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F i g . 1 . B l ock scheme o f t he ca l i br a t i on se t up .

cases use f u l approx i ma t i ons t o i t can be f ound . I f t he
no i se i n t ens i t y i s l ow (1 / a << Q 1 ) and l 2 i s l a rge (>_ 2)
t hen , f or t he nonpedes t a l pa r t o f spec t rum , we can
t r ea t t he background as some e f f ec t i ve add i t i ona l con -
s t an t cha rge sh i f t i ng t he spec t rum . Ma t hema t i ca l l y t h i s
means t ha t f or n > - 1 i n f ormu l a (7) we wou l d use as
t he background f unc t i on :
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i ns t ead o f Eq . (6) . I n t h i s case , t he PM r esponse
f unc t i on i s :
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2. 6 . The l a rge l u case

40

F i g . 2 . Typ i ca l deconvo l u t ed LED spec t rum (EM I - 9814B pho t omu l t i p l i e r ) .
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whe r e Qsh i s t he e f f ec t i ve spec t rum sh i f t due t o back -
ground .

I t i s i mpor t an t t o cons i de r t he l i m i t o f Eq . (7) f or
h i gh i n t ens i t y sour ces . A t l a rge l i t he Po i sson d i s t r i bu -
t i on goes ove r t o a Gauss i an w i t h s t anda rd dev i a t i on
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2. 2 . Amp l i f i ca t i on
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t he pho t oca t hode i s no t a cons t an t bu t a Po i sson
d i s t r i bu t ed va r i ab l e . Th i s f o l l ows f rom t he f ac t t ha t
on l y a f r ac t i on o f t he i nc i den t pho t ons i s p i cked up by
t he PM . The conve r s i on o f pho t ons i n t o e l ec t rons and
t he i r subsequen t co l l ec t i on by t he dynode sys t em i s a
r andom b i na r y process . The r e f or e t he d i s t r i bu t i on o f
t he numbe r o f pho t oe l ec t rons can be expr essed as a
convo l u t i on o f Po i sson and b i na r y processes . Th i s g i ves
aga i n a Po i sson d i s t r i bu t i on :

whe r e l r i s t he mean numbe r o f pho t oe l ec t rons co l -
l ec t ed by t he f i r s t dynode , P(n ; A) t he probab i l i t y t ha t
n pho t oe l ec t rons w i l l be obse r ved when t he i r mean i s
l a , m t he mean numbe r o f pho t ons h i t t i ng t he pho t o -
ca t hode , and q t he quan t um e f f i c i ency o f pho t oca t h -
ode .

We wou l d l i ke t o no t e t ha t A i s a pa r ame t e r cha r ac -
t e r i z i ng no t on l y t he l i gh t sour ce i n t ens i t y bu t a l so t he
pho t oca t hode quan t um e f f i c i ency and t he e l ec t ron co l -
l ec t i on e f f i c i ency o f t he PMs dynode sys t em . Thus I t ,
t he mean numbe r o f co l l ec t ed pho t oe l ec t rons , i s de t e r -
m i ned by t he mean numbe r o f pho t ons h i t t i ng t he
pho t oca t hode , t he pho t oca t hode quan t um e f f i c i ency ,
and t he co l l ec t i on e f f i c i ency o f t he dynode sys t em .

The r esponse o f a mu l t i p l i ca t i ve dynode sys t em t o a
s i ng l e pho t oe l ec t ron , when t he coe f f i c i en t o f seconda r y
e l ec t ron em i ss i on by t he f i r s t dynode i s l a rge (> 4) and
t he coe f f i c i en t o f seconda r y e l ec t ron co l l ec t i on by t he
f i r s t f ew dynodes i s c l ose t o one , can be approx i ma t ed
by a Gauss i an d i s t r i bu t i on :

whe r e x i s t he va r i ab l e cha rge , Q1 i s t he ave r age
cha rge a t t he PM ou t pu t when one e l ec t ron i s co l l ec t ed
by t he f i r s t dynode , o f i s t he cor r espond i ng s t anda rd
dev i a t i on o f t he cha rge d i s t r i bu t i on .

O f cour se Q , can be expr essed t hrough t he PM ga i n
coe f f i c i en t g and e l emen t a r y cha rge e , as Q1 = eg .

