✓) = ĝ(x, y, ✓) [f̂(y, ✓)]2✏+↵ e�x (45)

Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =

Z
dx

Z
dy x�1�n✏y�1�m✏{f(x, y)�f(0, y)�f(x, 0)+ add terms back}

H(Q2, µ) = H(Q2, µh) Uh(µh, µ)

dH(Q2, µ)

d lnµ
=


2�cusp ln(

Q2

µ2
) + 4�H(↵s)

�
H(Q2.µ)

� =
pT
MH

� =
p
⌧

LQCD =  ̄i /D ) Lcollinear = ⇣̄

✓
in ·D + i /D?

1

in̄ ·Di /D?

◆
/̄n
2
⇣

Wc = Pexp

✓
ig

Z 0

�1
dsn̄ ·Ac(x+ sn̄)

◆
(46)

⇣n(x) = Sn(x�)⇣
0
n(x) (47)

H(Q2, µ) = exp


4⇡�0
�2
0

1

↵s(Q)

✓
1� 1

µ
� lnµ

◆�
= 1� �0

2

↵s(Q)

4⇡
ln2

✓
Q2

µ2

◆
+O(↵2

s) (48)

5

S̃2
0 =

↵2
s(µ)

(4⇡)2
�
5.41162C2

F � 57.9535CACF + 43.8112CFTFnf

�
(10)

S̃2
0 =

↵2
s(µ)

(4⇡)2
�
(4.49± 1.5)C2

F � (58.16± .26)CACF + (43.74± .06)CFTFnf

�
(11)

S̃2
0 =

↵2
s(µ)

(4⇡)2
�
48.7045C2

F � 56.4989CACF + 43.3905CFTFnf

�
(12)

S̃2
0 =

↵2
s(µ)

(4⇡)2
�
48.7045C2

F � 56.5002CACF + 43.3897CFTFnf

�
(13)

µ
d

dµ
Cren(µ) = �(µ)Cren(µ) ) �(µ) = �Z�1µ

d

dµ
Z (14)

thrust T = maxn
⌃i|pi · n|
⌃i|pi| (15)

1

�0

d�

d⌧
= H(Q2, µ)

Z
dp2L

Z
dp2R J(p2L, µ) J(p2R, µ) S(⌧Q� p2L + p2R

Q
,µ)

� =
p
⌧ ! pc ⇠ Q(⌧, 1,

p
⌧) pc̄ ⇠ Q(1, ⌧,

p
⌧) pus ⇠ Q(⌧, ⌧, ⌧)

in ·D = in · @ + gn ·Ac + gn ·As (16)

Z 1

0
dx x�1�n✏f(x) =

Z 1

0
dx x�1�n✏{f(x)� f(0) + f(0)} (17)

↵n
s ln

m

✓
µ1

µ2

◆

⌧ = 1� T ↵n
s ln

2n ⌧

2

only collinear-soft interaction at leading order in λ

c

c c



Introducing SCET:  dijet factorisation

13

• We can derive all order factorisation theorems in SCET.  Two critical steps.  “Hard-Collinear 
factorisation” (1) & “Soft-decoupling” (2):

• Explicit non-locality along light-cone directions manifest -> Wilson lines necessary for gauge 
invariance.  After a field redefinition, we obtain (some spatial dependence suppressed):

• CV(s,t) is a Wilson coefficient to be determined in matching QCD to SCET

• Now the Lagrangian contains no interactions between collinear and soft fields (at leading order), but 
the current still contains both…

R(⌫, k+) =

✓
⌫

k+

◆↵

|A|2 = 64⇡2

k+k�
CF (42)

p� = k� + l� p+ = k+ + l+

a =

s
k�l+
k+l�

b =

s
k�k+
l�l+

=
k?
l?

(43)

S̄(1)(⌧, µ) = ↵s CF (µ2e�E )✏ ⌫↵
⇡�3/2

�(1� ✏� 1/2)

Z 1

�1
sin�1�2✏ ✓ d cos ✓

⇥
Z 1

0
dx

Z 1

0
dy x�1�2✏�↵⌧2✏+↵ y�1+n✏+(n�1)↵/2 h(x, y, ✓)

(44)

h(x, y, ✓) = ĝ(x, y, ✓) [f̂(y, ✓)]2✏+↵ e�x (45)

Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =

Z
dx

Z
dy x�1�n✏y�1�m✏{f(x, y)�f(0, y)�f(x, 0)+ add terms back}

H(Q2, µ) = H(Q2, µh) Uh(µh, µ)

dH(Q2, µ)

d lnµ
=


2�cusp ln(

Q2

µ2
) + 4�H(↵s)

�
H(Q2.µ)

� =
pT
MH

� =
p
⌧

LQCD =  ̄i /D ) Lcollinear = ⇣̄

✓
in ·D + i /D?

1

in̄ ·Di /D?

◆
/̄n
2
⇣

Wc = Pexp

✓
ig

Z 0

�1
dsn̄ ·Ac(x+ sn̄)

◆
(46)

⇣n(x) = Sn(x�)⇣
0
n(x) (47)

H(Q2, µ) = exp


4⇡�0
�2
0

1

↵s(Q)

✓
1� 1

µ
� lnµ

◆�
= 1� �0

2

↵s(Q)

4⇡
ln2

✓
Q2

µ2

◆
+O(↵2

s) (48)

5

R(⌫, k+) =

✓
⌫

k+

◆↵

|A|2 = 64⇡2

k+k�
CF (42)

p� = k� + l� p+ = k+ + l+

a =

s
k�l+
k+l�

b =

s
k�k+
l�l+

=
k?
l?

(43)

S̄(1)(⌧, µ) = ↵s CF (µ2e�E )✏ ⌫↵
⇡�3/2

�(1� ✏� 1/2)

Z 1

�1
sin�1�2✏ ✓ d cos ✓

⇥
Z 1

0
dx

Z 1

0
dy x�1�2✏�↵⌧2✏+↵ y�1+n✏+(n�1)↵/2 h(x, y, ✓)

(44)

h(x, y, ✓) = ĝ(x, y, ✓) [f̂(y, ✓)]2✏+↵ e�x (45)

Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =

Z
dx

Z
dy x�1�n✏y�1�m✏{f(x, y)�f(0, y)�f(x, 0)+ add terms back}

H(Q2, µ) = H(Q2, µh) Uh(µh, µ)

dH(Q2, µ)

d lnµ
=


2�cusp ln(

Q2

µ2
) + 4�H(↵s)

�
H(Q2.µ)

� =
pT
MH

� =
p
⌧

LQCD =  ̄i /D ) Lcollinear = ⇣̄

✓
in ·D + i /D?

