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Notations and Conventions
µ, ν, .. = 0, 1, 2, 3; k, l, .. = 1, 2, 3

x = (xµ) = (x0, ~x), x0 = t ( 6 h = c = 1)

p = (pµ) = (p0, ~p ), p0 = E =
√

~p 2 +m2

aµ = gµν a
ν , (gµν) =








1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1








a2 = aµa
µ, a · b = aµb

µ = a0b0 − ~a ·~b

∂µ = ∂
∂xµ = gµν ∂

ν , ∂ν = ∂
∂xν

[ ∂0 = ∂0, ∂k = −∂k ]

� = ∂µ∂
µ = ∂2

∂t2 −∆



1. Elements of Quantum Field Theory



Fields in the Standard Model

spin 0 particles: scalar fields φ(x)

spin 1 particles: vector fields Aµ(x), µ = 0, . . . 3

spin 1/2 fermions: spinor fields ψ(x) =








ψ1

ψ2

ψ3

ψ4








Lagrangian: L(φ, ∂µφ) Lorentz invariant

Action: S =
∫
d4xL(φ(x), · · · ) Lorentz invariant

Hamilton’s principle: δ S = 0 ⇒ e.o.m. Lorentz covariant

free fields: L is quadratic in the fields ⇒ e.o.m. are linear diff. eqs.



equations of motions from δS = S[φ+ δφ]− S[φ] = 0

⇒ Euler-Lagrange equations

mechanics of particles: L(q1, . . . qn, q̇1, . . . q̇n)

e.o.m. d
dt

∂L
∂q̇i

− ∂L
∂qi

= 0

field theory: qi → φ(x), q̇i → ∂µφ(x)

e.o.m. ∂µ
∂L

∂(∂µφ)
− ∂L

∂φ = 0 field eq.

example: scalar field φ(x), L = 1
2 (∂µφ)

2 − m2

2 φ2

field equation �φ+m2 φ = 0

solution φ(x) = 1
(2π)3/2

∫
d3k
2k0 [a(k) e−ikx + a(k)† eikx ]



































2. Gauge theories



Constructing QED – main steps

start with L0 = ψ (iγµ∂µ −m)ψ for free fermion field ψ

symmetric under global gauge transformations
ψ′ = eiαψ, α real

perform minimal substitution ∂µ → Dµ = ∂µ − ieAµ

⇒ invariance under local gauge transformations
ψ′ = eiα(x) ψ, A′

µ = Aµ + 1
e ∂µα(x)

involves additional vector field Aµ

induces interaction between Aµ and ψ

e (ψγµψ) Aµ ≡ e jµAµ

make Aµ a dynamical field by adding

LA = −1
4 Fµν F

µν , Fµν = ∂µAν − ∂νAµ



Non-Abelian gauge theories

Generalization: “phase” transformations that do not
commute

ψ → ψ′ = Uψ with U1 U2 6= U2 U1

requires matrices, i.e. ψ is a multiplet

ψ =








ψ1

ψ2

:

ψn







, U = n× n -matrix

each ψk = ψk(x) is a Dirac spinor



(i) global symmetry

starting point: L0 = ψ (iγµ ∂µ −m)ψ

where ψ = (ψ1, · · · , ψn)

consider unitary matrices: U † = U−1

ψ′ = Uψ ⇒ ψ′ = ψ U † = ψ U−1

⇒ ψ′ψ′ = ψψ, ψ′γµ∂µψ′ = ψγµ∂µψ

if U does not depend on x

⇒ L0 is invariant under ψ → Uψ

U : global gauge transformation



similar for scalar fields:

φ→ φ′ = Uφ, φ =








φ1

φ2

:

φn








each ψk = φk(x) is a scalar field, φ† = (φ†1, · · · , φ
†
n)

terms φ†φ, (∂µφ)
†(∂µφ) are invariant

⇒ L0 = (∂µφ)
†(∂µφ)−m2 φ†φ is invariant



relevant in physics:

the special unitary n× n-matrices with det=1

group SU(n)

examples:

SU(2) : ψ =

(

ψ1

ψ2

)

e.g. ψ =

(

ψν

ψe

)

isospin

SU(3) : ψ =






ψ1

ψ2

ψ3




 e.g. ψ =






ψr

ψg

ψb




 colour



SU(n) matrices U can be written as exponentials

U(θ1, · · · , θN ) = eiθaTa sum over a = 1, · · ·N

θ1, · · · θN : real parameters

T1, · · ·TN : n× n-matrices, generators, T †
a = Ta

infinitesimal θ : U = 1+ iθaTa (+O(θ2))

N-dimensional Lie Group

det=1 and unitarity ⇒ N = n2 − 1

n = 2 : N = 3, n = 3 : N = 8



commutators [Ta, Tb] 6= 0 non-Abelian

[Ta, Tb] = i fabc Tc

Lie Algebra

fabc : real numbers, structure constants

fabc = −fbac = · · · antisymmetric



commutators [Ta, Tb] 6= 0 non-Abelian

[Ta, Tb] = i fabc Tc

Lie Algebra

fabc : real numbers, structure constants

fabc = −fbac = · · · antisymmetric

SU(2) fabc = ǫabc (like angular momentum)

Ta = 1
2 σa, σa : Pauli matrices (a=1,2,3)



commutators [Ta, Tb] 6= 0 non-Abelian

[Ta, Tb] = fabc Tc

Lie Algebra

fabc : real numbers, structure constants

fabc = −fbac = · · · antisymmetric

SU(2) fabc = ǫabc (like angular momentum)

Ta = 1
2 σa, σa : Pauli matrices (a=1,2,3)

SU(3) Ta = 1
2 λa, λa : Gell-Mann matrices (a=1,...8)

λ1 =








0 1 0

1 0 0

0 0 0







, . . .



λ1 =








0 1 0

1 0 0

0 0 0







, λ2 =








0 −i 0

i 0 0

0 0 0







, λ3 =








1 0 0

0 −1 0

0 0 0







,

λ4 =








0 0 1

0 0 0

1 0 0







, λ5 =








0 0 −i
0 0 0

i 0 0







,

λ6 =








0 0 0

0 0 1

0 1 0







, λ7 =








0 0 0

0 0 −i
0 i 0







, λ8 =

1√
3








1 0 0

0 1 0

0 0 −2










(ii) local symmetry

now: θa = θa(x) for a = 1, . . . N

covariant derivative ∂µ → Dµ = ∂µ − igWµ

vector field Wµ is n× n matrix: Wµ(x) = TaW
a
µ (x)

induces interaction term L0 → L0 + Lint

with Lint = gΨγµWµΨ = g (ΨγµTaΨ) W a
µ ≡ jµa W

a
µ

For a multiplet of scalar fields Φ:

L0 = (∂µΦ)
†(∂µΦ) → L = (DµΦ)

†(DµΦ)



L is invariant under local gauge transformations

Ψ → Ψ′ = U Ψ ,

Wµ → W
′
µ = UWµ U

−1 − i

g
(∂µU)U

−1

for infinitesimal transformations:

