
N3LL Analysis of Thrust Distributions:

R. A., I. Stewart        - MIT

M.Fickinger             - University of Arizona   
A. Hoang,  V. Mateu  - MPI

Riccardo Abbate
MIT

Ringberg Castle, Munich
 SCET 2010

AFHMS

        
Determination of αs(MZ)

1

1Thursday, April 8, 2010



Outline

Motivations World Averages

Theoretical Developments
Factorization Theorem

Non-perturbative corrections: Soft Function and Renormalon 

Global Thrust Fit

Cross Checks and Comparisons

Running of the scales and Profile Functions

Recent Thrust Analyses

2

2Thursday, April 8, 2010



Siegfried Bethke: The 2009 World Average of αs 11

The presence of correlated errors, if using the equations
given above, is usually signalled by χ2 < ndf . Values of
χ2 > ndf , in most practical cases, are a sign of possibly
underestimated errors. In this review, both these cases are
pragmatically handled in the following way:

In the presence of correlated errors, described by a
covariance matrix C, the optimal procedure to determine
the average x is to minimise the χ2 function

χ2 =
n

∑

i,j=1

(xi − x)(C−1)ij(xj − x) ,

which leads to

x =





∑

ij

(C−1)ijxj









∑

ij

(C−1)ij





−1

and

∆x2 =





∑

ij

(C−1)ij





−1

.

The choice of Cii = ∆x2
i and Cij = 0 for i "= j re-

tains the uncorrelated case given above. In the presence
of correlations, however, the resulting χ2 will be less than
ndf = n − 1. In order to allow for an unknown common
degree of a correlation f , the method proposed in [61] will
be applied by choosing Cij = f×∆xi×∆xj and adjusting
f such that χ2 = n − 1.

For cases where the uncorrelated error determimation
results in χ2 > ndf , and in the absence of knowledge which
of the errors ∆xi are possibly underestimated, all individ-
ual errors are scaled up by a common factor g such that
the resulting value of χ2/ndf , using the definition for un-
correlated errors, will equal unity.

Note that both for values of f > 0 or g > 1, ∆x
increases, compared to the uncorrelated (f = 0 and g = 1)
case.

4.2 Determination of the world average

The eight different determinations of αs(MZ0) summarised
and discussed in the previous section are listed in ta-
ble 1 and are graphically displayed in figure 5. Apply-
ing equations 14, 15 and 16 to this set of measurements,
assuming that the errors are not correlated, results in
an average value of αs(MZ0) = 0.11842 ± 0.00063 with
χ2/ndf = 5.4/7.

The fact that χ2 < ndf signals a possible correlation
between all or subsets of the eight input results. Assuming
an overall correletion factor f and demanding that χ2 =
ndf = 7 requires f = 0.23, inflating the overall error from
0.00063 to 0.00089.

In fact, there are two pairs of results which are known
to be largely correlated:

– the two results from e+e− event shapes based on the
data from JADE and from ALEPH use the same theo-
retical predictions and similar hadronisation models to
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electroweak fits (N3LO) 

e+e– jets & shapes (NNLO) 

$ decays (NLO)

Fig. 5. Summary of measurements of αs(MZ0). The vertical
line and shaded band mark the final world average value of
αs(MZ0) = 0.1184 ± 0.0007 determined from these measure-
ments.

correct these predictions for the transitions of quarks
and gluons to hadrons. While the experimental errors
are uncorrelated, the theoretical uncertainties may be
assumed to be correlated to 100%. The latter accounts
for about 2/3 to 3/4 of the total errors. An appropriate
choice of correlation factor between the two may then
be f = 0.67.

– the QCD predictions for the hadronic widths of the
τ -lepton and the Z0 boson are essentially identical, so
the respective results on αs are correlated, too. The
values and total errors of αs(MZ0) from τ decays must
therefore be correlated to a large extend, too. In this
case, however, the error of one measurement is al-
most entirely determined by the experimental error
(Z0-decays), while the other, from τ -decays, is mostly
theoretical. A suitable choice of the correlation factor
between both these results may thus be f = 0.5.

