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Objective

® Convert between mass schemes without large logs — use a new RGE

e a threshold “MSR mass” that smoothly matches on to MS mass
without threshold corrections

® a new way to analyze renormalons in OPE
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Renormalon Formals




Borel Summation

fla) = f(0) + Z fra T asymptotic series
n=0

Borel
summable

1.

B[f] (u) — f(0)5(u) + Z fnl'bn Borel transform |
n=0

f(()é) _ ‘/O du G_u/aB[f](U) Borel inverse ) Iﬂ

<€ 7.3 >
p N </E

P> factorial growth implies pole in complex Borel plane
P> inverse Borel is ill-defined due to pole on real axis

Borel
non-summable

P> gives rise to ambiguity in Borel summed f(a)
\_ J
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pole mass with bubble chain

. ?
¥, m) = p —m—X(p,m) full quark propagator - A
‘t Hooft (1976)
Bigi et. al. (1994)
p —m—X(p,m)| p2=m2_ =V pole mass ~ Beneke & Braun (1994)
\ Y,
QU “ O
(ks
.. n+1 n
(ﬁ 0&8) — L Borel transform
47 n!

Blmypote — ) () o p (ufz_g)/l(i/z) -
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IR Scale & Short Distance Masses

pole mass relation to other schemes

m(R) = mMpole —OM(R,n = R)
B 2 } Introduces an IR
sm(R) = R |a as(R) . as(R) I { scale “R” J
47 47

converting between schemes

() ()

ar (ﬂf”) + (as + Bolog(R1/Ry)) (O‘SiRl)Y b

must have O at the
same scale to cancel the
renormalon !!

mA(RO)—mB(Rl) — Rl

Entroduces log(R1/Ro) which directly effects accuracy of conversion}
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IR Scale & Matrix Elements

Observable O = Ci(M,pn)Q1(n) + Co(M,p) Q?\(;L) + ... OPE

[Amb[C’l] 4 A?\;DJ & {{Ql} = d} = {Al’ﬂb[@g] N Ad+1J (Luke, Manohar, Savage (1994)]

Define: C (M. ) = O/(M,u) — —=5C,(M,u, R
(M, ) 1 (M, ) 17001 (M, R) .

(R) 5 (1)

0Q2(1,R) = —R How to define 0C+?

Will see later!
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(2002)

( Review by ElKhadra, Luke j SC h e m e M an Ia Mpole = m(R) 4 Ri a, CY?(R)
R

scheme Rbottom | Rtop process Reference
MS m 42 | 163 text book
1S mis Cr O 1.5 25  |Y decay, e* e =QQ(threshold) Hoang, I_(i1gge;ié)Manohar
PS | A1 2 20 ete *Qa(threshold) Beneke (1998)
: : Bigi ,Shif , Uralt
kinetic Mf(kin) 1 20 b — ¢ decays e
Bosch, Lange, Neubert,
SF l-Lf(SF) 1 — b= Xs v Paz (2004)
RGI MRGI 5 170 Lattice QCD Floratos et. al. (1979)
: . AJ, Sci |, St t
jet Rjet — 2 ete = tt— jj C'Tzeorgg) ewar
MSR R I I Hoang, AJ, Scimemi,

Stewart (2008)
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(2002)

( Review by ElKhadra, Luke j SC h e m e M an Ia — - i an " (R)
R

scheme Rbottom | Rtop process [ ?]
YE m 42 | 163 text book
1S |misCrots| 1.5 25 |Y decay, e*e- ~QQ(threshold)| MOaMS: LIS Manonar
PS Lt 2 20 e+ e —QQ(threshold) Beneke (1998)
cinetic ki 1 50 b—c decays Bigi ,Shiz‘;ngagn%)Uraltsev
SF HF(SF) 1 - b= Xs ¥ O e o0y
RGI MRG| 5 170 Lattice QCD Floratos et. al. (1979)
jet Riet — 2 ete o tt— jj A )
MSR R |1-42|1-163 O wart (2008
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Schemes Mania contd.: A1

{ )\1 =— <B ‘ B?} (ZD )zbv ‘B> J kinetic energy operator

. 3 w?w(w, ¥)dw ( . 1
(1 ) )\llqn ( R) — Iim lim f R e | Czarnecki, Melnikov, Uraltsev
i—0me—0 02 [ 5)dw (1998)
O _ _
37 dww?S(w,p)
APF (hfs ) = = Jo S . f Bosch, Lange,
(2) f —py W (w, ) shape function scheme ‘Neubert, Paz (2004)

