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Introduction
We consider the Cauchy Problem for the dissipative scalar wave
equation

(9F = 05 — g(w)dy + f(w) $(t,u) =0
with initial data (0, w),i0,%(0,u) € C°(R, C), g € C°(R, C)
and f € C*°(R) such that

{

(1)
|Fu)] 4+ ul /(W) + u?[ f"(u)| < & ifu>0

c,v>0

[F )]+ 1 ()] + [f" ()] < ce™

ifu <0
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Hamiltonian form of (1):
10,V = HU (2)

with H = (21 ;) A= —02+ f(u) and domain of definition

D(H) = (S(R,C))2.
The initial data ¥(0,u) = ( ¥(0,u) > is an element of

Zat’(;b(oa u)
(C° (R, C))*.
Remark: It is not possible to introduce a scalar product such that
H is symmetric with respect to it.
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The solution for the Cauchy problem

Theorem: The solution of (2) takes the form
1 : —iwt
U(t,u) = ——— lim e "“"(Ry¥o(u))dw
Tl R—o0 clucy,
Uy is the initial data and R, denotes the resolvent (H — w)~!
It can be shown that the resolvent exists if |Im w| is large.
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Separation of variables

We make the separation ansatz
Y(t,u) = e “p(u).
This leads us to the following radial equation of Schrédinger type:
(=05 + V() d(u) = 0

with
V(u) = —w? +iwg(u) + f(u)

Now we want to construct solutions of this equation which decay
exponentially at +oco or respectively —oo.
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Construction of the Jost solutions

In order to find a solution of the Schrédinger equation which
decays at 400 we need the WKB wave function

a(u) = oV (u) (_exp/u“ \/V)

0
As we find that

. e iflm w >0
&~ )
e iflmw<0

we see that & decays exponentially at +oo.
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Now we define
W0 = o

IO

—/ S (u, v)W (0)o"Y do
—02 + Vo (u) with

Here S(u,v) is the Green's function for the differential operator

"
Vb:zV—V—
and W=V — V.

5 (V2
4v+1_6(7) !
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Then the series

3im Y0
=0

has the same asymptotics as .
In particular,

U—00

and

is a solution of the Schrédinger equation (—92 + V' (u))¢ = 0 and
lim e ™%p =1,

U—00

lim (e7“%¢) =0 iflm w >0
lim eiwuéﬁ =1,

lim (e“"¢) =0 iflm w <0
U—0
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Similarly we can construct a solution qﬁ which decays at —co by
using the corresponding WKB function.

Besides, it can be shown that the so called Jost solutions ¢,¢ are
holomorphic in w.

We will use these functions to construct the resolvent of H. Then
the resolvent is also holomorphic because d) and (/) are holomorphic.
We will use this later to deform our contour of integration.
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Construction of the resolvent

For w € C with |Im w| > K the resolvent R, = (H — w)~! has
the following representation:

(R,¥)(u) = /oo Ry, (u,v)¥(v)dv
with

)= (st )+ 600 (Tl 2)-

Here G(u,v) is the Green's function for —92 + V (u) and is defined
by

I {¢(u)¢(v) ifv>u
o(u)p(v) ifv<u
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Here w(é, d) := ¢'¢ — ¢¢’ denotes the Wronskian of ¢ and ¢.
As domain of definition we choose (C$°(R, C))2.
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Resolvent estimates for large |w|

For |w| large we can bound the resolvent in the following way:

(Ro®)(u)] < %

for any ¥ € (C§°(R,C))? and any u € R.
We get this result by using that the Jost solutions are well
approximated by the WKB functions:

N

¢=a(l+0(=)), ¢ =a(1+0(-))

1 1
w w

We can prove an analogue result for ¢.
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An integral representation for the solution of the Cauchy
problem

To proof the formula for the solution of the Cauchy problem we
show that V¥ € (C§°(R,C)) and Vu € R:

1
)\ =——1i '
() =g dm [ (R

After that we deform the contour C; U Cy to Cf U C4 and use
Lebesgue’s theorem to prove our main theorem.
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Proof: We have

7{ dw
OBr

dw 1 R
/ dof 1 dw] = 0
w C1UC> w R S1US2
and so L d
. w
— lim — =1
271 R—oo C1UCH w
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We have Vw in C; UCo: ¥ = R,(H —w)V
obtain

We divide by w, integrate over C; U Cy and apply (3).Then we
1
U(u) = —— lim /
271 R—oo Jo,uc, W
1
2Ti R—oo

1 R,(H —w))¥(u)dw

C1UCo
vanishes.

((quf)(u) - i(RwH\II)(u)) dw
As R, is bounded by |(R,HV)(u)| < & the second term
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