W a
µ → W ′ a

µ = W a
µ +

1

g
∂µθ

a + fabcW
b
µ θ

c

crucial property of covariant derivative
D′

µ U = U Dµ



(iii) dynamics of W a
µ fields

need: additional term LW ⇒ e.o.m., propagators

naive:
∑

a (∂µW
a
ν − ∂νW

a
µ )

2 not gauge invariant

instead: Fµν = DµWν −DνWµ ≡ F a
µν Ta

= ∂µWν − ∂νWµ − ig [Wµ,Wν ]

= i
g [Dµ, Dν ]

gauge transformation: Wµ → W
′
µ, Dµ → D′

µ

⇒ Fµν → F
′
µν = U Fµν U

−1

⇒ Tr (F′
µνF

′µν) = Tr (UFµνU
−1 UFµνU−1) = Tr (FµνF

µν)

gauge invariant



Lagrangian:

LW = −1
2 Tr (FµνF

µν) = −1
4

∑

a F
a
µνF

a,µν

components of Fµν [using normalization Tr(TaTb) =
1
2 δab ]

F a
µν = ∂µW

a
ν − ∂νW

a
µ + g fabc W

b
µW

c
ν

F a
µν = Abelian + non-Abelian

LW = quadratic
︸ ︷︷ ︸

+ cubic + quartic
︸ ︷︷ ︸

free part tri- and quadri-linear interactions



LW = −1

4
(∂µW

a
ν − ∂νW

a
µ )

2 ⇒ propagator

= −1

2
gfabc (∂µW

a
ν − ∂νW

a
µ )W

b,µW c,ν

= −1

4
g2fabc fadeW

b
µW

c
ν W

d,µW e,ν

new type of couplings:

self-couplings of vector fields (gauge couplings)

universal coupling constant g for fermions and vector
fields



3. Quantum Chromodynamics (QCD)

each quark field q = u, d, . . . appears in 3 colours

ψ =






q

q

q




 , ψ = (q, q, q)

Ta = 1
2 λa (a = 1, . . . 8) generators, group SU(3)

W a
µ ≡ Ga

µ 8 gluon fields

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gs fabcG

b
µG

c
ν field strength

Dµ = ∂µ − igs TaG
a
µ covariant derivative

gs coupling constant of strong interaction, αs =
g2s
4π



QCD Lagrangian

(for one flavor of quarks)

LQCD = LF + LG, LF = ψ (iγµDµ −m)ψ ,

LQCD = ψ (iγµ∂µ −m)ψ

+ gs ψ γ
µλa
2
ψ Ga

µ

− 1

4
Ga

µνG
a, µν − 1

2ξ
(∂µG

a, µ)2



QCD Lagrangian

(for one flavor of quarks)

LQCD = LF + LG =

ψ (iγµ∂µ −m)ψ

+ gs ψ γ
µλa
2
ψ Ga

µ

− 1

4
Ga

µνG
a, µν − 1

2ξ
(∂µG

a, µ)2

reality: sum over quark flavors f, with ψ → ψf , m→ mf



• Quark-Gluon-Vertex: a

l

k

igS(Ta)klγ
µ

• Quark-Propagator: i ✄q+m

q2
−m2+iǫ

≡
i

✄q−m+iǫ

• Gluon-Propagator:
−igµν

q2+iǫ

• Triple-Gluon-Vertex: a

b

c

• Quartic-Gluon-Vertex:

b

a

c

d



4. Higgs mechanism



problem: weak interaction, gauge bosons are massive

mass terms ∼M2W a
µW

a, µ spoil local gauge invariance

bad high energy behaviour of amplitudes and cross
sections, conflict with unitarity
reason: longitudinal polarization ǫµ ≃ kµ

M ∼ kµ

bad divergence of higher orders with loop diagrams
reason: propagators contain −gµν + kµkν

M2

⇒ additional powers of momenta in loop integration
⇒ spoil renormalizability

renormalizable theories: divergences can be removed by a
finite number of counter terms

gauge invariant theories: counter terms for parameters
(and fields)



W and Z are massive

W, Z have longitudinal polarization states

polarization vectors of W (Z) ǫL ∼ k/MW

for large momentum k

WL

WL

WL

WL bad high energy behaviour of WW scattering

Do not allow for precision calculations

WL

WL bad divergence of loop integrals

way out:

new scalar with appropriate couplings to W,Z



restoration of unitarity

WL

WL

WL

WL WL

WL WL

WL

+
H

restoration UV finiteness ⇒ renormalizability

H

consistent way: Higgs mechanism
= scalar with gauge invariant interactions

and non-invariant ground state



Spontaneous symmetry breaking (SSB)

physical system: has a symmetry

ground state: not symmetric

[A. Pich]



example: complex scalar field φ 6= φ†

Lagrangian with interaction V (potential), minimum at φ0 = v

L = |∂µφ|2 − V (φ)

V = V (|φ|) : L symmetric under φ→ eiα φ, U(1)

v 6= 0 : φ′0 = eiα v 6= φ0 not symmetric

V = V (|φ′0|) = V (|φ0|) : vacuum is degenerate



write φ(x) = η(x)eiθ(x), η and θ real

V (|φ|) = V (η), minimum at η = v : V ′(v) = 0, V ′′(v) > 0

expand around minimum: η(x) = v + 1√
2
H(x)

V (η) = V (v) + 1
2V

′′(v) · 1
2H

2 + · · ·

L = 1
2 |∂µH|2 − 1

2
V ′′(v)
︸ ︷︷ ︸

·12H2 + v2|∂µθ|2 + · · ·

m2
H > 0 mass of H

H field is massive

θ field is massless, no θ2 term: Goldstone field

special case of Goldstone theorem:

for each broken generator Ta with Ta φ0 6= 0

there is a massless Goldstone field θ(x)



SSB in gauge theories

L =
(
Dµφ

)+(
Dµφ

)
− V (|φ|)− 1

4
FµνF

µν , Dµ = ∂µ − ieAµ

invariant under local U(1) transformations:

φ′(x) = eiα(x) φ(x) = eiα(x) eiθ(x)η(x)

A′
µ(x) = Aµ(x) +

1

e
∂µα(x)

choose α(x) = −θ(x): φ′(x) = η(x)

L = |(∂µ − ieA′
µ)η|2 − V (η)− 1

4
F ′
µνF

′ µν

massless θ field removed (unphysical)



L = |(∂µ − ieA′
µ)(v +

1√
2
H)|2 − 1

4F
′
µνF

′µν − V

= −1

4
F ′
µνF

′µν + v2e2A′
µA

′µ

︸ ︷︷ ︸

+
1

2
[(∂µH)2 −m2

HH
2]

︸ ︷︷ ︸

+ · · ·

massive A-field, mA ∼ ev neutral scalar, mH 6= 0

in this special gauge: no Goldstone field unitary gauge

Aµ-field propagator: i
k2−m2

A+iε

(

−gµν +
kµkν
m2

A

)

︸ ︷︷ ︸

polarization sum of 3 pol. states

massive vector field without spoiling gauge symmetry of L



two different gauges

properties φ field Aµ field

symmetry manifest H, θ 2 polarizations
(transverse)

physics manifest H 3 polarizations
(2 transverse + 1 longitudinal)