A=\ — 0\,
(3) : _ 5 ‘ invisible scheme (Ligeti, Stewart, Tackmann (2008ﬂ
0N = <bv’bv(iDL) bv’b’v> R NRQ(Q§+...)
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MN RS

r 2
Mpole — M(M) = dm(u =m) Amb [ém(m)| ~ Aqep

{ J

_ - Y P AN S | __ | Aqcp ]
om(m) = m|ar as(m) + ag o (M) + ag o (M) + ... | ~ m { - }

Definition
of MSR mass
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MSR and MS mass

Mpole — mMSR(R) _ 5mMSR(R)

SmM(R) = R a1 as(R) + aza2(R) + aza2(R) + ... ]

° mMSR(R:m) = m(m)

® threshold scheme for R << m

® known to three loops in perturbation theory

e smoothly connects to MS mass if we can smoothly vary R
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R-Scale and R-RGE




Renormalization Group Flow

Integrated Out

accessible
region

absorbed in
\4
\\ parameters

m(LL)

increase L : less UV in mass

and more in matrix elements
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absorbed in
parameters M

m(R)

increase R : less IR in ME

and more in mass




R scale in PS mass

PS PS
m "(R) = Mpole om” 7 (R)
5 removing the potential energy
1 d>q contained in the sphere of radius R
Sm*P(R) = —= %4
B)=-5 | GV
g|<R
<
PS _ (BRo ; d*V(q) Ri 5 ¢*V(g)
—om 7 (R) = [y dg “gm + fRO dq "
fluctuations in the fluctuations in the
bulk shell
absorbed in
parameters
m(R)
Absorb the IR fluctuations that cause instability in
perturbative series for observables, into the mass parameter
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R-RGE: Formulation

d - os(R) as(R)\ do(R)
RE . m(R) — Mypole — R ai ( A ) + a9 ( A T .. & R dR — 6[QS(R)}
dm(R) _ os(R) as(R)\’ ) R-RGE
e ) R R = — R |7 A + 7 1 T
Yo, Vi, ... are L m n |
linear in a, and Pn | ™
~ / ( similar eqn. by
R-anomalous dimension ' Bigi, Shifman, Uraltsev (1997)
. )
scheme /y()
generates a continuous class of schemes PS / MSR 4Ck
A R, R Yo — 76 — )\’YO |(inetiC I6CF/3
_ : M= = Ay — 28070 jet 2Ck eV
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u-RGE vs. R-RGE

comparison at leading log

S
Blas] [need solution of as- RGE !!!j
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Xs-RGE: All order Solution

1 dR *2 dag(R) 2 3
s~ i > S R ~ — s s e
[ as- RGE j /RO 7 N Bl (R) Blas(R)) Boa bra
o P
. p 2T : 265
[change of Varlablej T By (R) - B2 — BoBs
T 45
; by b
AQCD — Ret(—t)bl EXP ( t2 2;2 ., )

( order by order inversion gives familiar expression of as which diverges at Aqcp )

Thursday, April 30, 2009




R-RGE : leading log solution

2T
(0) — t } = —
AQCD Re Go o (B . P|ane
! [t
= as(B) \
/dm(R)__%/dR 47 e ; ’ O\ ~ X
t1 to
4 P)
(0) to —t
— AQCD VO/ dte— a simple pole att =0
260 tl \ 4
- y,
ASSn Y0 YRy = [Boar 17l < nl g 4t
m(Ri) —m(Ro) = —52—[0(0.t1) =T(0,t0)] > ~ 93 Z{ zw} > = I
200 0 = Nt
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R-RGE : all order solution

t - plane
4 A R A |i
0 e—t
/ it |
o (_t)n‘|‘b1
\ / —
() voveeeme >
1 to
70
S = —
0 26() \ 4
§a! 27y o
S1 — (260)2 — (b1 + b2) % nth order pole at t = 0 and branch cut for t>0

‘m(R,) — m(RO)]NkLL = Ao S8 (—1)7 €™ [D(—by — j,t1) — D(—by — j,to)]

7=0
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Old Story
with large logs

R-RGE

Ro

New Method

smooth renormalon free
large log free
evolution

Nocp

problematic fluctuations
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R-evolution with MSR mass

3

R-RGE

Ry

Nocb

directly obtain MS mass

problematic fluctuations
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R-RGE is generalizable for
quantities with higher power IR
sensitivity




An Application:
Renormalon Sum Rules




Renormalon Sum Rule

r 2
0 Al ’ —
Ay = Ref(—)n = | mas(R) =0
\_ _J
Qg Qg \ 2 R — 0
5m(R):Ra1(4ﬂ) - s (E) +...| — ()
R - plane
ngrilom(RO) — !tpole as(R) I 7

4 limiting process restores the ambiguity back in mpole

4 limiting process is always perturbative
N J
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Renormalon Sum Rule