1

in̄ ·Di /D?

◆
/̄n
2
⇣

Wc = Pexp

✓
ig

Z 0

�1
dsn̄ ·Ac(x+ sn̄)

◆
(46)

⇣n(x) = Sn(x�)⇣
0
n(x) (47)

H(Q2, µ) = exp


4⇡�0
�2
0

1

↵s(Q)

✓
1� 1

µ
� lnµ

◆�
= 1� �0

2

↵s(Q)

4⇡
ln2

✓
Q2

µ2

◆
+O(↵2

s) (48)

5

|CV |2 ⌃
X
|h0|Onn̄|Xi|2 (18)

= |CV |2 h0|
h
⇣̄0n̄W

0,†
n̄

i h
⇣̄0n̄W

0,†
n̄

i† |0i h0| ⇥W 0
n⇣

0
n

⇤ ⇥
W 0

n⇣
0
n

⇤† |0i h0|
h
S†
n̄Sn

i h
S†
n̄Sn

i† |0i (19)

(20)

(1)  ̄ �µ  ! CV ? ⇣̄n̄ �µ? ⇣n (21)

(2) ⇣̄n̄ �µ? ⇣n ! ⇣̄n̄ S†
n̄ �µ? Sn ⇣n (22)

(1)  ̄(0) �µ  (0) !
Z

dsdt CV (s, t) (⇣̄n̄Wn̄)(sn) �
µ
? (W †

n⇣n)(tn̄) (23)

(2)  ̄(0) �µ  (0) !
Z

dsdt CV (s, t) ⇣̄
0
n̄ W 0,†

n̄ S†
n̄ �µ? W 0

nSn ⇣0n (24)

µh ⇠ Q µj ⇠ Q
p
⌧ µs ⇠ Q⌧ (25)

H(Q2, µ) = H(Q2, µh)Uh(µh, µ) (26)
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Thrust w/ SCET:  factorisation
Brief Article

The Author

March 4, 2015
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4⇡
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2⇡2
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)�(⌧ )�6[

1

⌧
]
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�8[
ln ⌧

⌧
]
+

] (1)

thrust T = maxn
⌃i|pi · n|
⌃i|pi|

(2)

1

�0

d�

d⌧
= H(Q2, µ)

Z
dp2L

Z
dp2R J(p2L, µ) J(p2R, µ) S(⌧Q� p2L + p2R

Q
,µ)

1

Thrust in SCET

In the two-jet limit ⌧ ! 0 the thrust distribution factorises as [Fleming, Hoang, Mantry,
Stewart 07; Schwartz 07]

I 1
�0

d�
d⌧

= H(Q2, µ)

Z
dp2

L

Z
dp2

R J(p2
L , µ) J(p2

R , µ) S
⇣
⌧Q �

p2
L + p2

R
Q

, µ
⌘

multi-scale problem: Q2 � p2
L ⇠ p2

R ⇠ ⌧Q2 � ⌧2Q2

hard collinear soft

H(Q2) J(p2R)J(p2L)

S(µ2
S)

Hard function:

I on-shell vector form factor of a massless quark

H(Q2) =

2

I known to three-loop accuracy [Baikov, Chetyrkin, Smirnov, Smirnov, Steinhauser 09;
Gehrmann, Glover, Huber, Ikizlerli, Studerus 10]

I also enters Drell-Yan and DIS in the endpoint region

Jet function:

I imaginary part of quark propagator in light-cone gauge

I J(p2) ⇠ Im
h
F.T.

D
0
��� n/n̄/

4 W†(0) (0)  ̄(x)W (x) n̄/n/
4

���0
Ei

W (x) = P exp

 
igs

Z 0

�1
ds n̄ · A(x + sn̄)

!

I known to two-loop accuracy (anomalous dimension to three-loop) [Becher, Neubert 06]

I also enters inclusive B decays and DIS in the endpoint region

Soft function:

I matrix element of Wilson lines along the directions of energetic quarks

I S(!) =
X

X

���
D

X
���S†

n (0) Sn̄(0)
���0
E���

2
�(! � n · pXn � n̄ · pXn̄

) Sn(x) = P exp

 
igs

Z 0

�1
ds n · As(x + sn)

!

I known to two-loop accuracy (anomalous dimension to three-loop)
[Kelley, Schwartz, Schabinger, Zhu 11; Monni, Gehrmann,

Luisoni 11; Hornig, Lee, Stewart, Walsh Zuberi 11]

J E T B R O A D E N I N G I N E F F E C T I V E F I E L D T H E O R Y G U I D O B E L L
PA R T I C L E P H Y S I C S S E M I N A R – V I E N N A A P R I L 2 0 1 3
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+

�8[
ln ⌧

⌧
]
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] (1)

thrust T = maxn
⌃i|pi · n|
⌃i|pi|

(2)

1

• We can thus factorise our matrix element for the dijet, two-fermion operator quite simply:

(for dijet 
thrust)

“soft-decoupling”

⌧ = 1� T ↵n
s ln

2n ⌧

|CV |2 ⌃
X
|h0|Onn̄|Xi|2 (7)

= |CV |2 h0|
h
⇣̄0n̄W

0,†
n̄

i h
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0
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⇤ ⇥
W 0
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0
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S†
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(9)

(1)  ̄ �µ  ! CV ? ⇣̄n̄ �µ? ⇣n (10)

(2) ⇣̄n̄ �µ? ⇣n ! ⇣̄n̄ S†
n̄ �µ? Sn ⇣n (11)

(1)  ̄(x) �µ  (x) !
Z

dsdt CV (s, t) ⇣̄n̄(x+ sn) �µ? ⇣n(x+ tn̄) (12)

(2)  ̄(x) �µ  (x) !
Z

dsdt CV (s, t) ⇣̄
0
n̄ W 0,†

n̄ S†
n̄(x�) �

µ
? W 0

nSn(x+) ⇣
0
n (13)

µh ⇠ Q µj ⇠ Q
p
⌧ µs ⇠ Q⌧ (14)