θ → longitudinal polarization of Aµ



5. Electroweak Standard Model



preliminaries

Dirac matrices: γµ (µ = 0, 1, 2, 3), γµγν + γνγµ = 2 gµν

Γ = γ0(Γ)† γ0, Γ any Dirac matrix oder product of matrices

further Dirac matrix: γ5 = i γ0γ1γ2γ3 =

(

0 1

1 0

)

γ5γ
µ + γµγ5 = 0, γ5 = −γ5, γ25 = 1

chiral fermions:

ψL = 1−γ5
2 ψ left-handed spinor, L-chiral spinor

ψR = 1+γ5
2 ψ right-handed spinor, R-chiral spinor

projectors on right/left chirality: ω± = 1±γ5
2 , (ω±)2 = ω±



chiral currents:

ψL γµψL = ψ γµ 1−γ5
2 ψ ≡ Jµ

L left-handed current

ψR γµψR = ψ γµ 1+γ5
2 ψ ≡ Jµ

R right-handed current

Jµ
V = ψγµψ = Jµ

L + Jµ
R vector current

Jµ
A = ψγµγ5ψ = −Jµ

L + Jµ
R axialvector current

mass term:

mψψ = m (ψL ψR + ψR ψL)

connects L and R !



symmetry group: SU(2)I × U(1)Y

SU(2)I : weak isospin, generators T a
I = 1

2 σa for L, = 0 for R

U(1)Y : weak hypercharge, generator Y T 3
I + Y/2 = Q

fermion content (ignoring possibe right-handed neutrinos)

T 3

I
Y

leptons: ΨL

L =





νLe

eL









νLµ

µL









νLτ

τL





+
1

2

−

1

2

−1

−1

ψR

l = eR µR τR 0 −2

quarks: ΨL

Q =





uL

dL









cL

sL









tL

bL





+
1

2

−

1

2

+
1

3

+
1

3

ψR
u = uR cR tR 0 +

4

3

ψR

d = dR sR bR 0 −

2

3



gauge boson content

SU(2)I : generators T 1
I , T

2
I , T

3
I

gauge fields W 1
µ , W

2
µ , W

3
µ

also: W±
µ = 1√

2

(
W 1

µ ∓ iW 2
µ

)
, W 3

µ

U(1)Y : generator Y

gauge field Bµ

[T a
I , T

b
I ] = iǫabc T

c
I , [T a

I , Y ] = 0



gauge boson content

SU(2)I : generators T 1
I , T

2
I , T

3
I

gauge fields W 1
µ , W

2
µ , W

3
µ

also: W±
µ = 1√

2

(
W 1

µ ∓ iW 2
µ

)
, W 3

µ

U(1)Y : generator Y

gauge field Bµ

notation: 6∂ = γµ∂µ, 6a = γµaµ



Free Lagrangian of (still massless) fermions:

L0,ferm = iψf /∂ψf = iΨL
L/∂ΨL

L + iΨL
Q/∂ΨL

Q + iψR
l /∂ψ

R
l + iψR

u /∂ψ
R
u + iψR

d /∂ψ
R
d

Minimal substitution:

∂µ → Dµ = ∂µ − ig2T
a
I W

a
µ + ig1

1

2
Y Bµ = DL

µω− +DR
µω+,

DL
µ = ∂µ − ig2√

2

„

0 W+
µ

W−
µ 0

«

− i

2

„

g2W
3
µ − g1Y

LBµ 0

0 −g2W 3
µ − g1Y

LBµ

«

,

DR
µ = ∂µ + ig1

1

2
Y RBµ

Photon identification:

“ rotation”:
„

Zµ

Aµ

«

=

„

cW sW

−sW cW

«„

W 3
µ

Bµ

«

,
cW= cos θW, sW=sin θW,

θW = mixing angle

DL
µ

˛

˛

˛

Aµ

= − i

2
Aµ

„−g2sW − g1cWY
L 0

0 g2sW − g1cWY
L

«

!
= ieAµ

„

Q1 0

0 Q2

«

• charged difference in doublet Q1 −Q2 = 1 → g2 =
e

sW
• normalize Y L/R such that g1 =

e

cW
→֒ Y fixed by “Gell-Mann–Nishijima relation”: Q = T 3

I +
Y

2



Fermion–gauge-boson interaction:

Lferm,YM =
e√
2sW

ΨL
F

„

0 /W+

/W− 0

«

ΨL
F +

e

2cWsW
ΨL

Fσ
3 /ZΨL

F

− e
sW
cW

Qfψf /Zψf − eQfψf /Aψf (f=all fermions, F = all doublets)

Feynman rules:

f

f̄ ′

Wµ
ie√
2sW

γµω−

f

f̄

Aµ −iQfeγµ

f

f̄

Zµ ieγµ(g+

f ω+ + g−f ω−) = ieγµ(vf − afγ5)

with g+

f = −sW
cW

Qf , g−f = −sW
cW

Qf +
T 3

I,f

cWsW
,

vf = −sW
cW

Qf +
T 3

I,f

2cWsW
, af =

T 3
I,f

2cWsW



gauge field Lagrangian (Yang-Mills Lagrangian)

LYM = −
1

4
W a

µνW a,µν
−

1

4
BµνBµν

Field-strength tensors:

W a
µν = ∂µW a

ν − ∂νW a
µ + g2ǫ

abcW b
µW c

ν , Bµν = ∂µBν − ∂νBµ

Lagrangian in terms of “physical” fields:

LYM = −
1

2
(∂µW+

ν − ∂νW+
µ )(∂µW−,ν

− ∂νW−,µ)

−
1

4
(∂µZν − ∂νZµ)(∂µZν

− ∂νZµ) −
1

4
(∂µAν − ∂νAµ)(∂µAν

− ∂νAµ)

+ (trilinear interaction terms involving AW+W−, ZW+W−)

+ (quadrilinear interaction terms involving

AAW+W−, AZW+W−, ZZW+W−, W+W−W+W−)



Feynman rules for gauge-boson self-interactions:

(fields and momenta incoming)

W+
µ

W−
ν

Vρ

ieCWWV

h

gµν(k+ − k−)ρ + gνρ(k− − kV )µ

+ gρµ(kV − k+)ν

i

with CWWγ = 1, CWWZ = − cW
sW

W+
µ

W−
ν

Vρ

V ′
σ

ie2CWWV V ′

h

2gµνgρσ − gµρgσν − gµσgνρ

i

with CWWγγ = −1, CWWγZ =
cW
sW

,

CWWZZ = − c
2
W

s2W
, CWWWW =

1

s2W



Higgs mechanism ⇒ masses of W and Z bosons

spontaneous breaking SU(2)I × U(1)Y → U(1)Q
unbroken em. gauge symmetry, massless photon

GSW model:

Minimal scalar sector with complex scalar doublet Φ =

„

φ+

φ0

«

, YΦ = 1

Scalar self-interaction via Higgs potential:
V

Re(φ0)

Im(φ0)

V (Φ) = −µ2Φ†Φ +
λ

4
(Φ†Φ)2, µ2, λ > 0,

= SU(2)I×U(1)Y symmetric

V (Φ) = minimal for |Φ| =

r

2µ2

λ
≡ v√

2
> 0

ground state Φ0 (=vacuum expectation value of Φ) not unique

specific choice Φ0=

„

0
v√
2

«

not gauge invariant ⇒ spontaneous symmetry breaking

elmg. gauge invariance unbroken, since QΦ0 =

„

1 0

0 0

«

Φ0 = 0



Field excitations in Φ:
Φ(x) =

 

φ+(x)
1√
2

“

v +H(x) + iχ(x)
”

!