The PM ou t pu t cha rge d i s t r i bu t i on when mor e t han
one pho t oe l ec t ron a r e co l l ec t ed by t he f i r s t dynode can
be de r i ved f rom f ormu l a (3) i f one assumes t ha t t he
amp l i f i ca t i on processes o f t he cha rges i n i t i a t ed by d i f -
f e r en t pho t oe l ec t rons a r e mu t ua l l y i ndependen t . I n
t h i s case t he cha rge d i s t r i bu t i on when t he process i s
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i n i t i a t ed by n pho t oe l ec t rons , i s a convo l u t i on o f n
one - e l ec t ron cases :
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No t e t ha t t h i s d i s t r i bu t i on has t he cor r ec t l i m i t f or

Go ( x ) =S( x ) ,

whe r e S( x ) i s t he de l t a f unc t i on . Th i s cond i t i on en -
sur es t ha t t he amp l i f i ca t i on o f an i npu t ze ro cha rge
r esu l t s i n ze ro cha rge a t t he ou t pu t .

I t i s i mpor t an t t o no t e t ha t expr ess i on (4) i s cor r ec t
prov i ded t he chance o f a pho t oe l ec t ron m i ss i ng t he
f i r s t dynode and be i ng cap t ur ed by one o f t he subse -
quen t dynodes i s neg l i g i b l e .

The r esponse o f an i dea l no i se l ess PM can now be
r ead i l y f ound . I n t h i s case t he r esu l t i ng ou t pu t s i gna l i s
s i mp l y a convo l u t i on o f t he d i s t r i bu t i ons (1) and (4) :
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W i t h t he above men t i oned l i m i t cond i t i on f or n = 0 .

2 . 3 . Background processes

I n a r ea l PM , i n add i t i on t o t he process o f conve r -
s i on o f l i gh t and subsequen t amp l i f i ca t i on o f cha rge ,
va r i ous background processes w i l l a l ways be pr esen t
wh i ch w i l l u l t i ma t e l y gene r a t e some add i t i ona l cha rge
(no i se ) . Such no i se s i gna l s i n t he anode c i r cu i t cou l d be
gene r a t ed even i n t he absence o f a l i gh t s i gna l . An
add i t i ona l componen t o f no i se i s gene r a t ed i n t he
pr esence o f l i gh t .

The poss i b l e no i se sour ces a r e : t he rmoe l ec t ron
em i ss i on f rom t he pho t oca t hode and / or t he dynode
sys t em ; l eakage cur r en t i n t he PM anode c i r cu i t ; e l ec -
t ron au t oem i ss i on by e l ec t rodes ; pho t on and i on f eed -

backs; ex t e rna l and i n t e rna l r ad i oac t i v i t y , e t c .
Spur i ous s i gna l s o f sma l l amp l i t ude can a l so a r i se a t

t he PM ou t pu t wh i ch a r e due t o t he i nc i den t pho t on
f l ux . Poss i b l e sour ces o f t hese s i gna l s a r e : pho t oem i s -
s i on f rom t he f ocus i ng e l ec t rodes and dynodes , pho t o -
e l ec t rons m i ss i ng t he f i r s t dynode , e t c . One can expec t
t he amp l i t ude o f t hese s i gna l s t o dec r ease approx i -
ma t e l y exponen t i a l l y , and t he r e f or e we w i l l cons i de r
t hese s i gna l s as no i se .

The background processes gene r a t e an add i t i ona l
cha rge and mod i f y t he ou t pu t cha rge spec t rum . The
r esu l t i ng spec t rum i s a convo l u t i on o f t he i dea l PM
spec t rum (5) w i t h t he background cha rge d i s t r i bu t i on .
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n - , u

P(n ; g ) = ( 1 )n l

w i t h l x de f i ned as

w = mq , ( 2) Photo-conversion and electron collection
Conversion of photons in electrons and subsequent 
collection by the dynode system is a random binary process: 
Poisson distribution

Amplification
The response of a multiplicative dynode system to a single 
photon electron can be approximated by a Gaussian 
distribution

PMT response model #470

We sha l l sp l i t t he background processes i n t o t wo groups
w i t h d i f f e r en t d i s t r i bu t i on f unc t i ons:

( I ) t he l ow cha rge processes pr esen t i n each even t
( e . g . t he l eakage cur r en t , e t c . ) wh i ch a r e r espons i b l e
f or nonze ro w i d t h o f t he s i gna l d i s t r i bu t i on when no
pho t oe l ec t ron was em i t t ed f rom t he pho t oca t hode
( " Pedes t a l " ) ;

( I 1) t he d i sc r e t e processes wh i ch can , w i t h nonze ro
probab i l i t y , accompany t he measur ed s i gna l ( such as
t he rmoem i ss i on , no i se i n i t i a t ed by t he measur ed l i gh t ,
e t c . ) .

