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Introduction

At LHC, a vast majority of events will involve only quarks and gluons at
the hard scale.

In e+e− colliders, event shapes characterize QCD events.

thrust: T = max
n

∑
|pi · n|∑
|pi|

Natural to try to extend this work to Hadron colliders
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Hadron Colliders

4 direction of large energy flow in pp → 2 jets.

multiple channels

qq̄ → qq̄ qq̄ → gg gg → gg

Multiple color structures

- 2 for qq̄ → q′q̄′, qq → qq, · · ·

- 3 for qq̄ → gg, qg → qg, · · ·

- 8 for gg → gg

Goal is to understand how to build a hadron observable?

- Build a simple simplest observable to NNLL

- Identify features that are Universal and observable specific.
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Application: Threshold Thrust

Define Pi = Eini,

S = (P1 + P2)
2, T = (P1 − PR)2, U = (P2 − PR)2

S4 = S + T + U = P 2
L + P 2

R

At threshold, Ei =
√

S, and n1 = n̄i and nL = n̄R.

At threshold, P 2
L $ E2

R, and so each hemisphere contains one jet and soft
radiation
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Hemisphere masses and Threshold Thrust

τ ≡ 1 − T ≈
P 2

L + P 2
R

S
+ O(τ2)
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Hemisphere masses and Threshold Thrust

P 2
R =

[
P c

R + (1 − x1)P1

]2
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Hemisphere masses and Threshold Thrust

P 2
R =

[
P c

R + kR + (1 − x1)PR

]2
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Hemisphere masses and Threshold Thrust

P 2
R = (P c

R)2 + 2ER(nR · kR) + t(1 − x1) + O
(
kR, (1 − x1)

)
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Factorization Theorem: Threshold Thrust

dσ

dP 2
LdP 2

R

∼
∑

I,J,Γ

σ̂ΓCΓ
I (s, t, u)CΓ∗

J (s, t, u)

×
∫

J(m2
L) ⊗ J(m2

R) ⊗ f1(x1) ⊗ f2(x2) ⊗ SIJ

(
kR, kL

)

dσ

dτ
=

∑

channels

∫
dPLdPR

(
dσ

dP 2
LdP 2

R

)channel

δ

(
τ −

P 2
L + P 2

R

S

)
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Factorization Theorem: Threshold Thrust

dσ

dP 2
LdP 2

R

=
∑

I,J,Γ

σ̂ΓCΓ
I CΓ

J

∫
dx1dx2dm2

Ldm2
RdkRdkL

× J(m2
L)J(m2

R)f1(x1)f2(x2)SIJ

(
kR, kL

)

× δ
[
(P c

R)2 + 2ERkR + t(1 − x1) − m2
R

]

× δ
[
(P c

L)2 + 2ELkL + t(1 − x2) − m2
L

]

dσ

dτ
=

∑

channels

∫
dPLdPR

(
dσ

dP 2
LdP 2

R

)channel

δ

(
τ −

P 2
L + P 2

R

S

)
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Summary of Calculation

dσΓ ∼
∑

IJ

σ̂ΓCΓ
I SIJCΓ∗

J ⊗ J ⊗ J ⊗ f ⊗ f

Matching onto QCD is observable independent.

LQCD →
∑

I

CΓ
I OΓ

I , I = color, Γ = Helicity amplitude

Soft function, SIJ :

- cross section of emission from soft Wilson lines

- critical dependence on observable

- a function of ni · nj and any kinematic cuts

Use Inclusive Jet functions and threshold PDF’s evolution.
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Matching

qq̄ → q′q̄′ (7 similar channels, 4 helicity structures)

OΓ
1 =

(
q̄RT aP±qL

)(
q̄2T

aP±q1

)

OΓ
2 =

(
q̄R1P±qL

)(
q̄21P±q1

)

where

qi = YniW
†
ni
ξni,pi

Yi = Yni = P exp

(
ig

∫
ds n · A(s · n)

)

P± = γµ 1 ± γ5

2
, Γ = (+,+), (+,−), · · ·

The matching coefficients are helicity dependent.
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qq̄ → q
′
q̄
′: NLO matching

