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The description
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The description of quantum bound states

Let Ĵ be some current operator with all quantum numbers and
symmetries of the bound state,

Ĵ ∣Ω⟩ = ∣L⟩

The existence of a bound state B implies

⟨L∣B⟩ ∼ ΨB(L)

Ô⇒ ∣B⟩ = ⨋L
ΨB(L)Ĵ ∣Ω⟩
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ΨB(L)Ĵ ∣Ω⟩

Alexis Kassiteridis From parton model to bound states



Quantum bound states
Decay rates of unflavoured mesons

Results and discussion
Outlook

The description
A simple application: the ρ-meson

A simple application: the ρ-meson

We demand the non-vanishing matrix element

fρε
s∗
µ (p) = ⟨p; s∣ĵµ(0)∣Ω⟩

Therefore, the expansion in momentum space yields

∣ρ⟩ = −
1

fρ
∫ d4x∫

d3p

(2π)3
φ(p) e−ip⋅x∑

s

εsµ(p)ĵ
µ
(x)∣Ω⟩

with dispersion relation
p2

=M2
ρ
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Starting point: para-exotic atoms

We compute at lowest order of pertur-
bation theory the pure QED channel

∣⟨2γ∣Bl; 0⟩∣2

which leads to

ΓBl→2γ =
16πα2

M2
Bl

∣ψ(0)∣2

with
MBl ≫ ∣p∣
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Leptonic wave-function and results

Wave-function ansatz?

2-body system motivation:

Ô⇒ ground state of Hydrogen atom

Therefore

ΓBl→2γ =
α5

2
ml

Comparison with experimental data:

11S0: e−e+ µ−µ+ τ−τ+

τ [10−10s] 1.24 6.04×10−3 3.57×10−4

τ exp.[10−10s] 1.24 5.95×10−3 na
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Application on unflavoured vector mesons

Leading process in α:

∣⟨e−e+∣Bq; 1⟩∣2

Recall i.e.

iMqLq̄R→e−
L
e+
R
= 2i

e2Qq

∣⟨12⟩∣2
⟨23⟩[41]

s=M2
Bq

Ô⇒ ΓBq→e−e+ =
16πQ2

q α
2

M2
Bq

∣ψBq(0)∣
2

Claim

The mesonic wave-function should be universal (same form for any unflavoured
meson at the ground state): It depends only on the mass of bound state MBq .
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Effective mesonic potential

In Born-approximation, 1-gluon exchange for qq̄ singlet scattering
gives

Vqq̄(r) = −C2
αs
r

(attractive)

Cornell-potential: asymptotic freedom and 1-loop running of αs

Vmeson(r) =
8π

3b0

1

r ln (ΛQCDr)
+ F0r ≃

A

2
(r − r0)

2
+B

insufficient predictive power!
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Effective potential: an intuitive approach

Claim

● Perturbative effects are dominant around the origin.
● Non-perturbative effects do not contribute at full scale
Ð→ confining effects are parametrized as a deviation from Z = 1.

In fact picking

VBq(r) = −C2

Zαs(MBq)
r

with δZ ≡ Z−1 ≃ 0.75 (anti-screening)

Ð→ experimental values are very nicely reproduced

Interpretation

Mesons with MBq ≫ ΛQCD behave effectively like 2-body systems of heavy
non-relativistic ”QCD-clouds”.
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The mesonic wave-function

Hydrogen atom

perturbation input confining parametrization

φBq(p) = N(MBq)

λ(MBq)

[∣p∣2 + λ2
(MBq)]

2

i.e. for Υ1S :
⟨r̂⟩1S ≃ 0.266fm

Ð→ very close to the experimental value of 0.2fm.
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Predictive formula and results

Comparison with experimental data

Predictive formula for decay rates in pure QED channel is
analytically computed,

ΓBq→X(MBq)

where X = e−e+,2γ for vector and scalar mesons respectively.