H(Q2, µ) = H(Q2, µh)Uh(µh, µ) (15)

S(!) ' �(!) +
↵s

4⇡
S1(!) + ... with |A|2 = 64⇡2

k+k�
CF (16)

! = |k+|1�a
2 |k�|a2 (17)

p� ! pTp
y

p+ ! pT
p
y (18)

M̄(⌧, k, l) = exp{�⌧ pT F (a, b, y)} (19)
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Thrust w/ SCET:  resummation

• We evaluated H, Ji, and S at a common scale.  Yet there are ‘natural’ scales at which the logarithms are no 
longer large:

Brief Article

The Author

March 4, 2015

1

�
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⌧
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1
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d�
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Z
dp2L

Z
dp2R J(p2L, µ) J(p2R, µ) S(⌧Q� p2L + p2R

Q
,µ)
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p
⌧ ! pc ⇠ Q(⌧, 1,

p
⌧) pc̄ ⇠ Q(1, ⌧,

p
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?Sn�n
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µh ⇠ Q µj ⇠ Q
p
⌧ µs ⇠ Q⌧ (4)

1

• We thus wish to RG run our functions up to their natural scales.  Take H as a simple example:

• Where the function U is a solution to the RG equation for the hard function:

• Which, at LL approximation, has the following form:

h(x, y, {✓
j

}) = ĝ(x, y, {✓
j

}) [ ˆf(y, {✓
j

})]2✏+↵ e�x
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dx
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d lnµ
=


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= 1� �0

2

↵2(Q)

4⇡
ln

2

✓
Q2

µ2

◆
+O(↵2

s

)

(19)

3

• Similar for jet and soft functions…

• H, Ji, and S contain logs of the form (respectively):

⌧LkT f(y, {✓j}) ! x (30)

f(y, {✓j}) ! y
n
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⇡�1�r/2

�(1� ✏� r/2)

rY

k=1

Z 1

�1
sin�k�2✏ ✓k d cos ✓k

⇥
Z 1

0
dx

Z 1

0
dy x�1�2✏�↵{⌧2✏+↵

L y�1+n✏+(n�1)↵/2} h(x, y, {✓j})
(33)
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Resummation: Technicalities

16

• SCET Observables @ NNLL:  broadening, Z/W/H @ small pT, jet-veto …

• SCET Observables @ N3LL:  thrust, C-parameter, Z/W/H @ large pT, … 

• We want to automate soft functions in SCET…

• Automated code for QCD resummation @NLL:  CAESAR (Banfi, Salam, Zanderighi)

• Recently extended to NNLL for            (Banfi, McAslan, Monni, Zanderighi)

Logarithmic Accuracy �Cusp �H , �J , �S CH , CJ , CS

LL 1-loop tree tree

NLL 2-loop 1-loop tree

NNLL 3-loop 2-loop 1-loop

N3LL 4-loop 3-loop 2-loop

8



Universal dijet soft functions

17

• We can write down a universal dijet soft function as the vacuum matrix element of a product of 
Wilson lines along the direction of energetic quarks.  

• The measurement function (M) encodes all of the information of the particular observable at 
hand. It is independent of the singularity structure.  Take thrust as an example: 

• The coefficients depend on the observable, we typically work in Laplace space.

• The matrix element of soft wilson lines is independent of the observable.  It contains the universal 
(implicit) UV/IR-divergences of the function.

• Idea:  isolate singularities at each order and calculate the associated coefficient numerically:
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Universal soft functions: NLO
• We work in Laplace space, so that our functions are not distribution valued.  At 1-loop the virtual 

corrections are scaleless in DR and we can write the NLO soft function as: 

• We want to disentangle all of the UV and IR divergences.  We thus split the integration region into two 
hemispheres and make the following physical substitutions:
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a
2 |k�|

a
2 (7)

a ! 0 : thrust

a ! 1 :⇠ broadening

(8)

S({!i}, µ) = ⌃
X,reg.

M({!i}, {kj})|hX|S†
n(0)Sn̄(0)|0i|2 (9)

Sn(x) = Pexp(igs

Z 0

�1
n ·As(x+ sn)ds) (10)

mY

i=1

=

Z
(

⌫

n · ki
)

↵
m �(k2i )✓(k

0
i )d

dki (11)

S̄(1)({⌧i}, µ) =
µ2✏

(2⇡)d�1

Z
�(k2) ✓(k0) R↵(⌫; k+) |A(k)|2 M̄({⌧i}, k+, k�, kT , {✓j}) ddk

(12)

k� ! kTp
y

k+ ! kT
p
y (13)

2

• Where we use a symmetric version of the analytic SCETII regulator (Becher, Bell / 1112.3907):

• We can now specify the measurement function M.  We assume it can be written in terms of two 
dimensionless functions f & g:

p� ! pTp
y

p+ ! pT
p
y (30)

¯M(⌧, k, l) = exp{�⌧ pT F (a, b, y)} (31)

F (a, b, y) = yN/2
ˆF (a, b, y) (32)

a ! 0 : thrust

a ! 1 :⇠ broadening

(33)

a ! 0 : thrust

a ! 1 :⇠ broadening

(34)

¯S2
RR(⌧) = (µ2⌧2e�)2✏

8↵2
sCFTFnf

⇡2

�(�4✏)p
⇡�(1� ✏)�(1/2� ✏)

⇥
Z 1

0
dy

Z 1

0
da

Z 1

0
db

Z 1

0
dt y�1+2N✏a1�2✏b�2✏

(a+ b)�2+2✏
(1 + ab)�2+2✏

(4t¯t)�1/2�✏

⇥ N (a, b, t)

[(1� a)2 + 4at]2
{[ ˆF (a, b, y)]4✏ + [

ˆF (a, b, 1/y]4✏}

S({!i}, µ) = ⌃

X,reg.
M({!i}, {kj})|hX|S†

n(0)Sn̄(0)|0i|2 (35)

Sn(x) = Pexp(igs

Z 0

�1
n ·As(x+ sn)ds) (36)

mY

i=1

=

Z
(

⌫

n · ki )
↵
m �(k2i )✓(k

0
i )d

dki (37)

¯S(1)
(⌧, µ) =

µ2✏

(2⇡)d�1

Z
�(k2) ✓(k0) R↵(⌫; k+, k�)

