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Neutrino Oscillations 295

Fig. 8.8. Mixing angle, oscillation length, and neutrino dispersion relation
as a function of the electron density. The medium was taken to have equal
numbers of protons and neutrons (Ye =

1
2), the ratio of neutrino masses was

taken to be m1 : m2 = 1 : 2, and sin2 2θ0 = 0.15.

Raffelt (1996)
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i⇢̇ = [H, ⇢]
Sigl, Raffelt (1993)
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FIG. 2: Schematic level crossing diagram for νe ! ν̄e transfor-
mation. The potential E± = ±

√

H2
3 +H2

1 is plotted against
electron fraction Ye, with off-diagonal potential H1 exagger-
ated to clearly show the gap, (E+ − E−) |res = 2 |H1|, at
resonance. Here neutrino contributions to H3 are neglected.

which leads to a level crossing between νe and ν̄µ,τ (and
ν̄e and νµ,τ ) near Ye = 1/2. Similarly, a cancelation be-
tween the matter and the neutrino potentials could lead
to a level crossing between νµ,τ and ν̄µ,τ . These level
crossings are more likely to occur in the supernova enve-
lope, where Ye and Yν can be relatively high [73, 84].
Provided that H3 varies slowly enough (adiabatically),

a neutrino that begins in the lower-energy state will re-
main in the lower-energy state, and therefore transform
into an antineutrino. Whether this transformation occurs
is governed by the adiabaticity parameter, γ = 2H2

1/Ḣ3.
Because H1 is generically smaller than H3 by a factor
of m/E ≈ 10−7 − 10−8, the adiabaticity parameter for
ν " ν̄ transformation, which is proportional to (m/E)2,
is typically very small. UnlessH3 varies extremely slowly,
only neutrinos at very low energies can transform.
However, the above analysis neglects effects of non-

linearity due to the dependence of the Hamiltonian
on neutrino distributions. To determine these effects,
we discretize the energy and numerically solve our toy
model using initial neutrino occupation numbers given

by 1/
(

1 + e
E−µ
T

)

, with T = 4 MeV and µ = 8 MeV.

For simplicity, we start with a pure neutrino spectrum,
hold the angle fixed at u = 1/

√
2 and the baryon number

density at nB = 300 MeV3. These values are roughly
consistent with conditions above the neutrino sphere in
a supernova [73, 74]. We vary Ye as a function of distance
s traveled by neutrinos, as follows:

Ye = Ye0 +
s

λ

(

1 +
s2

κ2

)

. (9)

The reason for adopting this expression for Ye is as
follows: we wish to obtain a level crossing at s = 0. We
want to be able to dial the derivative of Ye at s = 0 to see
how slowly it must vary in order to give adiabatic ν " ν̄
transformation. This is done by adjusting the parameter
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FIG. 3: Onset of coherent helicity transformation and stabi-
lization of resonance by nonlinear feedback.

λ: larger values of λ give greater adiabaticity. Further, if
λ must be large in order to trigger transformation, it is
useful to know if the derivative of Ye must remain small
in order for transformation to continue, or if it can grow
at a later time without halting the transformation. The
parameter κ controls the scale on which the derivative of
Ye grows away from the location of the level crossing.

In our model, we find that when nonlinear feedback
is included, large-scale ν " ν̄ transformation can occur
under unexpected conditions. Provided that the rate of
change of Ye at s = 0 is slow enough that some low-energy
neutrinos transform, a feedback mechanism begins to op-
erate that tends to keepH3 near zero until a large number
of neutrinos have been converted into antineutrinos.

Fig. (3) illustrates this phenomenon. As the system
approaches resonance, neutrinos begin to convert into
antineutrinos. This causes the neutrino self-interaction
potential to decrease. If the rate of change of the self-
interaction potential is large enough, it will overcome
the change of the matter potential and push the system
back towards resonance. This feedback is similar to the
matter-neutrino resonance described in [85], but in the
context of helicity, rather than flavor, transformation.

If the matter potential changes too quickly, this feed-
back mechanism fails. However, with the inclusion of
neutrino-neutrino interactions, adiabaticity criteria are
much easier to satisfy than in the linear case. We find
that instead of being proportional tom−2, as in the linear
case, λ is proportional to m−4/3. Consequently, inclusion
of nonlinear feedback results in the possibility of ν " ν̄
transformation for much faster variation of the matter
potential at the level crossing point.

In a supernova environment, Ye can typically change by
∼ 0.1 over distances of ∼ 100 km, so a ‘natural’ value for
the scale λ is∼ 1000 km. In our model, the required value
of λ is larger than this even in the presence of nonlinear
feedback, except for neutrino masses in excess of 1 eV.
For example, we find that form = 1 eV, λ ≈ 15×1000 km
is required. For m = 0.1 eV, λ ≈ 300 × 1000 km is re-

Vlasenko et al. arXiv:1406.6724
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