Inserting these two pairs of correlations into the error
matrix C, the χ2/ndf of the averaging procedure results
in 6.8/7, and the overall error on the (unchanged) central
value of αs(MZ0) changes from 0.00063 to 0.00067. There-
fore the new world average value of αs(MZ0) is defined to
be

αs(MZ0) = 0.1184± 0.0007.

For seven out of the eight measurements of αs(MZ0),
the average value of 0.1184 is within one standard devi-
ation of their assigned errors. One of the measurements,
from structure functions [45], deviates from the mean value
by more than one standard deviation, see figure 5.

The mean value of αs(MZ0) is potentially dominated
by the αs result with the smallest overall assigned un-
certainty, which is the one based on lattice QCD [26]. In
order to verify this degree of dominance on the average
result and its error, and to test the compatibility of each

S. Bethke, arXiv:0908.1135Latest World Average

αs(mZ) = 0.1183± 0.0008
HPQCD 0807.1687  

fit to     -splittings, Wilson loops       Υ

event shape results at

errors inflated to account for
variation in literature

αs(mZ) = 0.1184± 0.0007

O(α3
s)
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Q = 91.2 GeVpeak

tail
multijet

2 jets, soft radiation

2 jets, 3 jets
> 3 jets

Q2 ! Q2τ ! (Qτ)2 ∼ Λ2
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Event Shape Variables:   Thrust

ALEPH, DELPHI, L3, OPAL, SLD

T = max
t̂

∑
i |̂t · !pi|
Q

τ = 1− T

e+ e−
Q−→ jets

t̂
τ = 0

τ =
1
2
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Recent             analyses:   Tail Fits    

Dissertori et al.
0712.0327

Becher, Schwartz
0803.0342

Davison, Webber
0809.3326

Dissertori et al.
0906.3436

no

sum logs power corrections

N3LL

NLL

NLL

Monte Carlo

Monte Carlo

Monte Carlo

effective coupling
model

αs(MZ)

0.1240± 0.0034

0.1172± 0.0021

0.1164± 0.0028

0.1224± 0.0039

αs(MZ)

data

ALEPH, OPAL

Most of data

ALEPH

ALEPH

5

5Thursday, April 8, 2010



6

Improvements over earlier works AFHMS

Finite bottom quark mass corrections included in factorization theorem 

QED Sudakov and final state radiation at NNLL 

Use of the full 3-loop hard function

Axial anomaly corrections at           from top quarks O(α2
s)

power corrections: Ω1 ≡
1

2Nc

〈
0
∣∣tr Y n̄(0)Yn(0) i∂τ Y †

n (0)Y †
n̄(0)

∣∣0
〉

renormalon subtraction
i∂τ ≡ θ(in̄ · ∂−in · ∂) in · ∂ + θ(in · ∂−in̄ · ∂) in̄ · ∂

peak tail multijet

Factorization theorem

MS (      )

6Thursday, April 8, 2010



7

dσ

dτ
=

∫
dk

(
dσ̂s

dτ
+

dσ̂ns

dτ
+

∆dσ̂b

dτ

)(
τ − k

Q

)
Smod

τ (k−2∆̄)×
[
1 +O

(
αs

ΛQCD
Q

)]

Factorization Theorem for Thrust

singular partonic
 cross section

nonsingular partonic
 cross section b-mass correction

e+ e−
Q−→ jets

AFHMS

nonperturbative: large angle soft radiation 

Valid for all       values !τ

 gap parameter
moment parameters       

∆
Ωi

1
σ̂

dσ̂s

dτ
=

∑

n,m

αn
s

lnm τ

τ

more on those later

Schematically,

1
σ̂

dσ̂ns

dτ
=

∑

n,m

αn
s lnm τ +

∑

n,m

αn
s fm(τ)
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Singular partonic cross section

I = {uv, dv, va, da}
σI

0 partonic          cross section for quark pair production. e+ e−

HI
Q hard function: encodes short distance virtual corrections

include non-log term       at            extracted from O(α3
s) Baikov et al. 0902.3519

UQ “hard” and “jet” renormalization group evolution
anomalous dim. known up to 3 loops. 

N3LL O(α4
s)Γ(3)

cusp

need to distinguish 4 types of components                                for up, 
down, vector and axial parts.