✓
16⇡↵sCF

k+k�

◆
¯M(⌧, k) ddk (38)

k� ! kTp
y

k
+

! kT
p
y (39)

4

M̄(⌧, k) = g(⌧kT , y, ✓) exp(�⌧kTf(y, ✓)) (40)

⌧kT f(y, ✓) ! x f(y, ✓) ! y
n
2 ˆf(y, ✓) (41)

f(y, ✓) ! y
n
2 ˆf(y, ✓) (42)

R↵(⌫, k+, k�) = ✓(k� � k+)(⌫/k�)
↵
+ ✓(k+ � k�)(⌫/k+)↵ (43)

p� = k� + l� p+ = k+ + l+

a =

s
k�l+
k+l�

b =

s
k�k+
l�l+

=

kT
lT

(44)

¯S(1)
(⌧, µ) ⇠

Z 1

�1
sin

�1�2✏ ✓ d cos ✓

Z 1

0
dx

Z 1

0
dy x�1�2✏�↵ y�1+n✏+(n�1)↵/2 ĝ(x, y, ✓) [ ˆf(y, ✓)]2✏+↵ e�x

h(x, y, ✓) = ĝ(x, y, ✓) [ ˆf(y, ✓)]2✏+↵ e�x
(45)

Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =

Z
dx

Z
dy x�1�n✏y�1�m✏{f(x, y)�f(0, y)�f(x, 0)+ add terms back}

H(Q2, µ) = H(Q2, µh) Uh(µh, µ)

dH(Q2, µ)

d lnµ
=


2�cusp ln(

Q2

µ2
) + 4�H(↵s)

�
H(Q2.µ)

� =

pT
MH

� =

p
⌧
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¯

 i /D ) Lcollinear =
¯⇣

✓
in ·D + i /D?
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in̄ ·Di /D?

◆
/̄n
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⇣

Wc = Pexp

✓
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Z 0

�1
dsn̄ ·Ac(x+ sn̄)

◆
(46)

⇣n(x) = Sn(x�)⇣
0
n(x) (47)
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k� ! kTp
y

k
+

! kT
p
y (39)

M̄(⌧, k) = g(⌧kT , y, ✓) exp(�⌧kTf(y, ✓)) (40)

⌧kT f(y, ✓) ! x f(y, ✓) ! y
n
2 ˆf(y, ✓) (41)

f(y, ✓) ! y
n
2 ˆf(y, ✓) (42)

R↵(⌫, k+, k�) = ✓(k� � k+)(⌫/k�)
↵
+ ✓(k+ � k�)(⌫/k+)

↵
(43)

p� = k� + l� a =

s
k�l+
k+l�

= e�
1
2 (⌘k�⌘l)

p+ = k+ + l+ b =

s
k�k+
l�l+
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kT
lT
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Z 1

0
dx

Z 1
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dy x�1�2✏�↵ y�1+n✏+(n�1)↵/2 ĝ(x, y, ✓) [ ˆf(y, ✓)]2✏+↵ e�x

h(x, y, ✓) = ĝ(x, y, ✓) [ ˆf(y, ✓)]2✏+↵ e�x
(45)

Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =

Z
dx

Z
dy x�1�n✏y�1�m✏{f(x, y)�f(0, y)�f(x, 0)+ add terms back}

H(Q2, µ) = H(Q2, µh) Uh(µh, µ)

dH(Q2, µ)

d lnµ
=


2�cusp ln(

Q2

µ2
) + 4�H(↵s)

�
H(Q2, µ)

� =

pT
MH

� =

p
⌧
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Universal soft functions: examples

M̄(⌧, k) = g(⌧kT , y, ✓) exp(�⌧kTf(y, ✓)) (40)

⌧kT f(y, ✓) ! x f(y, ✓) ! y
n
2 ˆf(y, ✓) (41)

f(y, ✓) ! y
n
2 ˆf(y, ✓) (42)

R↵(⌫, k+, k�) = ✓(k� � k+)(⌫/k�)
↵
+ ✓(k+ � k�)(⌫/k+)↵ (43)

p� = k� + l� p+ = k+ + l+

a =

s
k�l+
k+l�

b =

s
k�k+
l�l+

=

kT
lT

(44)

¯S(1)
(⌧, µ) ⇠

Z 1

�1
sin

�1�2✏ ✓ d cos ✓

Z 1

0
dx

Z 1

0
dy x�1�2✏�↵ y�1+n✏+(n�1)↵/2 ĝ(x, y, ✓) [ ˆf(y, ✓)]2✏+↵ e�x

h(x, y, ✓) = ĝ(x, y, ✓) [ ˆf(y, ✓)]2✏+↵ e�x
(45)

Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =

Z
dx

Z
dy x�1�n✏y�1�m✏{f(x, y)�f(0, y)�f(x, 0)+ add terms back}

H(Q2, µ) = H(Q2, µh) Uh(µh, µ)

dH(Q2, µ)

d lnµ
=


2�cusp ln(

Q2

µ2
) + 4�H(↵s)

�
H(Q2.µ)

� =

pT
MH

� =

p
⌧

LQCD =

¯

 i /D ) Lcollinear =
¯⇣

✓
in ·D + i /D?

1

in̄ ·Di /D?

◆
/̄n
2

⇣

Wc = Pexp

✓
ig

Z 0

�1
dsn̄ ·Ac(x+ sn̄)

◆
(46)

⇣n(x) = Sn(x�)⇣
0
n(x) (47)

5

Obs. g(⌧kT , y, ✓) f(y, ✓)

Thrust 1
p
y

Angularities 1 y(1�A)/2

C-Parameter 1
p
y/(1 + y)

Broadening �(1� ✏)
⇣
z⌧kT
4

⌘✏ J�✏

⇣
z⌧kT
2

⌘
1/2

W/H @ large pT 1
1+y�2

p
y cos ✓p
y

Transverse Thrust 1

1

|s|{
r

1 + 1

4

⇣
1p
y �p

y
⌘
2

s2 +
⇣

1p
y �p

y
⌘
cs cos ✓ � s2 cos2 ✓

�|c cos ✓ + 1

2

⇣
1p
y �p

y
⌘
s|}

9
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Universal soft functions: NLO master formula

• We are now in a position to write a master formula for the calculation of NLO dijet soft functions:

• We are in a position to apply a subtraction technique to extract the singularities.  Consider a simple 
1-D example:

• We switch to a dimensionless variable (x) and extract the scaling of the observables in the collinear 
limit y ⇒ 0:

R↵(⌫, k+) =

✓
⌫

k+

◆↵

|A(k)|2 = 64⇡2

k+k�
CF (43)

p� = k� + l� p+ = k+ + l+

a =

s
k�l+
k+l�

b =

s
k�k+
l�l+

=
k?
l?