Gauge-invariant Lagrangian of Higgs sector: (φ− = (φ+)†)

LH = (DµΦ)†(DµΦ) − V (Φ) with Dµ = ∂µ − ig2
σa

2
W a

µ + i
g1
2
Bµ

= (∂µφ
+)(∂µφ−) − iev

2sW
(W+

µ ∂
µφ− −W−

µ ∂
µφ+)+

e2v2

4s2W
W+

µ W
−,µ

+
1

2
(∂χ)2 +

ev

2cWsW
Zµ∂

µχ+
e2v2

4c2Ws
2
W

Z2+
1

2
(∂H)2 − µ2H2

+ (trilinear SSS, SSV , SV V interactions)

+ (quadrilinear SSSS, SSV V interactions)

Implications:
• gauge-boson masses: MW =

ev

2sW
, MZ =

ev

2cWsW
=
MW

cW
, Mγ = 0

• physical Higgs boson H: MH =
p

2µ2 = free parameter
• would-be Goldstone bosons φ±, χ: unphysical degrees of freedom



general gauge: Goldstone fields φ±, χ are present

required: gauge fixing term Lfix

Rξ gauge:

Lfix = − 1
2ξγ

(F γ)2 − 1
2ξZ

(
FZ
)2 − 1

2ξW

(
F±)2

with the gauge-fixing functionals F a: (ξV = arbitrary gauge-fixing parameters)

F± = ∂W± ∓ iξWMWφ±, FZ = ∂Z − ξZMZχ, F γ = ∂A

(notation: ∂A = ∂µA
µ , · · · )



• elimination of mixing terms (W±
µ ∂µφ∓), (Zµ∂µχ) in Lagrangian

→֒ decoupling of gauge and would-be Goldstone fields (no mix propagators)

• boson propagators:

k

V
DV V

µν (k) = −i

"

gµν − kµkν

k2

k2 − M2
V

+
kµkν

k2

ξV

k2 − ξV M2
V

#

, V = W, Z, γ

k

S
DSS(k) =

i

k2 − ξV M2
V

, S = φ, χ

• important special cases:
⋄ ξV = 1: ‘t Hooft–Feynman gauge

→֒ convenient gauge-boson propagators
−igµν

k2 − M2
V

⋄ ξW, ξZ → ∞: “unitary gauge”
→֒ elimination of would-be Goldstone bosons



Fermion masses

fermions in chiral representations of gauge symmetry
(
νe

e

)

L

, eR ⇒ mass term me(eLeR + eReL) = me ee

not gauge invariant

solution of the SM: introduce Yukawa interaction

= new interaction of fermions with the Higgs field

gauge invariant interaction, ge = Yukawa coupling constant

LYuk = ge [ψLΦ eR + eR Φ†ψL ]



most transparent in unitary gauge

Φ =

(

φ+

φ0

)

→ 1√
2

(

0

v +H

)

apply to the first lepton generation ψL =

(

νL
eL

)

, eR :

ge√
2

[

(νL, eL)

(

0

v +H

)

eR + eR (0, v +H)

(

νL
eL

)]

=
ge√
2
v

︸︷︷︸

[eLeR + eReL] +
ge√
2

︸︷︷︸

H [eLeR + eReL]

me me/v

= me ee + me

v H ee



3 generations of leptons and quarks

for massless neutrinos: no generation mixing for leptons

repeat construction for µ and τ with gµ and gτ
⇒ mµ, mτ

quark sector: generation mixing

Yukawa couplings not generation-diagonal



U =








u

c

t







, D =








d

s

b







, U = (u, c, t) , D = (d, s, b)

unitary gauge:

Φ = 1√
2




0

v +H(x)



 , Φ̃ = 1√
2




−v −H(x)

0



 ,

LY = −
(
UL, DL

)
GdΦDR +

(
UL, DL

)
Gu Φ̃UR + h.c.

mass term for H(x) = 0 :

−DL Gd
v√
2

︸ ︷︷ ︸

DR − UL Gu
v√
2

︸ ︷︷ ︸

UR + h.c.

Md Mu mass matrices, non-diagonal



diagonalization by unitary matrices V u
L,R, V

d
L,R :

UL,R = V u
L,R ÛL,R , UL,R = ÛL,R (V u

L,R)
†

DL,R = V d
L,R D̂L,R , DL,R = D̂L,R (V d

L,R)
†

⇒ mass eigenstates Û , D̂

DLMdDR + ULMuUR =

D̂L (V d
L )

†MdV
d
R

︸ ︷︷ ︸
D̂R + ÛL (V u

L )†MuV
u
R

︸ ︷︷ ︸
ÛR

Mdiag
d Mdiag

u



diagonalization by unitary matrices V u
L,R, V

d
L,R :

UL,R = V u
L,R ÛL,R UL,R = ÛL,R (V u

L,R)
†

DL,R = V d
L,R D̂L,R DL,R = D̂L,R (V d

L,R)
†

⇒ mass eigenstates Û , D̂

DLMdDR + ULMuUR =

D̂L (V d
L )

†MdV
d
R

︸ ︷︷ ︸
D̂R + ÛL (V u

L )†MuV
u
R

︸ ︷︷ ︸
ÛR

Mdiag
d Mdiag

u








md

ms

mb















mu

mc

mt










• Yukawa interactions in terms of mass eigenstates:

LY = −
(
UL, DL

)
GdΦDR +

(
UL, DL

)
Gu Φ̃UR + h.c.

= −D̂LM
diag
d D̂R

(

1 +
H

v

)

− ÛLM
diag
u ÛR

(

1 +
H

v

)

+ h.c.

flavor-diagonal interactions with H field

• neutral weak and electromagnetic currents:

UL(R)γ
µUL(R) = ÛL(R)γ

µÛL(R) , DL(R)γ
µDL(R) = D̂L(R)γ

µD̂L(R)

flavor-diagonal because V u,d
L,R are unitary matrices

• charged current:

ULγ
µDL + DLγ

µUL = ÛLV γ
µD̂L + D̂LV

†γµÛL

remnant: V ≡ VCKM = (V u
L )†V d

L



Features of the CKM mixing:

• V = 3-dim. generalization of Cabibbo matrix UC

• V is parametrized by 4 free parameters: 3 real angles, 1 complex phase
→֒ complex phase is the only source of CP violation in SM

counting:
„

#real d.o.f.
in V

«

−

„

#unitarity
relations

«

−

„

#phase diffs. of
u-type quarks

«

−

„

#phase diffs. of
d-type quarks

«

−

„

#phase diff. between
u- and d-type quarks

«

= 18 − 9 − 2 − 2 − 1 = 4
• no flavour-changing neutral currents in lowest order,

flavour-changing suppressed by factors Gµ(m2
q1 − m2

q2) in higher orders

(“Glashow–Iliopoulos–Maiani mechanism”)