The processes o f t ype I can be desc r i bed by a
Gauss i an and t hose o f t ype I I by an exponen t i a l f unc -
t i on .

The e f f ec t o f t hese processes when some pr i ma r y
pho t oe l ec t rons (n >_ 1) a r e em i t t ed w i l l be d i scussed
l a t e r . When no pr i ma r y pho t oe l ec t ron i s em i t t ed (n = 0 ,
w i t h probab i l i t y e l ) , t he t o t a l i t y o f t he s i gna l w i l l be
due t o t hese backgrounds . I f we ca l l w t he probab i l i t y
t ha t , w i t h i n t hese even t s , a background s i gna l o f t ype I I
can occour , we can pa r ame t e r i ze t he background as

(
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whe r e Qo i s t he s t anda rd dev i a t i on o f t he t ype I back -
ground d i s t r i bu t i on , w i s t he probab i l i t y t ha t a mea -
sur ed s i gna l i s accompan i ed by a t ype I I background
process , a i s t he coe f f i c i en t o f t he exponen t i a l de -
c r ease o f t ype I I background ,

B( x ) _
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0
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x < 0 i s t he s t ep f unc t i on .
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The f i r s t t e rm i n Eq . (6) cor r esponds t o t he s i t ua -
t i on when on l y t he l ow cha rge background processes
a r e pr esen t . The second t e rm cor r esponds t o t he pr es -
ence o f bo t h groups o f background . For sma l l
(<< l 1a ) t he convo l u t i on o f a Gauss i an w i t h an expo -
nen t i a l f unc t i on i s r educed t o a pur e exponen t i a l f unc -
t i on .

2 . 4 . The r ea l i s t i c r esponse f unc t i on o f t he PM

Tak i ng i n t o accoun t t he i dea l PM spec t rum (5) and
t he background cha rge d i s t r i bu t i on (6) we f i nd t he
r ea l i s t i c PM spec t rum as t he convo l u t i on :
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whe r e Q0 i s t he pedes t a l and e r f ( x ) i s t he e r ror f unc -
t i on .

The mean i ng o f t he o t he r pa r ame t e r s i s t he same as
i n Eqs . (1) , (4) and (6) . G , ( x ) i s now a convo l u t i on o f
t he i dea l PM n pho t oe l ec t rons cha rge d i s t r i bu t i on (5)
w i t h t he Gauss i an pa r t o f background (6) . The s t an -
da rd dev i a t i on connec t ed w i t h G , ( x ) i s o . +no ' j . I n
pr ac t i ca l cases ( v o << a l ) f or a nonze ro pho t oe l ec t ron
numbe r , t he i dea l PM s t anda rd dev i a t i on (Q j ~n_ ) can
be used . I n t he ze ro pho t oe l ec t ron case , G � ( x - Q0) i s
no t a de l t a f unc t i on any mor e , bu t a Gauss i an w i t h
s t anda rd dev i a t i on ao . Hence , I G ®E i s r educed t o a
exp [ - a ( x - Q0) ] .

As a conc l us i on we wou l d l i ke t o no t e t ha t t he
r esponse f unc t i on (7) o f a r ea l PM con t a i ns seven f r ee
pa r ame t e r s . Two o f t hem (Q0 and ao ) de f i ne t he
pedes t a l . Two o t he r s , w and a desc r i be t he d i sc r e t e
background , and t he r ema i n i ng t hr ee pa r ame t e r s (Q , ,
Q , and p , ) desc r i be t he spec t rum o f t he r ea l s i gna l . O f
t hese t hr ee pa r ame t e r s , one ( t t ) i s propor t i ona l t o t he
i n t ens i t y o f t he l i gh t sour ce , and t wo r ema i n i ng ones
(Q , and Q l ) cha r ac t e r i ze t he amp l i f i ca t i on process o f
t he PM dynode sys t em .

