Infrared Singularities in the Triple
Collinear Limit

Sebastian Jaskiewicz
Supervised by Professor Einan Gardi
IMPRS Workshop Talk
Munich
13 March 2017




Contents

Introduction to the soft anomalous dimension

Three loop order result

High Energy limit
— Kinematic terms
— Constant term

Collinear Limit
— Splitting function

— Two particle collinear limit
— Three particle collinear limit
— Four particle collinear limit

13/03/2017 Sebastian Jaskiewicz



Soft Anomalous Dimension

* Consider the case of scattering of massless particles -

* Infrared (soft and collinear) singularities can be factorised
as follows:

M, ({pi}, 1, a(u?), €1r) = Zn (i}, g a(u? ), €iR) Hn ({033 1 1, a(u?))

e And

1 (Hf d22
|

Zn({pi} ur, a(u?), €1r) = Pexp {— S| 3z L({pih 4 ag ()12))}

* [, is the soft anomalous dimension.



The Dipole Formula

L, up a(u2)) = TP (oid pp @(p2)) + A (0ijir a(42))

Using constraints, such as, rescaling symmetry and Bose symmetry we arrive at:

n
; 1 S s
d ~
L Pk up auf)) = =5 T (as) 2 log (—~5) Ti- Ty + z vy ()
i<j i—1

iTijand Aij = 1if partons are both final or initial, or

Where _Sij = lelpjle_
Aij = 0 otherwise.

(pi-pj)(Pk-D1) N (—sij)(—Sk1)
pi-pi)j-01) (=S )(=sj1)

Pijkl =



Three Loop Order Correction
L 16f4be fcde[ Z {Tﬂ?}kachd (F(1 —1/2) — F(l/z))

1si<j<k<lsn +TiaT£7}cTzd(F(1 —z)— F(Z))
<> T ()~ o)
n
® G200y, 3 ey |
i=1 1<j<ksn
j ki

F(z) = L10101(2) + 2 (3[£100(2) + Loo1(2)]
where L, (z)are Brown’s single-valued harmonic polylogarithyms (SVHPLs)

P1234 = zZ and P43 = (1 = 2)(1 — 2)

Az, Z) =




Colour Considerations
TETPTETA(Fo0e Fo%(...) + fo% £hee(.))

The first term yields:

2

1 1|77
_ § [Tsz—w [thr Tsz—u]] + § 7 ’

[TtZ; TSZ—u]]

and second term is:

" T,=T, +T 2 —T?

_ 272 2 72 > _ B ik

8thr[Tt ;Ts—u]] Where Tt :T2+T3 Tsz_u: - 2 -
T,=T,+T;
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Colour 1n the Constant

1
= | reeerete | 2T8, TEH(TE, 183 + (T, T)

1 5
+2 (T8 - T, T — T e
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Collinear Limit

R .

)

1]]2
Mn(PLPz;PjJ#» €r) = Sp(P1,P2; U €1r)My_1 (P, pj; K €IR)

Considering the Hard scattering function and definition of T,

Fsp(pl; P2, :uf' Cl([.l%)) a F‘n(pi' tuft a(.ujzc)) — Fn—l(Pr Pi, :ufr a(.ujzc))
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Collinear Limit

Using previous definitions

Fsp(plrpzi.uf»a(.u]zf)) =TI 1p(p1 P2, Uy, a(ﬂf)) + An(pukl a(ﬂf)) Ap_ 1(pl]kl a(.uf))

Cop” (01, P2 1 @(13)) = T F (pis p, @(u4f)) = T 5 (P, oy iy, (1))
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Two Particle Collinear Limit

Fs(ioip(Pl» P2, Uy, a(.ujz")) = F,?ip(p,;,uf, a(y]%)) I lp 1 (P, Di» U “(Mf))

Parametrise the timelike splittingas p; = zP ,p, = (1—2)P , T =T; + T,

n
- 1 Sij
d ~
Ot (pid up, a(uf)) = =5 7re(as) z log (- ﬁ) T;. Tj + Z vy, (as)
i<j i=1

