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String Theory

String theory is an attempt to explain all of the particles and
fundamental forces of nature in one theory by modeling them as
vibrations of strings.

» Open and Closed Bosonic String (dim 26)
Incorporate fermions and supersymmetry (dim 10)

> Type | superstring

> Type IIA & IIB superstring

» Heterotic SO(32) & Eg x Eg superstring

Unifying 5 types of superstring theories (dim 11)
> M-theory

SL(2,Z) S-duality manifested type IIB superstring (dim 12)
> F-theory

)
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T-duality

To make string theory contact with four-dim world, one needs to
compactify on compact spaces. This feature a symmetry,
T-duality.

» Bosonic String: Toroidal Compactification

> Type IIB < Type IIA

» Heterotic SO(32) < E8 x E8

» Mirror Symmetry
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Toroidal Compactification of closed Bosonic Strnig

» Simplest case: compactification on a circle of radius R,
eg. x® ~x® 4 27RL, L € Z.
x5 parametrizes a 1-dim circle S* of radius R.

» The coordinate x?5(c,7),0 < o < 27, maps the closed string
onto the spatial circle 0 < x% < 27 R. Thus the closed string
is modified to x25(o + 2, 7) = x?*(0, 7) + 27 RL (%)

The term 27 RL gives rise to strings which are closed on the
circle St.

» After quantization this leads to new states called winding
states which are characterized by the winding number L.

» T-duality: spectrum is invariant under R — %.
Simultaneously, the winding and momentum numbers
interchange L < M, maps winding states to momentum
states, vice versa.
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Mode Expansion

The mode expansion for x?>(o, 7) respect to (*) reads
25(0 7) = x®® 4+ o'p?>1 + LRo + osc.
5 and p?® obey the usual commutation relation.

[x25 p?®] = i, p?® generates translation of x2°
Single valued of the wave function eP*** restricts the
allowed internal momenta to discrete values: p?® = %, MeZ
The quantized momentum states are called Kaluza-Klein
modes.

Split x2° into left and right movers

x,§5(7 —0) =303 )+ 5 - ) (r — o)+ osc.
xB(r+0) =1+ )+ L (M + LRY(r + ) + osc.

The mass operator receives contributions from winding states

o/m} =%+ L2+ 2(N - 1)

o'mp = S (= L)+ 2(Ng — 1)

o/m? = o/(m + m%) =o' M — LI2R? 4 2(Ny + Ng — 2)
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Dualities in String Theory

Toroidal Compactification + asymmetric reflection for
fermion: Type IIB < Type lIA

Heterotic SO(32) < Eg x Eg :

Break the gauge symmetry to SO(16) x SO(16). One can
show that the two theories have identical spectra and
symmetries under RiR, = o' /2.

Mirror Symmetry: Calabi-Yau compatification to preserve
supersymmetry. 10 — CY3(6) = 4 dim. Spectrum invariant
with Complex structure U < Kahler modulus T

S-duality: Strong and weak coupling. Type IIB self S-dual etc.
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Gauge/gravity duality

AdS/CFT: anti-de Sitter/conformal field theory
correspondence, sometimes called gauge/gravity duality,
holographic duality is a conjectured relationship between two
kinds of physical theories.

On one side are String Theory on anti-de Sitter spaces (AdS)
which are used in theories of quantum gravity.

On the other side of the correspondence are conformal field
theories which are quantum field theories, including theories
similar to the Yang—Mills theories that describe elementary

particles.

e.g. Type IIB superstring on AdSs x S°
< N=4 supersymmetric Yang-Mills Theory in 4-dim.
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Gauge/gravity duality

time anti-de Sitter space
conformal boundary

AdS3 space(stack of hyperbolic disks) dual to CFT on cylinder
boundary.
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Effective action of Heterotic String

> The low-energy effective action for heterotic string massless
bosonic sector is described by

5= [ dxyE e (R+4(00) — H Hyy — 167 G)
» The field strength of the non-abelian gauge fields
G,'ja = 6,‘Aja — 3_,'Aia + 80 [A,'7 Aj]a

> The strength of the Kalb-Ramond field is modified by the
Chern-Simons three-form,

Hiji = 3(3[i5jk] — KapA[i“0A” — 180 Kap A A, Ak]]ﬁ)
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Heterotic Double Field Theory

As a generalization of T-duality, the global symmetry group of
heterotic Double Field Theory is enhanced to O(D, D + n)

Heterotic DFT lives on 2D + n dimensional space, coordinates
XM = (%,x',y*), O(D, D + n) vector XM: X'M = pM\ XN
he O(D,D + n).