The f ac t t ha t t he i n t ens i t y o f t he l i gh t sour ce can be
sepa r a t ed f rom t he amp l i f i ca t i on process p l ays a c ru -
c i a l ro l e i n t he ca l i br a t i on and mon i t or i ng o f a spec t ro -
me t r i c channe l . I f we a r e ab l e t o deconvo l u t e t he
spec t rum i nd i ca t ed i n Eq . (7) , i . e . t o f i nd i t s pa r ame -
t e r s , we can use pa r ame t e r Q , as a ca l i br a t i on un i t as
we l l as a pa r ame t e r f or check i ng t he s t ab i l i t y o f PM
ope r a t i on . The abso l u t e PM ga i n coe f f i c i en t i s a l so
g i ven by Q1 . The s t ab i l i t y o f t he pho t oe l ec t ron s i gna l
w i l l be mon i t or ed by w .

2. 5 . Approx i ma t i ng t he PM r esponse f unc t i on

The PM r esponse f unc t i on (7) i s r e l a t i ve l y comp l i -
ca t ed t o be t r ea t ed as a f i t t i ng f unc t i on and i n some

Low charge processes 
No photoelectron are emitted (Pedestal) - Gaussian distribution

Discrete Processes
thermo-emission from photocathode or dynodes
Exponential function

PMT response function (charge distribution)
Convolution of these 2 functions
But …
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Tests of R12992-100 PMTs

Entries  15000
 / ndf 2χ  109.9 / 98

pedmean   0.1382± 0.4771 
 0σ  0.078± 1.433 

      µ  0.153± 1.941 
    1Q  0.21± 10.12 
 1σ  0.256± 3.232 

noise prob  0.0932± 0.5787 
noise amp  0.0695± 0.2044 

ADC channel
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Entries  15000

 / ndf 2χ  109.9 / 98
pedmean   0.1382± 0.4771 

 0σ  0.078± 1.433 
      µ  0.153± 1.941 
    1Q  0.21± 10.12 
 1σ  0.256± 3.232 

noise prob  0.0932± 0.5787 
noise amp  0.0695± 0.2044 

1.94 ph.e.

(pzmax)

Controversial fit results:
1. When using custom amplifier resulting in high 

electronics noise (wide pedestal):
• Stable good quality fit
• No exp noise

2. When using FlashCam electronics resulting in low 
electronics noise and good signal-pedestal 
separation
• Unstable fit with poor quality sometime
• Probability of exp noise jumps from 

measurement to measurement for the same 
PMT

• Pedestal taking in outside of the signal region 
reveals no exp noise

Entries  50000
 / ndf 2χ  489.5 / 69

pedmean   0.00±  0.51 
 0σ  0.000± 1.227 

      µ  0.000± 1.085 
    1Q  0.000± 7.345 
 1σ  0.000± 5.138 

noise prob  0.00000± 0.05819 
noise amp  0.6371± 0.6356 

ADC channel
5− 0 5 10 15 20 25 30 35 40

Co
un

ts
0

1000

2000

3000

4000

5000

6000 Entries  50000
 / ndf 2χ  489.5 / 69

pedmean   0.00±  0.51 
 0σ  0.000± 1.227 

      µ  0.000± 1.085 
    1Q  0.000± 7.345 
 1σ  0.000± 5.138 

noise prob  0.00000± 0.05819 
noise amp  0.6371± 0.6356 

1.08 ph.e.

(pzmax)

Reason:
Exp noise in fit just mimics another effect – non 
Gaussian shape of the single photo electron (s.p.e.) 
distribution
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PMT response model

• No exp noise
• Long tail on the left side of s.p.e. distribution
• Pedestal described by more than one gauss

To be implemented in the fit model:
• S.p.e. distribution as a combination of constant and 

gauss functions
• Multiple p.e. as simple gauss functions using sigma 

and mean derived from s.p.e distribution

Entries  500000
 / ndf 2χ   94.6 / 68

p0        416.6±  9725 
p1        0.02758± 0.02408 
p2        0.021± 1.076 
p3        47.2± 212.6 
p4        1.0±     1 
p5        0.87±  7.31 
p6        450.8±  1706 
p7        0.5859± 0.2783 
p8        0.200±2.478 − 

ADC channel
0 10 20 30 40 50

C
ou

nt
s

0

2000

4000

6000

8000

10000

12000 Entries  500000
 / ndf 2χ   94.6 / 68

p0        416.6±  9725 
p1        0.02758± 0.02408 
p2        0.021± 1.076 
p3        47.2± 212.6 
p4        1.0±     1 
p5        0.87±  7.31 
p6        450.8±  1706 
p7        0.5859± 0.2783 
p8        0.200±2.478 − 