To resum at          ,  need         (         )

Uτ
J, Becher, Schwartz

h3

NEW

dσ̂QCD
s

dτ
=

∑

I

σI
0 HI

Q(Q,µH) UQ(Q,µH , µS) ×

×
∫

dsds′ Jτ (s′, µJ) Uτ
J (s− s′, µS , µJ) e−2

δ(R,µS)
Q

∂
∂τ Spart

τ

(
Q τ − s

Q
, µS

)
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Order Counting

ln dσ
dy = (αs ln)k ln+(αs ln)k + αs(αs ln)k + α2

s(αs ln)k + . . .

LL NLL NNLL N3LL

cusp non-cusp matching alphas
LL 1 – tree 1

NLL 2 1 tree 2
NNLL 3 2 1 3
N3LL 4pade 3 2 4
LL′ 1 – tree 1

NLL′ 2 1 1 2
NNLL′ 3 2 2 3
N3LL′ 4pade 3 3 4

standard
counting

primed
counting

when fixed order results are important primed counting is better

9
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Jτ thrust jet function

unknown non-log coefficient       at    j3 O(α3
s)

Singular partonic cross section

Jτ (s, µ) =
1
µ2

∞∑

n=−1

Jn[αs(µ)]Ln(s/µ2)

L−1(x) = δ(x)

Ln(x) =

[
θ(x) logn x

x

]

+

J−1(αs) = 1.− 0.608949αs − 2.26795α2
s

+(2.21087 + j3
π3 ) α3

s

Spart
τ partonic thrust soft function

non-log coefficient       at    O(α2
s) s2 = −39.1± 2.5 Hoang, Kluths2

unknown non-log coefficient   O(α3
s)s3

Spart
τ (k, µ) =

1
µ

∞∑

n=−1

Sn[αs(µ)]Ln(k/µ)

at

S−1(αs) = 1 + 0.349066αs + (1.26859 + 0.0126651 s2)α2
s

+
(
1.54284 + 0.00442097 s2 +

s3

π3

)
α3

s ,

S0(αs) = 2.07321α2
s + (4.8002− 0.0309077 s2)α3

s ,

S1(αs) = −1.69765 αs − 6.26659 α2
s − (16.4676 + 0.021501 s2) α3

s

Becher, Schwartz

10

s2 = −40.1± 3.2
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implements renormalon subtraction  (more later)

scales: hard scale
jet scale
soft scale

Singular partonic cross section

11

dσ̂QCD
s

dτ
=

∑

I

σI
0 HI

Q(Q,µH) UQ(Q,µH , µS) ×

×
∫

dsds′ Jτ (s′, µJ) Uτ
J (s− s′, µS , µJ) e−2

δ(R,µS)
Q

∂
∂τ Spart

τ

(
Q τ − s

Q
, µS

)

µH

µJ

µS

exp
(
− 2

δ(R,µS)
Q

∂

∂τ

)
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Non Singular partonic cross section

O(α3
s)

0.05 0.10 0.15 0.20 0.25 0.30

!20000

!15000

!10000

!5000

0

5000

3!loop fit, data 2, 6 parameters

O(α2
s)

f3(τ) + ε3 δ3(τ)f2(τ) + ε2 δ2(τ)

dσ̂ns

dτ

(
τ,

µns

Q

)
= σI

0 e2 δ(R)
Q

∂
∂τ f I

(
τ, µns

Q

)

dσ̂

dτ

∣∣∣
fixed order

=
dσ̂

dτ

∣∣∣
SCET expanded

+
dσ̂ns

dτ

NNLO,            in QCD known
numerically

O(α3
s)

Gehrmann et al.
and independently S. Weinzierl
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Non Singular partonic cross section

f3(τ) + ε3 δ3(τ)f2(τ) + ε2 δ2(τ)

dσ̂ns

dτ

(
τ,

µns

Q

)
= σI

0 e2 δ(R)
Q

∂
∂τ f I

(
τ, µns

Q

)

In our theory uncertainty  estimate we vary ε2, ε3, µns

dσ̂

dτ

∣∣∣
fixed order

=
dσ̂

dτ

∣∣∣
SCET expanded

+
dσ̂ns

dτ

NNLO,            in QCD known
numerically

O(α3
s)

Gehrmann et al.
and independently S. Weinzierl

Total Cross  Section Constraints:

reduces uncertainties            ,

  ,             depend on h3 + j3 + s3

δ2(τ) δ3(τ)
f2(τ) f3(τ)
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Profile Functions

Peak Tail Multijet

Profile functions implement scale dependence. 