) ) 2n4 - 1o :\—‘E'?T,:\p_)
F‘i”’(h a.(A?)) = —i’“.-';;{t:lﬁtf}fz]J {lng( P1 - P2l

)T T

5p A AQ

—log (::)Tl - (Tl + Tg) — log (t_'l — z :])TQ : (Tl — Tg)

+71 (as(A?)) + 70, (@s(A?)) — 15 (@s(A?))
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Two Particle Collinear Limit

Recall beyond dipole corrections

A, (z,2) =

peepece[ Y renprn (F - /0 - F(12)
1<i<j<k<lsn _I_TiaTI?chTld(F(l — Z) — F(Z))

+TAT TET (F(l/(l—z)) —F(1- 1/(1—2)))}

~Gs+268) ) ) {TETHTPT ]

i=11<j<k=sn
jk#i

(4m)°

1 1
Asp= Bn-Bp—1=B3= — 524 [f abefede{Ty, TEHTS, T3} + 5 CAT1. T ]
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Two Particle Collinear LLimit
Recall the answer for F(2)
Factual(2) = L10101(2) + 2 (3[L100(2) + Lyo1(2)]

L@(/.)-f,_-f!\’g. /.)-;tm»l_-;) = F(l — -’«'e'j!sf.) — F(Cf._}f“)
1 1
F (pikji, Pitjr) = F(l o ) o F( )

F (Pijiks Pikjt) = F(_ L ) — F( “ijkl : )
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An(z,7) =
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Two Particle Collinear Limit

1
(4m)

A, =

Qabeqd
STTTT )

1<i<k<I<n

‘|‘(,f&c£.fbd€ - .fﬂldeif'bm) [ﬁ(ﬂa;ki I{}Efkj) _ ﬁ(ﬂiﬂh .‘Ozkr’j) T Oﬁ(ﬂakﬂ f'}zfjk)]_

[(famfbd( + fode pbee) \Z (pijri- pikj) + F (pijie- pirtj) |

)ng fabef(dL Z Z {Ta Td}Tb-Tk

 (4r )
i=1 1<j<k<n
Jik#i
(47_[)3 (An + Bn)
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TWO Particle Collinear Limit

AP — A, = g pobe pode [ > ((F(Pmu;ﬁukz) — F(praik, prriz) + 2F (preat, puzk) ) TETs TR T

3<k<I<n

+(F(prakt, pruke) + F(pr2ik, prriz) — AC) THTETS T
+(F(pr2kts privz) + F(pr2ik, Prkiz) — 4CJTFT55T:§TS)
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=160 — 5 o peTE TEHTY L TS} — O34T, - T

(?F(Pmkzzﬁukz) — F(pr2iks Prriz) + QF(plkEE:pIIEk}) =0 P? (pr-11)
. P12kl = -0

P. P.
5(4’?(,012;;@;191“;2) + F(pr2ik, prriz) — 4C) = 2C (P.pi)( 19112l




Three Particle Collinear Limit

p1:ZWP,p2:(1—Z)WP,p3:(1_W)P Tp:T1+T2+T3

Lsps (1, 02, 1ps a(42)) = Teps (01,02, 1p, @(12)) + By(pijir @(12)) = Anz (Piji a(2))

[oob (01,02 a(12)) = T P (pi, i, a(u2)) — Toh (P, i, g, (1))
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Three Particle Collinear Limit

] Hi 7 2 ]
rf;g(‘%. 0, (M) = —29k(as (V%)) [ ~log (2w) Ty - (Ty + Ty + T)
—log ([1 - z“,lu.')Tg ATy +T5 + T-J) — log (fl — u'})Tg_ - (Tl + T3 + T3)
12_ . T f-—‘i'ﬂ',}'.l-z 2 . T ,__E.'J_-}l]fj
+IDg( i p;; )Tl -T5 +]Dg( P piLE )Tl Ty
2|p2 - pafe” ™A
)2