(44)

S̄(1)(⌧, µ) ⇠
Z 1

�1
sin�1�2✏ ✓ d cos ✓

Z 1

0
dx

Z 1

0
dy x�1�2✏�↵ y�1+n✏+(n�1)↵/2 ĝ(x, y, ✓) [f̂(y, ✓)]2✏+↵ e�x

h(x, y, ✓) = ĝ(x, y, ✓) [f̂(y, ✓)]2✏+↵ e�x (45)

Z
dx

Z
dy x�1�n✏y�1�m✏f(x.y) =

Z
dx

Z
dy x�1�n✏y�1�m✏{f(x, y)�f(0, y)�f(x, 0)+ add terms back}

H(Q2, µ) = H(Q2, µh) Uh(µh, µ)

dH(Q2, µ)

d lnµ
=


2�cusp ln(

Q2

µ2
) + 4�H(↵s)

�
H(Q2.µ)

� =
pT
MH

� =
p
⌧

LQCD =  ̄i /D ) Lcollinear = ⇣̄

✓
in ·D + i /D?

1

in̄ ·Di /D?

◆
/̄n
2
⇣

Wc = Pexp

✓
ig

Z 0

�1
dsn̄ ·Ac(x+ sn̄)

◆
(46)

⇣n(x) = Sn(x�)⇣
0
n(x) (47)

H(Q2, µ) = exp


4⇡�0
�2
0

1

↵s(Q)

✓
1� 1

r
� ln r

◆�
= 1��0

2

↵s(Q)

4⇡
ln2

✓
Q2

µ2

◆
+O(↵2

s), r =
↵s(µ)

↵s(Q)

ln
µ2

Q2
, ln

µ2

⌧Q2
, ln

µ2

⌧2Q2
(48)

5

a ! 0 : thrust

a ! 1 :⇠ broadening

(33)

a ! 0 : thrust

a ! 1 :⇠ broadening

(34)

S̄2
RR(⌧) = (µ2⌧2e�)2✏

8↵2
sCFTFnf

⇡2

�(�4✏)p
⇡�(1� ✏)�(1/2� ✏)

⇥
Z 1

0
dy

Z 1

0
da

Z 1

0
db

Z 1

0
dt y�1+2N✏a1�2✏b�2✏ (a+ b)�2+2✏(1 + ab)�2+2✏(4tt̄)�1/2�✏

⇥ N (a, b, t)

[(1� a)2 + 4at]2
{[F̂ (a, b, y)]4✏ + [F̂ (a, b, 1/y]4✏}

S({!i}, µ) = ⌃
X,reg.

M({!i}, {kj})|hX|S†
n(0)Sn̄(0)|0i|2 (35)

Sn(x) = Pexp(igs

Z 0

�1
n ·As(x+ sn)ds) (36)

mY

i=1

=

Z
(

⌫

n · ki )
↵
m �(k2i )✓(k

0
i )d

dki (37)

S̄(1)({⌧i}, µ) = µ2✏

(2⇡)d�1

Z
�(k2) ✓(k0) R↵(⌫; k+) |A(k)|2 M̄({⌧i}, k) ddk (38)

k� ! kTp
y

k
+

! kT
p
y (39)

M̄({⌧i}, k) = g(⌧kT , y, ✓) exp(�⌧kTf(y, ✓)) (40)

⌧kT f(y, ✓) ! x f(y, ✓) ! y
n
2 f̂(y, ✓) (41)

f(y, ✓) ! y
n
2 f̂(y, ✓) (42)
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• Note that n=0 corresponds to a SCETII observable.
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Figure 3: Next-to-leading corrections to the soft function. The one-loop virtual diagrams are
scaleless and vanish.

The Laplace and Fourier transforms can be performed explicitly, yielding

S(τL, τR, zL, zR) = 1 +
CFαs

π

1

β − α

21−α−β−2ϵ Γ(−α− β − 2ϵ)

Γ(1− ϵ)

(
µ2eγE

)ϵ
(
ν21
Q

)α(
ν22
Q

)β

×
[
τα+β+2ϵ
L 2F1

(
− α + β + 2ϵ

2
,
1− α− β − 2ϵ

2
, 1− ϵ,−z2L

)
− (L ↔ R)

]
.

(20)
We now expand this expression by taking the limits β → 0, α → 0, and ϵ → 0. The order
in which the analytic regulators are taken to zero is arbitrary, but it is important that the
limit ϵ→ 0 is taken at the end, since only then the QCD result is independent of the analytic
regularization. The final expression for the bare soft function is

S(τL, τR, zL, zR) = 1 +
CFαs

4π

{

− 2

ϵ2
− 2

ϵ
ln(µ2τ̄ 2L)− ln2(µ2τ̄ 2L)

+ 4

(
1

α
+ ln

ν21 τ̄L
Q

)[
1

ϵ
+ ln(µ2τ̄ 2L) + 2 ln

√
1 + z2L + 1

4

]

+ 8Li2

(
−

√
1 + z2L − 1

√
1 + z2L + 1

)
+ 4 ln2

√
1 + z2L + 1

4
+

5π2

6
− (L ↔ R)

}

,

(21)

where τ̄L = τLeγE . The coefficients of the 1/α poles are equal and opposite to those in the jet
functions, see (18), so that these divergences cancel in the product J L J R S.

Let us now use the expressions derived above to compute the differential cross section at
one-loop order. In this approximation we only need the convolutions of the tree-level soft
function with the one-loop jet functions and vice versa. Since the tree-level soft function
involves δ-functions in the transverse momenta, we only need the jet function JL(b, p⊥ = 0)
given in (16). The resulting expression can be refactorized in the form

1

σ0

d2σ

dbL dbR
= H(Q2)Σ(bL)Σ(bR) , (22)

where

Σ(b) = δ(b) +
CFαs

4π

eϵγE

Γ(1− ϵ)

1

b

(µ
b

)2ϵ
(
4 ln

Q2

b2
− 6− 2ϵ

)
. (23)

7

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3: Diagrams that give non-vanishing contributions to the soft function at NNLO. In
addition there are mirror-symmetrical graphs, which we take into account by multiplying each
diagram with a symmetry factor si, where sa = sb = sf = sg = 2, sc = 1 and sd = se = sh = 4,
see text.