µH ∼ Q

µJ ∼
√

QΛQCD

µS ∼ Qτ

µJ ∼ Q
√

τ

µS ≥ ΛQCD

µH ∼ Q µH = µJ = µS ∼ Q

t2

µJ(τ) ∝ τ1/2

µS(τ) ∝ τ

τ

µi

n1

εJ

µ0

ns

Parameters varied
 in scan 

Scales must be equal 
for multijet region

µ0

Q n1 t2

µ2
J = µH +εJ termsµS

0.0 0.1 0.2 0.3 0.4 0.5

20

40

60

80

µH

14

dσ̂s

dτ
+

dσ̂ns

dτ
=

dσ̂FO

dτ

εh = µH/Q
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Sτ (k, µ) =
1

Nc

〈
0
∣∣tr Y n̄Yn δ(k − i∂τ )Y †

n Y
†
n̄

∣∣0
〉

i∂τ ≡ θ(in̄ · ∂−in · ∂) in · ∂ + θ(in · ∂−in̄ · ∂) in̄ · ∂soft Wilson lines

Sτ (k, µ) =
∫

dk′ Spart
τ (k − k′, µ) Smod

τ (k′)

The soft function factorizes as

Hoang, Stewart
Ligeti, Stewart,Tackmann

fixed order pertubative 
expression 

nonperturbative model soft 
function. Exp. small tail Smod

τ

In peak region we use a 
complete basis for 

This generalizes the OPE result
Lee, Sterman

Korchemsky, Sterman

Sτ (k, µS) = Spart
τ (k, µS) − 2Ω1

d Spart
τ

dk
(k, µS) + · · ·From an OPE analysis, we obtain

(tree level matching)
Sτ (k, µS) = δ(k)− 2Ω1 δ′(k) + · · ·

Nonperturbative  Corrections
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Renormalon subtraction
In       ,          has an                  renormalon Spart

τ O(ΛQCD)

Solved introducing a gap parameter    :∆ Smod
τ (k)→ Smod

τ (k − 2∆)
and writing ∆ = ∆̄(R,µS) + δ(R,µS)

renormalon free

Ω1

MS

Hoang, Stewart
In       , also        has an                  renormalon O(ΛQCD)MS

16

δ(R,µS) = eγE R

[
− 0.849

αs(µS)
4π

log
µS

R
+ · · ·

]
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Renormalon subtraction

Solved introducing a gap parameter    :∆ Smod
τ (k)→ Smod

τ (k − 2∆)
and writing ∆ = ∆̄(R,µS) + δ(R,µS)

so,

Hoang, Stewart

Sτ (k, µ) =
∫

dk′
[
e−2δ ∂

∂k Spart
τ (k − k′, µ)

]
Smod

τ (k′ − 2∆)

perturbative non perturbativerenormalon free

To avoid large logarithms, we need R ∼ µS

17

In       ,          has an                  renormalon Spart
τ O(ΛQCD)

Ω1

MS

In       , also        has an                  renormalon O(ΛQCD)MS
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Include b-mass effects in Factorization Thm:

use SCET massive fact. thm 
charm quarks are much smaller effect

∆ dσ̂b

dτ
=

dσ̂NNLL
massive

dτ
− dσ̂NNLL

massless

dτ
at this order it effects only the jet function and     limits

(∼ 2% effect)

Include QED effects in Factorization Thm:
, include only final state radiation

include           corrections to QCD    -function    O(α2
s α) β

count α ∼ α2
s

include one-loop QED corrections to            HQ, Jτ , Sτ

τ

(∼ 2% effect)

Include axial anomaly contribution
affects                at                        Hua

Q , Hda
Q

due to large top-bottom mass splitting
Ha

Q = Hv
Q + Hsinglet fda(τ, 1) = fv(τ, 1) +

α2
s

4π2
fsinglet

(
τ,

Q2

4 m2
t

)O(α2
s)

(∼ 1% effect)