VT LGS[J‘E]} + "_?'Jg{ﬂ'slf}'lj :'Tl + Vs (Gs[’:\z” — VJp [&'5 (}‘2]}

+]og( )Tg Ty
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Three Particle Collinear Limit

Ap—An g = E“fa“ fﬂir [ Z [TFI_EJTJSEJ(F[PU;&-J-PIH.-E," — Flpratk, prrz) + QFI.’IJJL-QL.DH;&A-]]

1<kal<n
FIPTRTETE (F(puskr, puka) — Flprate, pras) + 2F (prear, puse)
+Ty I-;?Tfﬂ”{(.;r"ﬂ-:-';u . paika) — F(poatk, paris) + 2F (parai, paiar))
(F(przwt, mikz) + Flprzie, priaz)) — -1(')]"‘]'}‘1"‘]'I

(F(prart: priz) + Flpraths praaz)) — 4C ) TETETET

(F',ﬂl;u prika) + Flprate, prias)) —46)?“?53;-‘??
(F'ﬂliu Prika) + FlPratks Prria) __1(‘)]“"]"&:{“0]1
+((

F(pait, paika) + Fpaaik, pais)) — 4C ) TSTETSTE

(( (Paarss Paika) + F(Posip, poria)) — -1C) T3 T;’:{":f]“f

20y ({72 TeYIPTS 4 T TV TITS + (T8 Ty 1T
i=4 h
- Z [Tl Tth (F(przat, puaz) — Flmais, maiz) + 2F (prsan, Pwl]
1<i<n
+17 I?Tfﬂd{«r[ﬁlzrs! ciaz) + Flprzia, pae)) + 17 EBIE'Ig(F[s’lerse . puaz) + Flprza, F-'L:lf!]]:
+2Ci: [gre, TeyriTg 4 (T8 TEYIPTE + (T2 TSV TP TS
le=d4

H{T8 T5YTPTE + (T2 T} TR T + (T4, T‘}T*TA
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Three Particle Collinear Limit

Ay — Ap_p = 8fabe pede | _ 40[{1‘3?;—“}?&?5 4 (T2, TSYTPTS + {T;Tf}fffgf]

| =

({TF-Tf}TfT;f — {77, TE}T})TE{) (F (1231, puaz) — F(prais, praiz) + 2F (pisai, prizs))

]

1 1
(ST TE VTS + S{TE TEVTITS — {13, TEYTITS ) (F (pras, prize) + F (przis, Pmez})]
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3 3
+16C| = O34Ty - Ty = 5 fobe foie( Ty TP TS, T3 )
3 12 3 abe pede i1 c

_,-_':".ETL T3 — §f be fede{ T, TE H{T3, T4}
3 ~12 3 abe pode 1 c
_EL_ETE Ty — E‘f ’ f ; {75 -TEHT:?T‘E}}
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Four Particle Collinear Limit

_4”=8f““-'f‘fdf-'[ PR DS W S S WS 3

i jkl<n  BEj<k<l<n ._;'f_J-h}\f’Ean ._.-.a_;{:_.h 1<n ._m_i-.-'.il 1<in 5
i

i=1 i=2 =3 |:' |: 2‘:-
DRI DD VDD
S5<k<I<n S<k<I<n S<k<I<n S<k<I<n S<k<I<n

(i, :I—ll 3y (i4)=(1.4) {i._;l']l:{?.f}:- I:t'._ii:-=|:2.—1:| (i,7)=(3.4)

D DR D DI D D DS
E<i<n 5<i<n 5<I<n G<I<n
(i,7.k)=(1.2,3) (i,7.k)=(1.2,4) (i,7.k)=(1,3.4) (i.7.k)=(2,3.4)

+ | (F(p1234. pras2) — F(proas. p1aaa) + 2F (praza, praza) ) TT TR TSTY

- (F(p1234, pras2) + F(p1243, p1342) ) TPTETSTS + (F (p1234. prazz) + F(pr24s. f31342})T{1TET§T§E]
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Four Particle Collinear Iimit