4 Two-loop anomaly coefficient

4.1 Setup of the calculation

The anomaly coefficient FB(τ, z, µ) can be extracted from the divergences in the analytic
regulator of any of the soft and jet functions. Here, we will consider the two-loop soft function,
since in this case there are again up to two partons in the final state and the integrals are
similar to the ones that we encountered in the calculation of the one-loop jet function. As the
divergences cancel in each hemisphere independently, it is sufficient to consider emissions into
one of the hemispheres only. To be specific, we focus on the emissions into the left hemisphere.

At two-loop order the purely virtual corrections are again scaleless and vanish. Among
the mixed virtual-real and double real emissions, only the diagrams in Figure 3 give non-
vanishing contributions. The same matrix elements also arise in other two-loop computations
of soft functions [24–32], what makes our case different are the phase-space constraints and
the necessity of working with an additional analytic regulator. In the following, we denote the
individual contributions of these diagrams to the soft function by

S(2i)
L (bL, bR, p

⊥
L , p

⊥
R), i = a, b, . . . , h (42)

and similarly for the Laplace-Fourier transformed soft function S.
The diagrams in Figure 3 have counterpart diagrams that follow by exchanging nµ ↔ n̄µ

as well as complex conjugation. It turns out that the matrix elements of diagrams (d), (e)
and (g) are not symmetric under nµ ↔ n̄µ. In an integral over a symmetric phase space,

13

NLO:

NNLO:
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Automation:  NLO vs. NNLO

• Consider the double real emission (and drop additional regulator):

• Consider, e.g., the CFTFnf  color structure:

• It is clear the singularity structure is non-trivial, and that the singularities are 
overlapping…

• Decompose into light-cone coordinates and perform trivial integrations:

pµ ⇠ Q(1,�2,�)+,�,?

qµ ⇠ Q(�2, 1,�)

kµ ⇠ Q(�2,�2,�2)

(48)
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s) (49)
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ddk �(k2) ✓(k0)

Z
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Automation:  sector decomposition
• Consider a simple integral over a unit hypercube with ‘overlapping singularities’ (singular as x,y 

simultaneously tend to 0):

f(y, {✓j}) ! y
n
2 ˆf(y, {✓j}) (17)

¯S(1)
(⌧L, µ) = ↵s CF (µ2e�E )✏ ⌫↵

⇡�1�r/2

�(1� ✏� r/2)
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⇥
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Z
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Z
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=


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⌧
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1
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◆
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2
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
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1
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µ
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n · n = 0 = n̄ · n̄ n · n̄ = 2 (22)
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✓
m2
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• We want to factorise such singularities.  Split the hypercube with two sectors (x>y) and (y>x):

I = I1 + I2 =

Z 1

0
dx

Z x

0
dy(x+ y)�2+✏

+

Z 1

0
dy

Z y

0
dx(x+ y)�2+✏
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n̄µ

2

n · p+ nµ

2

n̄ · p+ p?,µ ⌘ (p+, p�, p?) (26)

(27)

p2 = p+p� + p2? (28)

(29)

p · q =

1

2

p+ · q� +

1

2

p� · q+ + p? · q? (30)
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• Now substitute y = xt in first sector and x = yt in second:

4.3. The Method 42

y

x

−→
+ −→(2)

(1)

+

y

x

t

t

Figure 4.1: Sector decomposition schematically.

Since the term (1 + t)−2+ϵ is finite throughout the integration region, the singu-

larities are now factorised, with the singularity structue determined by the powers

of simple monomials of the integration variables. This concept can be applied to

multi-dimensional polynomial parameter integrals. In general, not all overlapping

singularities are factorised after one step of this process, so the method is iterated

until every singularity is factorised.

4.3 The Method

4.3.1 Multi-Loop Integrals

4.3.1.1 Feynman Parametrisation

A general Feynman graph Gµ1...µR

l1...lR
in D dimensions at L loops with N propagators

and R loop momenta in the numerator, where the propagators can have arbitrary,

not necessarily integer powers νj , has the following representation in momentum

space:

Gµ1...µR

l1...lR
=

∫ L
∏

l=1

dDκl
kµ1

l1
. . . kµR

lR
N∏

j=1
P
νj
j ({k}, {p}, m2

j)

dDκl =
µ4−D

iπ
D
2

dDkl , Pj({k}, {p}, m2
j) = q2j −m2

j + iδ , (4.4)

Image: J. Carter
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c (x) + 

µ
s (x) (35)
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dx
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0
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dy
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0
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2
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2
n̄ · p+ p?,µ ⌘ (p+, p�, p?) (40)

(41)
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p · q =
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2
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1

2
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Automation:  SecDec
• A tool is already on the market that exploits the sector decomposition algorithm:  SecDec

Heinrich, Jones, Kerner, Borowka, Schlenk, Zirke

• “A program to evaluate dimensionally regularised parameter integrals numerically” 

https://secdec.hepforge.org

SecDec

Loop     General

• We use SecDec’s ‘general’ mode, as it allows the definition of dummy functions.   

• Currently limited to SCETI observables, though additional rapidity regulator in 
development.