R—=0Lmit +  Asymptotic expansion + Borel Transform

— Sk 14 by — 4] |
Bmpole — m(R1)|(u) = R(Z C b R > (de 2w 11+b1 e) + ( non singular near u = 1/2)

k=0

Renormalon

Residue . .
Singularity
‘ [
/0
S = ——
) 23, ) O“"/g .................... ,
71 > 70 u=1
— by + by) —22-
S1 (25,)° (b1 + b2) 25
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Renormalon Sum Rule

R—=0Lmit + Asymptotic expansion + Borel Transform

- S = T[1+b — ¢ ,
B[mpole — m(Rl)](u) Y (Z F( A’*f )) X (Z gy (1 B 2u)1+51€> + ( non singular near u = 1/2)

g
Renormalon
P1/2 Singularity
N ————
- / N OF renormalong 1|
P12 — 0 = norenormalon | "9 approximations |1

— ———eeaa.

Py /5 — number # 0= renormalon exists

- J
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Normalization of renormalon in
s g pole mass

Py o = >
kZ:O I'(1+4b; + k)

0.8 | N NNA | Pin

068 | 045
074 | 047
0.80 | 0.48
088 | 048

097 | 043

P1/2

N oo | MW
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Analyzing Renormalons in OPE




Renormalons in OPE and MS

Example: Chromomagnetic operator

mBZmer/_\—L—S)\Z .. A ~ (B|b, iv.D b,|B)
me me
A1 A2 A~ <B|BUD2va|B>

. — A — | -
" Mo + me me

Ay ~ C(myp, 1) (B|by 90, G* by| B) (1)
2 2 4

mp+ —Mp = g O(mb, Iu) quG (Iu) -+ ... Similar relation can be written for D and D* mesons
2 2 | |
mp« —Mpg C(mba ,LL) | ( C(m, ) known to three loops
— ™ e o .
mQD* _ mZD C(mm M) | Grozin et. al. (2007)
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B-D mass splitting ratio

2 2 |LP
TN o« m

2 B = 0.8517 — 0.0696 — 0.0908 — [0.1285] . ..

( Grozin et. al. (2007))

2 2
m *x m

J = = 0.88
Mmp- —Mp expt.

[ perturbation theory seems to fail !!! ] [our renormalon sum rule for C(m, u)J
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Observable O = Ci(M,pn)Q1(n) + Co(M,p) o + ... OPE
Define: COM, ) = C(M,p) — ~Lscy(M
. 1 7“) 1( nu) 1( 7M7R)
M R z AQCD

- oy W How to define 6C+?
Will see later!
For simplicity & =R
(R) _ R
(1) CYY(m,R)=C(m,R) — E[C(R’R) 1]
(2) log C®(m,R) =log C(m, R) — glog c(r.p) | Cando combined |
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B-D mass splitting ratio

log C'®)(m, R) = log C(m, R) — o log C(R, R)

m

sz* — mZB _ C<R) (mbaR) ) AQCD ;
m%* _ m% C(R) (mc, R) Mp,c 0.95

2 2

Mmp« —Mpg 10.05 Aqcp 0.90
5 5 = 090,56 + O

mD* N mD R mb,C

® convergent perturbation series at LP

® error bars give size of scheme dependence \peﬂurba’{\Oﬂ U ——




Conclusions

" N

+® R-RGE new way to convert between schemes — avoiding large logs and renormalon
at the same time

+® MSR scheme connects smoothly to MS mass — great for precision measurement
+®R-RGE is generalizable for higher power law sensitivities to IR

-2 new way to test for renormalons in QCD — using renormalon sum rule

+® We find: & in MS scheme has u=1 renormalon.

+®- method to stabilize prediction for observables in OPE — removing renormalons in
Lagrangian parameters and MS matrix elements

- Y,
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Back up stuff




strong coupling in MS

Q. Does the strong coupling in MS scheme have a renormalon ?

Q. Does the B function in MS scheme have a renormalon ? " suslov (200) )

Naive non-abelianization and bubble chain calculation does not work as a probe

Use renormalon sum rule to probe it

we see some signature of u = | renormalon !!!
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Renormalon in MS s

sMS acts as a probe in the sum rule !
how do we probe the probe itself ?

dog a2 & g\ " NSLL prediction need Padé approximation for [34
R—2 === By (— —
dR _ e n 4 s RGE in MS scheme
n=
u = 1 sum rule for o of MS
d(et) _ (allh)? att . |
R = — Bo + 51 as RGE in tHooft scheme
dR 27 47
as — att > ol "
o H — Z hn Ar relation between two schemes
S n=1
~ tH A2
as - OZS . QCD
Amb [ et ] (n) =~ 10.2—
af 7
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