A — Ay = 8f foie [m [ £ FRETPTS (YT + THTE) + f f“ TP (TETS + THTY)

+febe feAeTOTE(TVTS + TYTY) + fove feeTgTs (TVTd + TYT)
e FTETE TV + TYTY) + fove feTg Ty (10T + T3TY)]

—40[{TF=TT}T§T§ T IOV T + AT TS TY + {13, T5YTY TS + {13 Ts YT + {15 TS 15T
T3, TEYITTS + {15, TEYTY TS + {15, TS YO T + {14, TEYIY TS + {15, TEYT{Ts + {Tf-.TI}Tng:f”

3 3
—|—16C'[—1C'2T1 15 — fabrffdf{Tl TEHT3, T8} — l'-_721“1 Ts — - fabpfrdr{Tl TYHTY, T4}

3 ane e 3 aoeE podeE
—ECQTQ T5 — fbfd (T3, TsHT3,T5} — _CQTI Ty — - fbfd {T7, TYHTY, 1}

3 EENE  pTde [} i 3 i aoe podde il i
—3CATy - Ty — Ef TS TEHTYL T} — 5 CATs - Ty — §f b pele Ty TS WS, T }]
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Four Particle Collinear Limit

Ap — Ap_g = B fabe pede [ —AC [{Tf' TEYITs + {17, TEYTOTy + {13, Ty} TaTy
a s brpd fi) e b d i1 Il b
HIE . T3V Ty + {15, TS YIT Ty + {15, T3 YI5 T

HI3, TEYIVTS + {15 TEYTY T + {15 TS YT T3 + {14, TEYIVTs + {13, TEYTY TS + {TE-TE}TSTEE}]

4 3 l‘:".. 3 LoeE e L1} C i i 3 3 L S e [} i i] i
+16C"| — EC'ATL Ty — §f be pele T YT, T} — ZcﬁTl Ty — §f be e T TE TS, T4
3 2 3 aLoeE e L1 C i i 3 3 e pode [} i 1] i
_EC.HTQ -1 — Ef be pedel Ty TS HTY T4} — Zcﬁ-ﬂ Ty — §f be pede T TE TS, Td)
3 3 L ENE i € i i 3 ¥ 3 e e [} L
~SORTy Ty — S fUT8 TEHTY, T} — SOATy - Ty — S f {15, Ty HTY, T
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Summary

Soft singularities and the soft anomalous dimension
Three loop correction

Explored the colour structure in the high energy
limit

Collinear limits

— Splitting amplitude computed for three and four
collinear partons

— Only dependant on partons going collinear as expected.
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Fikonal Feynman Rules

* Simplified Feynman rules

* Rescaling Invariance

i(p+Kk+m) N . D B
— Ta
(p + k)2 —m? + i€ k<<pu(p)gsT p.k + ie ok B.k +ie

u(p)l—igsTv*]

®p. (0,00) = Pexp [igsjo dABHA,(ABH)T



Soft Anomalous Dimension

Z 1s renormalized multiplicatively hence we define I}, as

Zn({pi}' ,uf; a(,ll%), EIR) — _Zn({pi}, ,Llf, C((,Ll%), EIR)Fn({pi}; ,uf; a(:ujz"))

dlInpg
And solving
, 1 (HF dA2 ,
Zn(ph i, a(13), ) = Pexp = | S Ta(lpid 2. asG2)
0

[}, is the soft anomalous dimension.



Colour Considerations

* First consider the colour structure in the part of the correction that
contains the kinematic functions.