The Standard Model Lagrangian

renormalizable ⇒ precision calculations

quantum effects in precision observables detectable

involve Higgs mass dependence



6. Phenomenology of W and Z bosons

and precision tests



Cross sections and decay widths

scattering process: a+ b → b1 + b2 + · · ·+ bn

|a(pa), b(pb)>= |i>, |b1(p1), · · · bn(pn)>= |f >

matrix element = probability amplitude for i→ f :

Sfi =< f |S|i >

for i 6= f : Sfi = (2π)4 δ4(Pi − Pf ) Mfi

[
1

(2π)3/2

]n+2

Pi = pa+ pb = Pf = p1+ · · ·+ pn momentum conservation

factors (2π)−3/2 from wave function normalization
(plane waves)

Mfi from Feynman graphs and rules



probability for scattering into phase space element dΦ:

dWfi = |Sfi|2 dΦ, dΦ = d3p1
2p0

1

· · · d
3pn
2p0n

d3pi
2p0i

= d4pi δ(p
2
i −m2

i ) Lorentz invariant phase space

differential cross section:

dσ = (2π)4

4
√

(pa·pb)2−m2
am

2

b

|Mfi|2 (2π)−3n δ4(Pi − Pf )
d3p1
2p0

1

· · · d
3pn
2p0n



decay process: a → b1 + b2 + · · ·+ bn

|a(pa)>= |i>, |b1(p1), · · · bn(pn)>= |f >

Sfi = (2π)4 δ4(pa − Pf ) Mfi

[
1

(2π)3/2

]n+1

decay width (differential):

dΓ = (2π)4

2ma
|Mfi|2 (2π)−3n δ4(pa − Pf )

d3p1
2p0

1

· · · d
3pn
2p0n



special case: 2-particle phase space

a+ b→ b1 + b2, a→ b1 + b2

cross section
in the CMS, ~pa + ~pb = 0 = ~p1 + ~p2

dσ
dΩ = 1

64π2s
|~p1|
|~pa| |Mfi|2

dΩ = dcos θ dφ, θ =<( ~pa, ~p1)

s = (pa + pb)
2 = E2

CMS

decay rate
for final state masses m1 = m2 = m

dΓ
dΩ = 1

64π2 ma

√

1− 4m2

m2
a
|Mfi|2



features of the ew Standard Model

Higgs boson probably found, all other particles
confirmed

consistent quantum field theory
in accordance with unitarity
renormalizable ⇒ predictions at higher orders

formal parameters: g2, g1, v, λ, gf , VCKM

physical parameters: α, MW , MZ , MH , mf , VCKM



Basic parameters and relations

ew mixing angle: sW ≡ sin θW, cW ≡ cos θW

gauge coupling constants: g2 =
e
sW
, g1 =

e
cW

vector boson masses: MW = 1
2g2v = ev

2sW

MZ = ev
2sWcW

= MW

cW

s2W = 1− M2

W

M2

Z

neutral current (NC) couplings: af = g2
2cW

T f
3

vf = g2
2cW

(T f
3 − 2QfsW)



observables and experiments

• Muon decay: µ− → νµe−ν̄e

W

µ−

determination of the Fermi constant

Gµ =
παM2

Z√
2M2

W
(M2

Z
− M2

W
)

+ . . .

• Z production (LEP1/SLC): e+e− → Z → ff̄

γ, Z

e+

e−

various precision measurements at the
Z resonance: MZ, ΓZ, σhad, AFB, ALR, etc.

⇒ good knowledge of the Zff̄ sector

• W-pair production (LEP2/ILC): e+e− → WW → 4f(+γ)

e+

e−
γ, Z

W

W

e+

e−
νe

W

W

– measurement of MW

– γWW/ZWW couplings

– quartic couplings: γγWW, γZWW



experiments at hadron colliders

• W production (Tevatron/LHC): pp, pp̄ → W → lνl(+γ)

W

p

p, p̄

– measurement of MW

– bounds on γWW coupling

• top-quark production (Tevatron/LHC): pp, pp̄ → tt̄ → 6f

t

t̄

W

W

b

b̄

p

p, p̄

– measurement of mt



µ decay

W

e

µ

−

ν

ν

e−

µ−

M =
(

ig2
2
√
2

)2
J
(µ)
ρ

−igρσ

q2−M2

W
J
(e)
σ

|q|2 ≃ m2
µ ≪M2

W : M = − g22
8M2

W
J
(µ)
ρ Jρ (e)

Fermi model with point-like 4-fermion interaction:

M = GF√
2
J
(µ)
ρ Jρ (e) low-energy limit of SM

⇒ GF√
2
= g22

8M2

W
= e2

8s2
W
c2
W
M2

Z
= πα

2s2
W
c2
W
M2

Z
= πα

2(1−M2

W /M2

Z)M
2

W

GF = 1.1663787(6) · 10−5GeV−2



Z resonance
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e+

e-
f

f

M = J
(e)
µ

−igµν

s−M2

Z+iMZΓZ
J
(f)
ν

propagator with finite width ΓZ (unstable particle)

ΓZ =
∑

f Γ(Z → ff̄), Γ(Z → ff̄) = MZ

12π (v2f + a2f )



differential cross section at s =M2
Z :

dσ
dΩ ∼ (v2e + a2e)(v

2
f + a2f ) (1 + cos2 θ) + (2veae)(2vfaf ) · 2 cos θ

⇒ forward-backward asymmetry AFB = σF−σB

σF+σB
= 3

4 AeAf

Af = 2vfaf

v2f+a2

f

polarized cross section for e−L,R:

⇒ left-right asymmetry ALR = σL−σR

σL+σR
= Ae

asymmetries determine sin2 θW



experimental results (selection)

Eletroweak preision experiments

� LEP1/SLC: e+e�! Z! f �fLEP1: � 4� 106 events/experiment4 experiments (1989 { 1995)� LEP2: e+e�!W+W�O(104) W pairs (1996 { 2000)� Tevatron: q�q0 !W! l�; q�q0(p�p) q�q0 ! t�t; t!W+b! : : :� low-energy experiments (� deay, �Nsattering, �e sattering, atomi parityviolation, : : : )exp. resultsMZ [GeV℄ = 91:1875� 0:0021 0:002%�Z[GeV℄ = 2:4952� 0:0023 0:09%sin2 �lepte� = 0:23148� 0:00017 0:07%MW [GeV℄ = 80:385� 0:015 0:02%mt [GeV℄ = 173:2� 0:9 0:52%GF [GeV�2℄ = 1:16637(1)10�5 0:001%Ansgar Denner 27-1 24. June 2003loop effects are at least one order of magnitude larger than
experimental uncertainties



precise experiments need precise calculations



example: 1-loop diagrams for µ decay amplitude

W self-energy

ΣW
T (s)