Impressive matching with experimental values:

LML-mesons: Υ J/ψ ρ φ ηc η′ ηb
Γ[keV] 1.42 5.12 6.07 1.32 6.85 3.28 0.55

Γexp.[keV] 1.34 5.55 7.04 1.26 5.06 4.34 0.45

MB[GeV] 9.46 3.097 0.775 1.019 2.98 0.958 9.40

deviationsÐ→ Z should also run, i.e. Z(αs) =
∞
∑
n=0

Cn (
αs
π
)
n
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Outlook

1 QCD related topics:

(i) Flavoured mesons (weak channels)

(ii) Excited states

(iii) (2)Glue-ball application

2 Gravity and black holes as parton model
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Starting point: para-exotic atoms

Consider a bound state in QED of a charged lepton l ∶ (k1; s1) and
lc ∶ (k2; s2).

For a para-exotic atom state:

∣Bl; 0⟩ =
√

2MBl ∫
d3k

(2π)3/2φ(k)
√

2El 2Elc
−1

∣k1, k2; s1, s2⟩

For convenience we used

⟨Bl; 0∣Bl; 0⟩ = 2MBlV
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QCD sum rules: perturbation theory revisited

Our knowledge for bound states with MBq ≫ ΛQCD:

Perturbative effects are the most dominant ones,

m2
ρ(M

2
) =M2

1.1 (1 − (1 + s0
M2 )e

−s0/M2
) − 0.12 (

0.6GeV2

M2 )

2

1.1 (1 − e−s0/M2
) + 0.12 (

0.6GeV2

M2 )

2

Sending condensates to zero

m2
ρ(M

2
)

large M2

Ð→

s0

2
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Impressive fitting of mesonic wave-function

We define the reduced wave-function as

∣ψRq (0)∣2 ≡
∣ψq(0)∣

2

M3
Bq

Simple power-ansatz:

∣ψRq (0)∣2 = κ̃αλs (s)

Impressive fitting for LML-unflavoured vector mesons:

λ ≃ 3.04 (same as in Bl case) and κ̃ ≃ (15.8)−1

which are independent of Bq.
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The wave-function and a first test

Final form of mesonic wave-function:

φBq(p) = N(MBq)
λ(MBq)

[∣p∣2 + λ2
(MBq)]

2

where

λ(MBq) = C2

ZπMBq

2b0 ln (MBq

ΛQCD
)

and N(MBq) =
λ3/2(MBq)
Z
√
π

i.e. for Υ1S :
⟨r̂⟩1S ≃ 0.266fm

Ð→ very close to the experimental value of 0.2fm.
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Predictive formula and results

Decay formula for pure QED channel:

ΓBq→X(MBq) =
128π3f

S/V
q α2Z3MBq

9b30(MBq) ln3
(
MBq
ΛQCD

)

with effective color charge Z = 1 + 0.75.

Impressive matching with experimental values:

LML-mesons: Υ J/ψ ρ φ ηc η′ ηb
Γ[keV] 1.42 5.12 6.07 1.32 6.85 3.28 0.55

Γexp.[keV] 1.34 5.55 7.04 1.26 5.06 4.34 0.45

MB[GeV] 9.46 3.097 0.775 1.019 2.98 0.958 9.40

deviationsÐ→ Z should also run, i.e. Z(αs) =
∞
∑
n=0

Cn (
αs
π
)
n
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Predictive formula for decay rates

Decay formula for pure QED channel:

ΓBq→X(MBq) =
128π3f

S/V
q α2Z3MBq

9b30(MBq) ln3
(
MBq
ΛQCD

)

with effective color charge Z = 1 + 0.75,

fSq =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

16
81
, for ηc,

2
27
, for η′,

1
81
, for ηb

, X = 2γ or 3fVq =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1
9
, for Υ,

4
9
, for J/ψ,

1
9
, for φ,

5
18
, for ρ0

, X = e−e+
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Comparison with experimental data

Impressive matching with experimental values:

LML-mesons: Υ J/ψ ρ φ ηc η′ ηb
Γ[keV] 1.42 5.12 6.07 1.32 6.85 3.28 0.55

Γexp.[keV] 1.34 5.55 7.04 1.26 5.06 4.34 0.45

MB[GeV] 9.46 3.097 0.775 1.019 2.98 0.958 9.40

deviations
Ð→ Z should also run, i.e. Z(αs) =

∞
∑
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π

)

n
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