TETPTSTE(f*Pefede(...) + facefbde( ) + fadefbee( ) T2 + T2 + T2 = sz

facefbde —_ fabefcde _|_fadefbce =1
TfszbTSCTL}d(fabedee(...) + fadegbee( ) [Tla, le] = [fabeTe
* C(Consider the first term. 4
ZT;‘ H, =0
[T, TE 12| 75, TS| T =

[T5. T3, [Ty. T2, Ty T3l + (T2 T3, [T1. To, Ty Tsl] + [T T3, [T1. T2, Ty T5]]
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Colour 1n the Constant

e The constant term has the form

4

B, = fabefcde z z {Tia' Tic} ijT}? Ty=T,+T, Tc=T;—T,
i=1 lsjjlf:isn TB — Tl - T2 TD = T3 + T4

1 1
- [Zf“”ef“ie <{TX‘, TENTE, T6) + (T2, TENTE T8) + 5 (8, TSMTE T }> = 3T, TA]

Can bring to a form where contains
TlaTZCleTZd and T{'T; T3 T4 Oﬂly fabefcde{Tla Tlc}T3bT4d
TOTP = {18, TP} + 2 18,7 feOe AT, TN T
2 2
.



Colour in the Constant
fabefeteqre, TEHTY T5'} = —2af WP f (T, TEYT, TS —2af @b ft{TE, TYTF T
—~2(1 — a)f e fUe (TS, TSYTPTE —2(1 — @) f e fOe(TS, TSITP TS — 2 C3T,. T

Dipole contributions cancel.

1 1 1
B, =— [fabefcde {(E — e — Zc) (T3, TEITPTE + <—2a i d> {TH, TEITPTE + }]

We can solve these equations, when coefficient is of each term is equal to —1
to match B,

| Ul
a
I
=
U
I
e
®
I
N}
\H
I
-

a=7,b=



Colour 1n the Constant

Ideﬂtlfy TA — TS TB — Tu - Tt TC — Tu + Tt TD = _TS
1
B, = — [Zf“befcde ({TS“, TEHTE — T2, T = TE} + {12 + T2, T + TEHTE T3
1 b b d d b b d
+§{Tu—Tt,Tu —TAHTL + TP, TS + T} | - CAT T,
SoOt-ou-s

1
= - lz e ({Tta, TEHEE — T TS SR R

1 5
+§U?—T$nﬂ—nﬁﬁﬁ+nﬂTd Tﬂ)—ﬂﬂﬁnJJ



Kinematics

e Recall earlier we had the correction written in terms of
functions F (z) defined as:

F(z) = L10101(2) + 2 {3[L100(2) + Lyo1(2)]
* 1234 = ZZ and Pya3, = (1 — 2)(1 — 2)

P1
[20) P3

P2 _ P2 P31 =
- las
p3

P1 P4 P1 P+ D1 P4
Pa
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Fuclidean to Physical Scattering Region

* Recall we defined the invariants —S;; = lel Dj |e Aij

* In the Euclidean region all the invariants are spacelike p;.p; < 0,

)]'ij:O for all l,_]

13/03/2017

P1
P2

p3
Pa

P2

P1

* In the Physical Scattering
p,  Region if the partons are both
- initial or final state then
pi-Pj > 0,50 A;;=1 for these
P+ and A;;=0 otherwise.
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Fuclidean to Physical Scattering Region

* Any pair can be chosen, then CICRs acquire phases. For (1,2) incoming:

. B (2|p1-p21) 2|p3- Dal) R (2|p1.p2|e‘i”)(2|p3.p4|e_i”)
12347 (2|p1.p3]) (2|p2- pal) (2lp1-P3 D) (2|p2-pal)

_ Q2|1 )2Ip2-p3)  _ (2[P1.P4)(2]P2-Ps))
1932 = 2 lpy.psD @lpz-pal) 211 p3D @I pal)

P1

P3
D, P2 g
-— - ad -
P3
P1 P4
Pa
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Fuclidean to Physical Scattering Region

1 o
Z=5 [1 + P1234 —P1432 ‘|‘\//1(1: P1234, P1234) | Then Im 5
and
_ 1 Z—>Z
Z = P [1 + P1234 —P1432 —\//1(1;P1234u01234)_ \
Ala,b,c) = a® + b? + c? — 2ab — 2bc — 2ac

VVVVY 1

Feont(z,2) = F(z,Z) + Disc /

Make use of G functions to calculate the Disc.