• SecDec provides: Simple interface to our NLO and NNLO master formulas (✔), 
numerical code output (✔), multiple numerical integrators for crosschecks (✔) 

https://secdec.hepforge.org
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Automation:  NNLO parameterisation
• We thus need to find an appropriate phase space parameterisation that exposes the divergence 

structure and is amenable to sector decomposition (SecDec):

• We further write the total momentum components in terms of pT and y (as in NLO case):

• Finally, we map onto the unit hyper-cube:

µh ⇠ Q µj ⇠ Q
p
⌧ µs ⇠ Q⌧ (5)

H(Q2, µ) = H(Q2, µh)Uh(µh, µ) (6)

S(!) ' �(!) +
↵s

4⇡
S1(!) + ... with |A|2 = 64⇡2

k+k�
CF (7)

! = |k+|1�a
2 |k�|a2 (8)

p� ! pTp
y

p+ ! pT
p
y (9)

M̄(⌧, k, l) = exp{�⌧ pT F (a, b, y)} (10)

F (a, b, y) = yN/2 F̂ (a, b, y) (11)

a ! 0 : thrust

a ! 1 :⇠ broadening

(12)

a ! 0 : thrust

a ! 1 :⇠ broadening

(13)

S̄RR(⌧) = (µ2⌧2e�)2✏
8↵2

sCFTFnf

⇡2

�(�4✏)p
⇡�(1� ✏)�(1/2� ✏)

⇥
Z 1

0
dy

Z 1

0
da

Z 1

0
db

Z 1

0
dt y�1+2N✏a1�2✏b�2✏ (a+ b)�2+2✏(1 + ab)�2+2✏(4tt̄)�1/2�✏

⇥ N (a, b, t)

[(1� a)2 + 4at]2
{[F (a, b, y)]4✏ + [F (a, b, 1/y]4✏}

(14)

S({!i}, µ) = ⌃
X,reg.

M({!i}, {kj})|hX|S†
n(0)Sn̄(0)|0i|2 (15)
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Sn(x) = Pexp(igs

Z
0
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n ·As(x+ sn)ds) (39)

mY
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Z
(

⌫

n · ki )
↵
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0

i )d
dki (40)
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µ2✏

(2⇡)d�1

Z
�(k2) ✓(k0) R↵(⌫; k+, k�)

✓
16⇡↵sCF

k
+
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◆
M̄(⌧, k) ddk (41)

k� ! kTp
y

k
+

! kT
p
y (42)

M̄(⌧, k) = g(⌧kT , y, ✓) exp(�⌧kTf(y, ✓)) (43)

⌧kT f(y, ✓) ! x f(y, ✓) ! y
n
2 f̂(y, ✓) (44)

f(y, ✓) ! y
n
2 f̂(y, ✓) (45)
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)(⌫/k�)
↵ + ✓(k

+

� k�)(⌫/k+)
↵ (46)
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s
k�l+
k
+

l�
= e�(⌘k�⌘l)

p
+

= k
+

+ l
+
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s
k�k+
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Z

1

�1
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1

0
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Automation:  NNLO master formula
• We again assume an exponentiated form for the (Laplace space) measurement function:

• We again assume a factorised y-dependence in F(a,b,y):

• We arrive at an NNLO master formula (here shown for CFTFnf amplitude):

˜M(⌧, k, l) = exp{�⌧ pT F (a, b, y, ti(✓i))}

F (a, b, y, ti) = y
N
2 F̂ (a, b, y, ti)

⇥
t̄(i) =

�
1� t(i)

�⇤

S̄(2)
RR(⌧) =

�
µ2⌧2e�

�2✏ 8↵2
sCFTFnf
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⇥
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0
da
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0
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0
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0
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1
2�✏

⇥
Z 1

0
dt1

Z 1

0
dt2 2�1�4✏ ✏

⇡
(t1t̄1)

� 1
2�✏ (t2t̄2)

�1�✏

⇥ (1� a)2(1� b)2 + 4t(a+ b)(1 + ab)

[(1� a)2 + 4at]2

⇢h
F̂ (a, b, y, ti)

i4✏
+
h
F̂ (1/a, b, y, ti)

i4✏�



NNLO Measurement functions: examples
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Observable F (y,a, b, ti (✓i))

Inclusive Drell-Yan

1

p
y
+

p
y

C-Parameter a
p
y

✓
b

a (a+ b) + y (1 + ab)
+

1

a+ b+ ay (1 + ab)

◆

Thrust

p
y +⇥

✓
y � a

1 + ab

a+ b

◆✓
a

p
y(a+ b)

�
p
y

1 + ab

◆

Angularities

p
y
1�A


b

✓
a

1 + ab

◆1�A
2
✓

1

a+ b

◆A
2

+

✓
1

1 + ab

◆1�A
2
✓

a

a+ b

◆A
2

+⇥
⇣
y � a (1+ab)

a+b

⌘✓
yA�1

⇣
a

a+b

⌘1�A
2
⇣

1
1+ab

⌘A
2 �

⇣
1

1+ab

⌘1�A
2
⇣

a
a+b

⌘A
2

◆�

W/H at high pT
1

p
y
+

p
y � 2

r
a

(a+ b)(1 + ab)


1� 2t2 + b

⇣
1� 2t+ t2 � 2tt2 � 2 (1� 2t1)

p
t¯tt2 ¯t2

⌘�

Recoil-free

broadening

r
a

(a+ b)(1 + ab)
(1 + b)



Analytic regulator for NNLO

• Using our NNLO parameterisation, the regulator function takes the form
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• We extend the NLO definition to account for two gluons:

and similar for region B

• This definition still respects the              and            exchange symmetriesk $ ln $ n̄

RA
↵ (⌫; k, l) = ⌫↵ p�↵

T
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+ ⇥
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� y
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a
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2

y
↵
2

#
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✓
⌫
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2
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✓
⌫
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2

#

⇥
"
⇥(l+ � l�)

✓
⌫

l+

◆↵
2

+⇥(l� � l+)

✓
⌫

l�

◆↵
2

#
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• We use SecDec to calculate the double emission contribution.  To obtain the renormalized soft 
function we have to add the counterterms, which are known analytically at the required order.

• We thus also have an indication of our numerical precision…

• For the finite portion, we find (setting again                       ):

• Versus the analytic expression calculated by Kelley, Schabinger, Schwartz, Zhu / 1105.3676 (see also 
Monni, Gehrmann, Luisoni / 1105.4560):

• We show the cancellation of the divergences for thrust, setting

Results: Thrust
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⌧
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Results: C-parameter

• For C-parameter, we obtain:

• Where Hoang, Kolodrubetz, Mateu, Stewart / 1411.6633 extracted (using EVENT2) the following:

• C-parameter measurement function:

• We find similar numerical precision in the subtractions.
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Results: Angularities
• Angularities measurement function:

• The two-loop soft anomalous dimension is not known.  We define in Laplace space:
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Results: Angularities
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Results: Threshold Drell-Yan

• For Drell-Yan, we obtain:

• Whereas analytic expression calculated by Belitsky / 9808389 is:

• Again, similar precision found for pole cancellation. 