The heterotic DFT action is expressed in terms of generalized
metric Hyn and an O(D, D + n) invariant dilation d, defined
by e=29 = \/Ee_2¢.

The abelian bosonic subsector of heterotic action under the
so-called strong constraint &' = 9, = 0, by

5= de e—2d ( ’18 HKLB Hki — lHM 0; HKJa Huk —

20;d0;HY + 4H9;d0;d )
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Lie algebroid for heterotic SUGRA

. — - /

Figure 1. Illustration of a Lie algebroid. On the left, one can see a manifold M
together with a bundle E and a bracket [-,-]g. This structure is mapped via the
anchor p to the tangent bundle TM with Lie bracket [-,-]z, which is shown on
the right.

v

A Lie algebroid is specified by three pieces of information:
a vector bundle E over a manifold M,

a bracket [-,-]g: E X E — E,

a homomorphism p : E — TM called the anchor.
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» We considers a D-dimensional manifold M with usual
coordinates x', equipped with a generalized bundle
E=TMa T*Mao V.

» On this bundle E one defines a generalized metric Hpy in
terms of the fundamental fields gj;, Bjj and A;“ etc.

» An O(D, D + n) transformation M acts on the generalized
metric via conjugation, i.e. H(g, B,A) = M' H(g, B,A) M,
Mt M =1, and tberAefore defines a field redefinition
(g,B,A) — (&,B,A).

gE=r'gr=¢ pr=(p)t=—(g+ )t
C=p'Cp=Cg'g §=—¢
A=ptA=—(1+Ctg 1A A=A
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The redefined heterotic action

» Gravitational quantities transform as
RImmp = (0791 0’ 0 050 Rk s Rinn = 0l P R
R=R, igl=VElel, d=0,  Di=(p)/0
» For the gauge field strength G = dA, we have
(N2p*)deA = d(p*A) = dA
Field Strength Three-form Flux
G :=deA = (N2pt) G A :=deB—1ANdgA = (N3pf) H
» so that the action in the redefined fields can be expressed as
S = [dx/E |p*] e—2¢(/%+4(o¢)2 — LA fy, — LGia é,-ja)
» Upshot: the first order o correction of Buscher rules is

naturally included in the form of the gauge field terms.
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A The Buscher rules derived from heterotic DFT

Using the implementation of T-duality in heterotic DFT, one can now quite generally
(re-)derive the Buscher from the conjugation of the generalized metric with the cor-
responding T-duality matrix. Carrying out this procedure for a T-duality in the z*
direction, we get precisely the o/ corrected Buscher rules presented in [42]

o Gan
0= —————>3
(Goo + 547)
o GogByi + %(JQXAZ - %Gee ApA;
o = —

(Goo + 5 43)°
GyiGoj — Bpi By
(Coo + 54)
1 o' a’ {1’2
- W(Gse{?ﬁﬁfleﬂu + S BaiAgA; — S Ap Ay 49141}

—
Gy =Gy —

+%Aﬂww7&QW%me+%H%MAﬁ4%AMﬂ) (A1)

G+ S Agds

Bl = :
" Gt 5
B B (Goi + %AgAe)BeJ — (Goj + %’AQAJ)BEL'
R (Goo + 5 AZ)
o A"

(Goo + 5 47)
G — Boi + S A A

A AT A T
' ' (Goo + £ A3)

where e.g. AgA; = A§ A;,. Here the metric and the Kalb-Ramond field have dimension

[1]" and the gauge field [I] L.
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Conclusion

Dualities for String Theory and SUGRA
» T-duality, Mirror Symmetry
» S-duality: Strong and weak coupling
» Gauge/gravity duality(AdS/CFT)
> Lie algebroid mapping, dual gravity

Thank you very much!
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