Z dt
G(aq,..,Qy; Z) = j =
0 1

G(ay,..ay;Z)

A(Disc(F)) = (Disc ® 1).AF
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Imposing Momentum Conservation

* Imposing p; + p, = p3 + P4 means that now

D2 b3
o, = (@rtp) _ ((1—pa))* ><
1234 = (p—p3))* P1432 = (o1 —p3))°

P1 Ps
¢ Theﬂ Dy D3
A(1, p1234, P1234) = 0 ><
- X . ! P1 ()
* Hence z = Z and using Mandelstam invariants :
s? 2
P1234 = Z

Gror= 7 P Gyge s (17202



High Energy Scatterin

D1 0
X P2 2s(1+1)

s=(p+p)*=pf +p5+2p.p, = 7 s
P3
Z

—25(1 — cos(8))
t = (p1 —Pu)> =D +Pf — 2p1.P4 = 1

—25(1 + cos(0))
4

u=(p;—p3)?=pf+p;—2p1.ps=
Forward Limit: 8 K 1= s>t ands =~ —u

Backward Limit: 8 = T => s > u and S = —t

1 e 1
S -
- pF?(S) p2=7<8> P4=§<Sln§9)> Ps =
1 -1 cos(8)

Vs
2

(

1
—sin(0)
0
—cos(0)

|



Forward High Energy Scattering

recall
2

— ————— 1047
P1234 (s + 0)2

So

_ S
Z =27 =

13/03/2017

S

P1432 = (

t2

s+ t)?

=1-21-2)

PAARAAAA T RAT
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Forward High Energy Scattering

The final results: facefbde — fabegcde 4 rade gbee
2im> 4 s 12 20 5
—gimlog|—| +—om’ imlog|— |75 — 32055 — 8
15 3mlog[—| t37 ¢3 + 8imlog [—t] (3 — 4(s 263 — 8(s
2im® 4 s 12 4 , ' S
~— +§Lnlog = T {3 — 8imlog [—_t] {3 — 4(s
38in°> 4 1[5 2 ’
B 45 B §”T 08 [—_t] _85253 - 887'[{41, — 4—{5 + 87'[(3 log l?l i

1
A(z,z) = (4m )3 16T T TS T f2P€ %€ (320203 — 8(5) +f *1€ fP€(—8(, (3 — 88m{,i — 4{5 + 81(3 108[ ] D]

TG +208) ) fOfelere, T TTE,
(i,j,k)E(1,2,3,4)
j<k

(4)
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Backward High Energy Scattering

Recall in this limit: s > u and s = —t

s? t2 s
= —=2zZ = — = — — 7 Z7=7Z=—— 00
P1234 . ZZ  P1432 02 1-2)(1-2) »
| P [= F_20 e g = ¢ +4
15 3m 814 3 *(3 — 8imlog {3 + 4(s
38imr® 4 S 12
i . 3
=" log | u]
21n5 4 !
5 3" Og[_] __”Z ~ 8inlog [ — ¢ - 445
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Exploring the Symmetries

s>t ands = —u <> s>u ands =~ —t
2im> 4 s12 20 s | &
—girlog|—| +—om?; +8imlog| —|¢—4¢s | | 2 4 1S 20 o, girlog-
15 3 [—t] 3 [—t] 1 +3mlog [—u 3 n“{3 — 8imlog [—u] (3 + 4{s
2in°> 4 s2 4 s .
_ Er 2 g2 g 2l — 38in°> 4 s 12
1 +3mlog[_t] 37 (3 — 8imlog [—t] (3—40 | | _Zin3log [_
45 3 —UuU
38im> 4 s 12 2im® 4 s 4, , s
T —§m log[_—t] BT +§mlog[_—u] —§7r 63—8mlog[_—u](3—465