Kniehl, Kuhn
Hagiwara, Kuruma, Yamada 23

Fleming, Hoang,Mantry,Stewart
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Theory Scan Results
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Global Fit
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26

vary 2δΩ1 = ∓0.1 GeV
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Sample Fit results:
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{αs(mZ),Ω1}
A Tail Fit
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predict multijet
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For τ in the tail region we can safely do a
two parameter fit:

τ

28
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Theory Uncertainty
We do a flat scan over unknown theory parameters, 
fitting each time and take the range of central values

29

h3 = 8998.05

Padè approximants}

Profile Functions

non singular stat.
error
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Perturbation Theory,
Sums Logs + add 

Include            & renormalon 
subtractions from gap

Theory Scan Results

NLL′, NNLL, NNLL′, N3LL, N3LL′

30

Smod
τ

Smod
τ
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Theory Scan Results
NLL′, NNLL, NNLL′, N3LL, N3LL′

31

Perturbation Theory,
Sums Logs + add 

Include            & renormalon 
subtractions from gapSmod

τ

Smod
τ
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Tail Fit 
Result

αs(mZ) = 0.1172± 0.0010(stat)± 0.0008(sys)± 0.0012(had)± 0.0012(pert)
comparison to 

Becher & 
Schwartz fit 

we use LEP working 
group’s corr. model 

for  syst.errors:

 expt. error 
pert.error

32

χ2

dof
=

439.7
487− 2

= 0.907
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error ellipse
∆χ2 = 1

αs(mZ) = 0.1135± 0.0002± 0.0005± 0.0009
hadronization error

±0.0003
Pert error 
Band Method
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Two Parameter Fits for Different Cuts on Data

Ω2 effects
increase

statistical
errors
increase

33

All
errors

all other ellipses 
do not include

pert. error
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Cross Checks and Comparisons

34

34Thursday, April 8, 2010



Comparison with 
Becher, Schwartz

Turn off:  power corrections & gap subtractions

τ

µi

BS profile
µJ(τ) ∝ τ1/2 µS(τ) ∝ τ

0.0 0.1 0.2 0.3 0.4 0.5

20

40

60

80

χ2

35

h3 = 0

Tune the profile functions to reproduce their scale dependence

QED, b-mass, axial singlet
systematic errors in 

set
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Comparison with Becher, Schwartz

Differences:  treatment 
of  nonsingular terms

Our profile function leads 
to higher αs(MZ)

36

Experiment Energy BS Our reproduction Our default
of BS profile profile

ALEPH 91.2 GeV 0.1168(1) 0.1175 0.1226
ALEPH 133GeV 0.1183(37) 0.1192 0.1239
ALEPH 161GeV 0.1263(70) 0.1275 0.1332
ALEPH 172GeV 0.1059(80) 0.1064 0.1091
ALEPH 183GeV 0.1160(43) 0.1170 0.1208
ALEPH 189GeV 0.1203(22) 0.1219 0.1264
ALEPH 200GeV 0.1175(23) 0.1186 0.1227
ALEPH 206GeV 0.1140(23) 0.1153 0.1188
OPAL 133GeV 0.1165(38) 0.1180 0.1222

∼ 0.005∼ 0.001
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Compare to other Methods:

!"##$!"##% !"##& !"##' !"##(

)*+,-*./01234.56-*7383
95:;<=. .>

!"##? !"##@ !"##A !"#%!

BC).-DE.9F!(>

GH40IH.-DE.9F!$>

J-448KH.9;BLMCF!@>.

/-2.NHK-7.O8PHN.+1NH1.9F!@>.

K+64+21.8QR1+DHN

!"#%#

........./-2.NHK-7.9F!@SF!A>
CT=.9F!?>

"##&( "!!##

GH40IH.-DE.9F!A>

results from jets differ by            from lattice results 3.5σ
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Summary

Ω1

we have shown that in tail region, non perturbative effects are encoded in 
the first moment,       ,  of the soft function  

we performed a global tail fit on all available thrust data obtaining 

treatment the of renormalon subtraction is a substantial part of high 
precision analyses of                 and  αs(mZ) Ω1

αs(mZ) = 0.1135± (0.0002)exp ± (0.0005)hadr ± (0.0009)pert

use of actual value of       decreased perturbative uncertainties   h3

as promised, we have provided a determination of               αs(mZ)
with an accuracy comparable with the lattice result!
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