• Drell-Yan production @ threshold:

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
5.41162C2

F + 6.81281CACF � 10.6857CFTFnf

�
(9)

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
5.41162C2

F + 6.81287CACF � 10.6857CFTFnf

�
(10)

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
5.41162C2

F � 57.9535CACF + 43.8112CFTFnf

�
(11)

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
(4.49± 1.5)C2

F � (58.16± .26)CACF + (43.74± .06)CFTFnf

�
(12)

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
48.7045C2

F � 56.4989CACF + 43.3905CFTFnf

�
(13)

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
48.7045C2

F � 56.5002CACF + 43.3897CFTFnf

�
(14)

µ
d

dµ
Cren(µ) = �(µ)Cren(µ) ) �(µ) = �Z�1µ

d

dµ
Z (15)

thrust T = maxn
⌃i|pi · n|
⌃i|pi| (16)

1

�0

d�

d⌧
= H(Q2, µ)

Z
dp2L

Z
dp2R J(p2L, µ) J(p2R, µ) S(⌧Q� p2L + p2R

Q
,µ)

� =
p
⌧ ! pc ⇠ Q(⌧, 1,

p
⌧) pc̄ ⇠ Q(1, ⌧,

p
⌧) pus ⇠ Q(⌧, ⌧, ⌧)

in ·D = in · @ + gn ·Ac + gn ·As (17)

Z 1

0
dx x�1�n✏f(x) =

Z 1

0
dx x�1�n✏{f(x)� f(0) + f(0)} (18)

↵n
s ln

m

✓
µ1

µ2

◆

2

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
5.41162C2

F + 6.81281CACF � 10.6857CFTFnf

�
(9)

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
5.41162C2

F + 6.81287CACF � 10.6857CFTFnf

�
(10)

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
5.41162C2

F � 57.9535CACF + 43.8112CFTFnf

�
(11)

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
(4.49± 1.5)C2

F � (58.16± .26)CACF + (43.74± .06)CFTFnf

�
(12)

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
48.7045C2

F � 56.4989CACF + 43.3905CFTFnf

�
(13)

S̃
(2)
0 =

↵2
s(µ)

(4⇡)2
�
48.7045C2

F � 56.5002CACF + 43.3897CFTFnf

�
(14)

µ
d

dµ
Cren(µ) = �(µ)Cren(µ) ) �(µ) = �Z�1µ

d

dµ
Z (15)

thrust T = maxn
⌃i|pi · n|
⌃i|pi| (16)

1

�0

d�

d⌧
= H(Q2, µ)

Z
dp2L

Z
dp2R J(p2L, µ) J(p2R, µ) S(⌧Q� p2L + p2R

Q
,µ)

� =
p
⌧ ! pc ⇠ Q(⌧, 1,

p
⌧) pc̄ ⇠ Q(1, ⌧,

p
⌧) pus ⇠ Q(⌧, ⌧, ⌧)

in ·D = in · @ + gn ·Ac + gn ·As (17)

Z 1

0
dx x�1�n✏f(x) =

Z 1

0
dx x�1�n✏{f(x)� f(0) + f(0)} (18)

↵n
s ln

m

✓
µ1

µ2

◆

2

MC(!, {ki}) = �(! �
X

i

ki
+

ki�
ki
+

+ ki�
)

dS̃(⌧)

d lnµ
= � 1

(1�A)
[4�cusp ln (µ⌧̄)� 2�S ] S̃(⌧)

MDY (!, {ki}) = �(! � ⌃
i
ki
+

+ ki�)

MAng(!, {ki}) = �(! � ⌃
i2R

k
1�A/2
i,+ k

A/2
i,� � ⌃

i2L
k
A/2
i,+ k

1�A/2
i,� )

⇠ � 1

n✏
(8)

S̃
(2)

0

=
↵2

s(µ)

(4⇡)2
�
5.41162C2

F + 6.81281CACF � 10.6857CFTFnf

�
(9)

S̃
(2)

0

=
↵2

s(µ)

(4⇡)2
�
5.41162C2

F + 6.81287CACF � 10.6857CFTFnf

�
(10)

S̃
(2)

0

=
↵2

s(µ)

(4⇡)2
�
5.41162C2

F � 57.9535CACF + 43.8112CFTFnf

�
(11)

S̃
(2)

0

=
↵2

s(µ)

(4⇡)2
�
(4.49± 1.5)C2

F � (58.16± .26)CACF + (43.74± .06)CFTFnf

�
(12)

S̃
(2)

0

=
↵2

s(µ)

(4⇡)2
�
48.7045C2

F � 56.4989CACF + 43.3905CFTFnf

�
(13)

S̃
(2)

0

=
↵2

s(µ)

(4⇡)2
�
48.7045C2

F � 56.5002CACF + 43.3897CFTFnf

�
(14)

µ
d

dµ
Cren(µ) = �(µ)Cren(µ) ) �(µ) = �Z�1µ

d

dµ
Z (15)

thrust T = maxn
⌃i|pi · n|
⌃i|pi| (16)

1

�
0

d�

d⌧
= H(Q2, µ)

Z
dp2L

Z
dp2R J(p2L, µ) J(p2R, µ) S(⌧Q� p2L + p2R

Q
,µ)

2



34

Results: W/H @ large pT

• With two beams and one recoiling jet the soft function depends on two initial state 
(1,2) and one final state (J) Wilson lines:

• However, due to rescaling invariance of light-cone vectors and colour conservation, 
the diagrams that contribute @ NNLO only involve attachments to the initial state 
Wilson Lines S1 and S2.

• Hence, up to NNLO, we encounter the same dijet matrix element as before.

• However, there is also now an angular dependence in the measurement function, 
giving six-dimensional integrals… 
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Results: W/H @ large pT

• W/H production @ large pT:

• We have similar color structures with the following definitions:

• For W/H production @ large pT, we obtain:

• Whereas Becher, Bell, Marti / 1201.5572 calculate:
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Conclusions and future work

36

• We have presented an automated algorithm to compute dijet soft functions for a 
wide class of observables in SCET

• Our master formulas coupled with SecDec can quickly and easily produce predictions 
for a wide class of SCETI soft functions at one and two-loops. 

• Next steps:  Better understanding of the numerics, SCETII observables, n-jet soft functions and 
a public code…

Thanks!

• This is an important ingredient for NNLL resummations in SCET…

• SCET provides an efficient, analytic approach to high-order resummations necessary for 
precision collider physics.