TlaszTgch(fabedee(...) _|_facefbde(m) _I_fadefbce(m))

Recall t = (p1 — p4)? = (p, —p3)? and u = (p1 — p3)* = (P2 — P4)*
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Derivation of I'°P

1]|2
Mn(PLPz;PjJ#: €r) = Sp(P1, P2 U €1r)My_1 (P, pj; K €IR)

Expect some singularities in Sp to come from the hard function. Denote collinear
behaviour of hard functions by 1012

Hy,(p1, 02,055 U i) = Spu(P1, P2; U ) Hn—1 (P, D)5 1, Us)
Recall

M, (p;, 1, a(u?), €r) = Zn (i, Hf “(#jzf)» €r)Hn(0i, 1, HUr, “(Hz))

My_1 (P, pi, i, (), €1r) = Zyn—1 (P, pi, by, a(1? ), €,r)Hn—1 (P, pis 1, tig, a(u?))
Hence 12
M, (p1, D2, Pi; 1, €1r) = SP(P1, D25 W €1R) Zn—1 (P, Di) Hr) 05(#]%)» €r)Hp—1 (P, i, 1, HUr “(HZ))

1]]2
M, (pi, 1, a(ﬂz); €/r) ™ Zn(pi:ﬂf: “(H;Zf)» €1r)SPy (P1, P2; W) Hp—1 (P, pj K, Hf)
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Derivation of I'°P

Combining the two equations

SPH(PLPZJ KU, ﬂf) = Zn(piuufl “(H}ZC)» EIR)_lsp(Pppzi W €R)Zn—1(P, bi, Ur, “(.U]Zf)» €IR)

Z is renormalized multiplicatively hence we define I as

Zn({pi}, ,uf; Of(,u]%), e_IR) ol _Zn({pi}, .uf; a(ﬂjzc)’ EIR)Fn({pi}; :ufr a(:ujzc))

d ln ,uf
Taking the logarithmic derivative of top equation
d
Ting Spu(P1, p2; 1 kr) = Tu(pis g, (7)) Spw (p1, p2i 1 1)

—Spy (P, P23 1 1 f )Tn—1 (P, iy g, a(17))
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Derivation of I'°P

Then

d
dln,uf

Spu(P1, P25 1 1p) = Tsp(p1, 020 thr, (7 ) )Spu (P1, D2; 14, 115

Where

Fsp(p1; P2, /“lfr a(.ujzc)) = Fn(pi' ,uf; a(:u]%)) — Fn—l(P' Pi, .u'f' a(:ujzc))
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Two Particle Collinear Limit

11111; A, — A, =8fabefede Z [(F(pt’jkispiikj) — F(Pijiks Pirtj) + 2F (Pirji, ﬂﬂjs.;))TfoTszfd
I 3<k<i<n
{i._jj‘.l=fl._‘2,'l

—(Fpijrts pitk) + F (pijiks pirty) ) TETRTE TS + (F(pijits pitks) + F(pijies pirty)) TETT TS T
B‘H - Bﬂ—l — 1BCfabEdee —2 Z (TFTETL;:de + TFTEngTE)

3<k<I<n

> ({re Ty TET + (T8, TEYTETY + {15, T5)TITY)
=3
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Three Particle Collinear Limit

Ap—g = 8febe foie { 2 [(F (pijits pitki) — F (piji pirig) + 2F (pirt, piai)) T T TETE

d<li<jok<l<n
—(Flpizut, pitrs) + F(pijis it TETRTETE + (Fpigits pitk) + F(piin Pak.sj))TfT.ngfo]
+ Z [(F(Jﬂijkiwﬂiikﬂ — F(pijik, pirij) + 2F(pirji- Pa:j;;))TfoT;fT.gd

d<j<k<l<n

i=P

—(F(pijrr, piarg) + Fpijir, pirt) ) TETRTF T + (F(pijhts parg) + F(pijie, ﬂauj))TfT.sz;“T;ﬂ
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