W

Wlνl vertex correction

W

box diagrams

− − −
“

−
”

−

W W

H, χ

W W

φ

W W

γ, Z

W W

W

W

W

νl

l

W

W

u

d

W

W

H, χ

φ

W

W

uγ , uZ

u−

W

W

uγ , uZ

u+

W

W

γ, Z

W

W

W

φ

γ, Z

W

W

H

W

W

e

νe

H, χ

φ

e
W

e

νe

e

νe

Z
W

e

νe

φ

Z

νe
W

e

νe

H

W

e
W

e

νe

γ, Z

φ

e
W

e

νe

γ, Z

W

e
W

e

νe

W

Z

νe



Example of loop integral:

p pq
q+ p

� Z d4q 1

(q2 �m21) h(q+ p)2 �m22i

q !1 : � Z 1 q3dqq4 = Z 1 dqq !1

) integral diverges for large q

) theory in this form not physially meaningful

) further onept needed: renormalization

Renormalizable theories: in�nities an onsistentlybe absorbed into parameters of theory

needs (i) regularization

(ii) renormalization



Two step proedure:

Regularization:

theory modi�ed suh that expressions beomemathematially meaningful

) \regulator" introdued, removed at the end

e.g. ut-o� in loop integralZ 1
0 d4q ! Z �
0 d4q; �!1 at the end

tehnially more onvenient: dimensionalregularizationZ d4q ! Z dDq; D = 4� "; D ! 4 at the end

Renormalization:

original \bare" parameters replaed by renormalizedparameters + ounterterms

reparameterization:

g0|{z} = g|{z} + Æg|{z}bare renormalized ountertermparameter parameter



Renormalizable theory:divergenies ompensated by ounterterms

Renormalization:

� absorption of divergenies

� determination of physial meaning of parametersorder by order in perturbation theory

Example:

mass renormalization, m20 = m2+ Æm2

Physial mass: pole of propagator

inverse propagator up to 1-loop order:

p2 �m2
+

�(p2)
+ x

� Æm2
+ � � �

on-shell renormalization: Æm2 = Re�(m2)
add counterterms that absorb divergent parts

parameters in L are formal, “bare parameters”

g0 = g + δg for a coupling, m0 = m+ δm for a mass

g, m are “physical”, i.e. measurable



Renormalizable theory:divergenies ompensated by ounterterms

Renormalization:

� absorption of divergenies

� determination of physial meaning of parametersorder by order in perturbation theory

Example:

mass renormalization, m20 = m2+ Æm2

Physial mass: pole of propagator

inverse propagator up to 1-loop order:

p2 �m2
+

�(p2)
+ x

� Æm2
+ � � �

on-shell renormalization: Æm2 = Re�(m2)



charge renormalization: e0 = e+ δe

δe cancels loop contributions to eeγ vertex in the Thomson limit

e

e

Aµ
k→0−→ ieγµ for on-shell electrons

k

⇒ e = elementary charge of classical electrodynamics

fine-structure constant α(0) =
e2

4π
= 1/137.03599976

δe contains photon vacuum polarization Πγ(k2 = 0) :

Πγ(0) = Πγ(0)−Πγ(M2
Z)

︸ ︷︷ ︸
+ Πγ(M2

Z)
︸ ︷︷ ︸

non-perturbative perturbative



photon vauum polarization

γ γ

−

Πγ
ferm(M

2
Z)− Πγ

ferm(0) ≡ ∆α → α(MZ) =
α

1−∆α
≃ 1

129

∆α = ∆αlept +∆αhad,

∆αlept = 0.031498 (4− loop) Steinhauser 1998; Sturm 2013

∆αhad = 0.02757 ± 0.00010 Davier et al. 2010

= 0.027626 ± 0.000103 Hagiwara et al. 2011

= 0.027504 ± 0.000118 Jegerlehner 2015

significant parametric uncertainty



∆αhad = − α

3π
M2

Z Re

∫ ∞

4m2
π

ds′
Rhad(s

′)

s′(s′ −M2
Z − iǫ)

Rhad =

σ(e+e−→ γ∗→ hadrons)
σ(e+e−→ γ∗→µ+µ−)

Jegerlehner 2015



MW – MZ correlation

W

e

µ

−

ν

ν

e−

µ−

GF√
2

=
πα

2M2
W

(
1−M2

W /M
2
Z

)



MW – MZ correlation

W

e

µ

−

ν

ν

e−

µ−

GF√
2

=
πα

2M2
W

(
1−M2

W /M
2
Z

)

MW = 80.939± 0.002GeV from GF , α, MZ

MW = 79.965± 0.005GeV with α→ α(MZ)

MW = 80.385± 0.015GeV exp. 37σ / 28σ



with loop contributions

GF√
2

=
πα

2M2
W

(
1−M2

W /M
2
Z

)

· (1 + ∆r)

∆r : quantum correction

∆r = ∆r(mt,MH)

∆r = ∆α− c2W
s2W

∆ρ+ · · ·

∆ρ ∼ m2
t

M2

W

determines W mass

MW =MW (α,GF ,MZ ,mt,MH)

complete at 2-loop order

1-loop examples

Loop ontributionsquantum orretions, of O(1%)

Relevane of quantum orretions

Order of magnitude� ��� : : : �� ln E2m2e��O(1)� [0:2% : : :6%℄�O(1) for E = 100GeVontain all details of the theory� top quarkW t
b W e�e���� Higgs bosonW H

W W e�e���� gauge-boson self-ouplingsW W
Z;  W e�e��� � �

) allow for indiret experimental testsof not diretly aessible quantities

Ansgar Denner 28 24. June 2003full structure of SM



Anhang DGenerisheZwei-Shleifen-Diagramme f�ur dieBerehnung von �r in O(Nf�2)D.1 Eihboson-SelbstenergienIn den generishen Diagrammen werden niht einzelne Teilhen untershieden, sondern nurFermionen (F), Vektorbosonen (V), Skalarbosonen (S) und Geister (U). Die Anf�uhrungaller Diagramme mit Teilheneinsetzungen w�urde den Umfang der Arbeit sprengen.Selbstenergie-Topologien mit zwei Shleifen:

V V

F

F
SS

V V

F

F
VV

V
V

F

S F

S F

V
V

V

F F

F F

V
V

F

F S

F V

V
V

F

S F

V F

V
V

F

F V

F V

V
V

F

V F

V F

V V

F

F
VS

V

V V

F

F
SV

V

V V

F

F
VV

S

V V

F

F
VV

V

V
V

S

F F

F F

V
V

F

F S

F S

V V

F

S
FF

F

V V

F

F
SS

S

V V

F

V
FF

F

V V

F

F
SS

V

V V

F

F
VS

S

V V

F

F
SV

S

101

D.3 Vertexkorrekturen 103D.3 VertexkorrekturenVertex-Topologien mit zwei Shleifen:
V

F

F

F

F

V

S

V

F
V

F

F

F

F

V

V

V

F
V

F

F

F

F V

S

V

F
V

F

F

F

F V

V

V

F
V

F

F

F F

V

V

F

F
V

F

F

F
F

V

F
V

FVertex-Topologien mit einer Shleife und Counterterm-Einsetzung:

104 D Generishe Zwei-Shleifen-DiagrammeD.4 Box-KorrekturenBox-Topologien mit zwei Shleifen:
F

F

F

F

F

F

V
V

F V

F

F

F

F

F

F

F
V

V

F
V

F
F

F

F

F

F
FV

V

F

V F
F

F

F

F

F F

V

V

F
V

FBox-Topologien mit einer Shleife und Counterterm-Einsetzung:

2-loop examples



effects of higher-order terms on ∆r
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Z resonance
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• effective Z boson couplings with higher-order ∆gV,A

vf → gfV = vf +∆gfV , af → gfA = af +∆gfA

• effective ew mixing angle (for f = e):

sin2 θeff =
1

4

(

1− Re
geV
geA

)

= κ ·
(

1− M2
W

M2
Z

)



Irreduible 2-loop vertex diagrams

tribution to the Z`` vertex funtion with the two external lepton momenta p�,^�Z`` (2)� (P 2) = � �g(2)V � g(2)A 5� ; P 2 = (p� + p+)2 ; (8)into two UV-�nite piees aording to^�Z`` (2)� (M2Z) = �Z`` (2)� (M2Z) + �CT�= ��Z`` (2)� (0) + �CT� �+ ��Z`` (2)� (M2Z)� �Z`` (2)� (0)� : (9)�Z`` (2)� (P 2) denotes the orresponding unrenormalized Z`` vertex, and �CT� is the two-loopounter term, whih is independent of P 2. The �rst term on the right hand side of (9)ontains the omplete two-loop renormalization, but no genuine two-loop vertex diagramssine in absene of external momenta they redue to simpler vauum integrals. All thegenuine two-loop vertex diagrams appear as subtrated quantities in the seond term onthe right hand side of (9).
a)

GW W
b)

, Z, W

)
W W

d)
, Z, W

Figure 2: Irreduible two-loop vertex diagrams ontaining fermion loops.4

Bosoni 2-loop ontributions,Higgs-dependent partexamples for verties:

Z
e

e
�e

�e WHW W Z
e

eZH ZZ ee

Z eeH Z Z
Z e e Z eeH WW
Z �e �e

di�erene ��(MH)���(M0H) = ��subUV �nite2-loop examples for Z couplings

complete 2-loop calculation available for sin2 θeff



importance of two-loop calculations
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Global analysis within the SM
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before the top quark was discovered (< 1995):

indirect mass determination ⇒ mt = 178± 8+17
−20GeV
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The way to the Higgs boson

development of bounds from direct and indirect searches
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Global fit to the Higgs boson mass
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7. Higgs bosons



Higgs potential: V = −µ2
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gauge invariant Lagrangian of the Higgs sector

LH = (DµΦ)†(DµΦ) − V (Φ) with Dµ = ∂µ − ig2
σa
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+ (trilinear SSS, SSV , SV V interactions)

+ (quadrilinear SSSS, SSV V interactions)

⇒ H-V-V gauge interactions, V=W and Z
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Higgs boson decay channels

branching ratios BR(H → X) = Γ(H→X)
Γ(H→all)
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Higgs decays into 4 fermions

also below V V threshold with one or two V off-shell

a)
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The direct search for the Higgs boson



The direct search for the Higgs boson

Higgs production at LEP:

Searh for the Standard Model Higgs at LEP

Dominant prodution proess: e+e�! ZH

e�
e+

Z
HZ

Dominant deay proess: H ! b�b
b

�bH

Highest energy: ECM � 206 GeV

Exlusion limit, 95% C.L.:

MH > 114:4GeV :

excluded MH < 114GeV

Higgs production at the Tevatron:

H

t

t

t

H

W, Z

W, Z



Higgs production at the LHC

Higgs production modes

• Dominant Higgs production modes expected from the SM at m =125 GeV:

ggF VBF

ttH

VH

VBF

VH

ttH

Handbook of Higgs Cross sections, Vol. 1, 2, 3, 4
arXiv:1101.0593, arXiv:1201.3084, arXiv:1307.1347, arXiv:1610.07922



Higgs production at the LHC
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H → γ γ
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H → ZZ → l+l− l+l−
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the Higgs – or not the Higgs?

CERN, July 2012



Oviedo, October 2013



combined ATLAS/CMS Higgs-boson mass determination

 [GeV]Hm
123 124 125 126 127 128 129

Total Stat. Syst.CMS and ATLAS
 Run 1LHC 						Total      Stat.    Syst.

l+4γγ CMS+ATLAS  0.11) GeV± 0.21 ± 0.24 ( ±125.09 

l 4CMS+ATLAS  0.15) GeV± 0.37 ± 0.40 ( ±125.15 

γγ CMS+ATLAS  0.14) GeV± 0.25 ± 0.29 ( ±125.07 

l4→ZZ→H CMS  0.17) GeV± 0.42 ± 0.45 ( ±125.59 

l4→ZZ→H ATLAS  0.04) GeV± 0.52 ± 0.52 ( ±124.51 

γγ→H CMS  0.15) GeV± 0.31 ± 0.34 ( ±124.70 

γγ→H ATLAS  0.27) GeV± 0.43 ± 0.51 ( ±126.02 

arXiv:1503.07589



A Standard Model Higgs boson at the LHC?

Production & decay measured to be compatible with SM Higgs: precision [20-60]% 

!!

ATLAS+CMS JHEP 08 (2016) 045 signal strength μ=σ/σSM
production decay



ƔƔ

CMS HIG-16-040 ATLAS-CONF-2017-045

µ = 1.16+0.15

−0.14 = 1.16+0.11

−0.10(stat)
+0.09

−0.08
(exp)

+0.06

−0.05
(theo)

~2k events

bkg: ~80% irreducible ɣɣ

Precision similar to ZZ, despite lower S/B  

EPS 2017



" μ, # μ, #
CMS arXiv:1706.09936 Submitted to JHEP ATLAS-CONF-2017-043

Improvements on overall precision ~ x2 wrt Run1 

µ = 1.05+0.15

−0.14(stat)
+0.11

−0.09
(syst) µ = 1.28+0.18

−0.17(stat)
+0.08

−0.06
(exp)

+0.08

−0.06
(theo)

~70 events

Z➝4l

H➝4l

ZZ*➝4l

μ=σ/σSM

EPS 2017



Theoretical bounds on Higgs boson mass

• unitarity → upper bound

• Landau pole → upper bound

• vacuum stability → lower bound



unitarityFurther e�et of the Higgs �eld:

sattering of longitudinally polarized W bosons:

WLWL !WLWL

MV =
W

W

W
W, Z + , Z

+
= �g2 E2M2W +O(1) for E !1

) violation of probability onservation



Extra ontribution from salar partile:

MS =
W

W

W
WH + H

= g2WWH E2M4W +O(1) for E !1

M =MV +MS

) terms with bad high-energy behavior anel for

gWWH = gMW

) Upper limit on MH: MH <� 1 TeV

If no fundamental Higgs �eld exists:

strong interation in gauge-boson setor for E >� 1 TeV

probability onservation via non-perturbative e�ets:

dynamial symmetry breaking, \Tehniolor", . . .[S. Weinberg '79℄ [L. Susskind '79℄

for s >> M2
W , with t = − s

2 (1− cos θ),

M ≈ M2
H

v2

(

2 +
M2

H

s−M2
H

+
M2

H

t−M2
H

)



partial wave expansion:

M(s, t) = 8π
∞∑

l=0

(2l + 1)Pl(cos θ) al

unitarity condition: |al| < 1

project on l = 0 partial wave:

a0 =
1

16π

∫ 1

−1
d cos θ M(s, t)

=
M2

H

8πv2

[

2 +
M2

H

s−M2
H

− M2
H

s
log

(

1 +
s

M2
H

)]

≈ M2
H

4πv2
for s >> M2

H

a0 < 1 ⇒ MH < 872GeV



Landau pole

Higgs self coupling is scale dependent, λ(Q)

The triviality boundLet us have a look at the one{loop radiative orretions to the Higgs boson quarti oupling,taking into aount for the present moment only the ontributions of the Higgs boson itself.The Feynman diagrams for the tree{level and the one{loop orretions to the Higgs bosonself{oupling are depited in Fig. 1.17.� ��HH HH � � � �+ + +Figure 1.17: Typial Feynman diagrams for the tree{level and one{loop Higgs self{oupling.The variation of the quarti Higgs oupling with the energy sale Q is desribed by theRenormalization Group Equation (RGE) [127℄ddQ2 �(Q2) = 34�2 �2(Q2) + higher orders (1.171)The solution of this equation, hoosing the natural referene energy point to be the ele-troweak symmetry breaking sale, Q0 = v, reads at one{loop�(Q2) = �(v2) �1� 34�2 �(v2) logQ2v2 ��1 (1.172)The quarti ouplings varies logarithmially with the squared energy Q2. If the energy ismuh smaller than the eletroweak breaking sale, Q2 � v2, the quarti oupling beomesextremely small and eventually vanishes, �(Q2) � �(v2)=log(1) ! 0+. It is said that thetheory is trivial, i.e. non interating sine the oupling is zero [128℄.In the opposite limit, when the energy is muh higher that weak sale, Q2 � v2, thequarti oupling grows and eventually beomes in�nite, �(Q2) � �(v2)=(1 � 1) � 1. Thepoint, alled Landau pole, where the oupling beomes in�nite is at the energy�C = v exp�4�23� � = v exp�4�2v2M2H � (1.173)The general triviality argument [119, 129℄ states that the salar setor of the SM is a �4{theory, and for these theories to remain perturbative at all sales one needs to have a oupling� = 0 [whih in the SM, means that the Higgs boson is massless℄, thus rendering the theorytrivial, i.e. non{interating. However, one an view this argument in a di�erent way: onean use the RGE for the quarti Higgs self{oupling to establish the energy domain in whih65

variation with scale Q described by RGE

Q2 dλ

dQ2
= β(λ) =

3

4π2
λ2

solution:

λ(Q) =
λ(v)

1− 3
4π2λ(v) log

Q2

v2

with λ(v) =
M2

H

2v2

diverges at scale Q = ΛC (Landau pole)

ΛC = v exp

(
4π2v2

3M2
H

)

maximum Higgs mass by condition Λ > M



self-coupling diverges at

ΛC = v exp

(
4π2v2

3M2
H

)

maximum Higgs mass by condition ΛC > MH

⇒ MH < 800GeV



vacuum stability

top-quark Yukawa coupling gt ∼ mt contributes to the running Higgs
self coupling λ(Q) through top loop ∼ g4t

the SM is valid, i.e. the energy ut{o� �C below whih the self{oupling � remains �nite.In this ase, and as an be seen from the previous equation, if �C is large, the Higgs massshould be small to avoid the Landau pole; for instane for the value �C � 1016 GeV, oneneeds a rather light Higgs boson, MH <� 200 GeV. In turn, if the ut{o� �C is small, theHiggs boson mass an be rather large and for �C � 103 GeV for instane, the Higgs mass isallowed to be of the order of 1 TeV.In partiular, if the ut{o� is set at the Higgs boson mass itself, �C =MH , the require-ment that the quarti oupling remains �nite implies thatMH <� 700 GeV. But again, thereis a aveat in this argument: when � is too large, one annot use perturbation theory any-more and this onstraint is lost. However, from simulations of gauge theories on the lattie,where the non{perturbative e�ets are properly taken into aount, it turns out that oneobtains the rigorous bound MH < 640 GeV [130℄, whih is in a remarkable agreement withthe bound obtained by naively using perturbation theory.The stability boundIn the preeding disussion, only the ontribution of the Higgs boson itself has been inludedin the running of the quarti oupling �. This is justi�ed in the regime where � is ratherlarge. However, to be omplete, one needs to also inlude the ontributions from fermionsand gauge bosons in the running. Sine the Higgs boson ouplings are proportional to thepartile masses, only the ontribution of top quarks and massive gauge bosons need to beonsidered. Some generi Feynman diagrams for these additional ontributions are depitedin Fig. 1.18.The one{loop RGE for the quarti oupling, inluding the fermion and gauge bosonontributions, beomes [127℄d�dlogQ2 ' 116�2 �12�2 + 6��2t � 3�4t � 32�(3g22 + g21) + 316 �2g42 + (g22 + g21)2�� (1.174)where the top quark Yukawa oupling is given by �t = p2mt=v. The �rst e�et of thisextension is that for not too large � values, the additional ontributions will slightly alterthe triviality bounds. In partiular, the sale at whih the New Physis should appear willdepend on the preise value of the top quark mass.�� ��HH HHF �� ��VFigure 1.18: Diagrams for the one{loop ontributions of fermions and gauge bosons to �.66variation with scale Q described by RGE

Q2 dλ

dQ2
=

3

4π2

(

λ2−m
4
t

v4

)

approximate solution:

λ(Q) = λ(v)− 3m4
t

2π2v4
log

Q

v

λ(Q) < 0 for Q > ΛC → vacuum not stable

high value of ΛC needs MH large enough



combined effects:

dλ

dt
=

1

16π2

(
12λ2 − 3 g4t + 6λ g2t + · · ·

)
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The success of the Standard Model

impressive confirmation by a huge data sample from
low to high energies, no significant deviations

quantum effects have been established at many σ
perfect indirect and direct determination of the top quark

now being repeated for the Higgs boson

new particle at 125 GeV strong candidate for the
Higgs boson

if confirmed: Standard Model closed

Happy End of a successful story ?



Shortcomings of SM

no mass terms for neutrinos [introduce νR . . . ]

hierarchy problem v ≪MPl, MH ≪MPl

large number of free parameters g1, g2, v, mf , VCKM

no further unification of forces

missing link to gravity

nature of dark matter?

baryon asymmetry of the universe?



next steps with LHC and upgrades

– confirm the Higgs boson properties

– check versus electroweak precision measurements

– or find deviations, new structures:

more Higgs bosons (doublets, singlet, .. )

supersymmetry (minimal or non-minimal)

new strong sector, substructure

· · ·




	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