 -10 -    1 range-fit signal

ch29_hv150_fw3450

Entries  500000
 / ndf 2χ  97.38 / 67

p0        84.9±  4372 
p1        0.0170± 0.4784 
p2        0.017± 1.029 
p3        65.0± 168.3 
p4        0.0008± 0.9995 
p5        0.276± 4.014 
p6        77.2±   480 
p7        0.3327± 0.9341 
p8        0.278± 2.409 

ADC channel
0 20 40 60 80 100 120

C
ou

nt
s

0

1000

2000

3000

4000

5000 Entries  500000
 / ndf 2χ  97.38 / 67

p0        84.9±  4372 
p1        0.0170± 0.4784 
p2        0.017± 1.029 
p3        65.0± 168.3 
p4        0.0008± 0.9995 
p5        0.276± 4.014 
p6        77.2±   480 
p7        0.3327± 0.9341 
p8        0.278± 2.409 

 -10 -    1 range-fit signal

ch5_hv150_fw3000
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SiPM response model

• The same basic model: Poisson+Gauss
• Cross-talk as probabilities P0, P1, …, Pm that 1 

p.e. produces 0, 1, …, m-1 additional p.e.
• Number of p.e. from Poisson changed with 

cross-talk probabilities using multinomial 
distribution

SiPM measured with CTA TARGET ASIC

Expected µ – mean #p.h. easily estimated from 
k=0 of the Poisson Nk=Nµke-µ/k!
µ=-log(N0/N) = 4.77 ph

Fit without cross-talk in the range 0-1 p.e. leads 
to much smaller µ
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Multinomial distribution

n – number of p.e. in Poisson
x1, …, xk => 0, …, k-1 – number of cross-talk electrons
p1, …, pk (Σpi=1) – probabilities of cross-talks 
 
Example:
Poisson probabilities P0, P1, P2
probabilities of cross-talks p0=0.5, p1=0.2, p2=0.2, p3=0.1
#p.e. 0 1 2 3 4 5 6 7 8
P0 P0
P1✕ 0.5 0.2 0.2 0.1
P2✕ 0.25 0.2 0.24 0.18 0.08 0.04 0.01

Satisfying of the condition Σpi=1
Redefinition of probabilities of cross-talk in fit as following (each in range [0-1]): 
• P(≥1 p.e.)=Pr(1+)  =>  p0=1-Pr(1+)
• P(≥2 p.e.)=Pr(2+)✕Pr(1+)=> p1=Pr(1+)✕(1-Pr(2+))
• P(≥3 p.e.)=Pr(3+)✕Pr(2+)✕Pr(1+)=> p2=Pr(1+)✕Pr(2+)✕(1-Pr(3+))
• …



SiPM model – Light-17 16.10.2017 – O. Kalekin 7

SiPM response model

Some parameters fixed to speed 
up the fit

1ph – 28.4%
2ph – 5.4%
3ph – 6.2%
4ph – 5.1%
5ph – 0% 
6ph – 0% 
7ph – 9.2% 

Known problem of non-linearity 
at large amplitudes may cause 
longer tail 

SiPM
Entries  573610

 / ndf 2χ  982.1 / 297
      µ  0.016± 4.776 

entries   8.818e+02± 5.433e+05 
1ph+ crosstalk  0.0081± 0.5433 
2ph+ crosstalk  0.0194± 0.4772 
3ph+ crosstalk  0.0547± 0.7921 
4ph+ crosstalk  0.070± 0.698 
5ph+ crosstalk  0.0493± 0.6436 
6ph+ crosstalk  0.042± 0.999 
7ph+ crosstalk  0.036± 0.999 

ADC channel
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5000 SiPM
Entries  573610

 / ndf 2χ  982.1 / 297
      µ  0.016± 4.776 

entries   8.818e+02± 5.433e+05 
1ph+ crosstalk  0.0081± 0.5433 
2ph+ crosstalk  0.0194± 0.4772 
3ph+ crosstalk  0.0547± 0.7921 
4ph+ crosstalk  0.070± 0.698 
5ph+ crosstalk  0.0493± 0.6436 
6ph+ crosstalk  0.042± 0.999 
7ph+ crosstalk  0.036± 0.999 

4.78 ph.e. sipm
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SiPM response model summary

Cross-talk modelled with multinomial distribution

Advantage:
Probabilities of cross-talk multiplicities per one initial photo electron

Disadvantage:
Fit duration grows rapidly with mean p.e. number and with cross-talk multiplicity. 
Therefore, more effective and useful for small mean p.e.