C(−−)
1 = 1 +

αs

4π

[
−2CF log2 s

µ2
+

(
−β0 + 6CF + Cd log

u

t
+ CA log

s2

tu

)
log

s

µ2

+X0 −
Cd − CA

4
Ystu + 2πi(2CF − CA)

]

C(−−)
1 =

αs

4π

[
4C1 log

u

t
log

s

µ2
+ X0 +

Cd − CA

4
Ysut

]

C(−+)
2 = 1 +

αs

4π

[
−2CF log2 s

µ2
+

(
−β0 + 6CF + Cd log

u

t
+ CA log

s2

tu

)
log

s

µ2

−C1Ystu + 2πi(2CF − CA)]

C(−−)
2 =

αs

4π

[
4C1 log

u

t
log

s

µ2
− C1Ystu

]

(Chiu et al. 07, Kunszt et al. 93)
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Matching

qq̄ → gg (4 similar channels)

OΓ
I =

(
χ̄i

2A
µa
R⊥ΓAνb

R⊥χ
j
L

)(
Y †

2 Y
aa′

L Ga′b′

I Ybb′

R Y1

)ij

where

Gab
1 = δab1

Gab
2 = dabcTc

Gab
3 = ifabc1c
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Matching

gg → gg
(in the basis of Kidonakis et al.)

OΓ
I =

(
Aµa

2⊥A
νb
L⊥Aαc

R⊥A
βd
1⊥

)(
Ga′b′c′d′

I Yaa′

2 Ybb′

L Ycc′

R Ydd′

1

)

diagonal at Tree level for Nc = 3.

Gabcd
1 =

i

4

(
dadef cbe − dbcefdae

)
Gabcd

2 =
i

4

(
dadef cbe + dbcefdae

)

Gabcd
3 =

i

4

(
dcdef bae + dbaef cde

)
Gabcd

4 =
1

8
δabδcd

Gabcd
5 =

3

5
dabedcde Gabcd

6 =
1

3
f baef cde

Gabcd
7 =

1

2

(
δadδbc − δacδbd

)
−

1

3
f baef cde

Gabcd
8 = −

3

5
dabedcde −

1

8
δabδcd +

1

2

(
δadδbc + δacδbd

)
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Evolution of the High scale matching coefficients

The matching coefficients, CI , evolve according to

d

dµ
CΓ

I (µ) = ΓH
IJCΓ

J (µ)

with

ΓH
IJ =

[(
γcuspcH log

−s

µ2
+ γH

)
δIJ + γcuspMIJ

]
,

(Neubert + Becher 09, Chiu et. al 09)

1. All of the µ dependence is contained in cH = 1
2

∑
CR.

2. Only need to compute γH , which is related to the non-cusp
anomalous dimension of the Sudakov Form factor. (Chiu et al.)

3. The matrix M has universal form (to at least 3 loops).

MIJ = −
∑

〈ij〉

Ti ·Tj log

(
−ni · nj − i0+

2

)
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Evolution of the High scale matching coefficients

The matching coefficients, CI , evolve according to

d

dµ
CΓ

I (µ) = ΓH
IJCΓ

J (µ)

with

ΓH
IJ =

[(
γcuspcH log

−s

µ2
+ γH

)
δIJ + γcuspMIJ

]
,

(Neubert + Becher 09, Chiu et. al 09)

1. All of the µ dependence is contained in cH = 1
2

∑
CR.

2. Only need to compute γH , which is related to the non-cusp
anomalous dimension of the Sudakov Form factor. (Chiu et al.)

3. The matrix M has universal form (to at least 3 loops).

MIJ =

(
Cd
2 log t

u + 1
2CA log tu

s2 2 log t
u

CF
CA

log t
u 0

)
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Diagonalization of High Scale Matching Coefficients

Universality of MIJ allows it to be diagonalized to all orders (for which
Casimir scaling holds) by ĈK with eigenvalue λK

d

dµ
ĈΓ

K(µ) =

[
γcuspcH log

−s

µ2
+ γH + γcuspλK

]
ĈΓ

K(µ)

Similar to the diagonalization of (Kidonakis et al.) at NLL.

“Natural” basis for color evolution is not the one convenient for matching.

Evolution is independent of helicity structure. Choose a basis of physical
spins and helicity so there is no interference of spin states.

dσ ∼
∑

K,K ′,Γ

(
CΓ

KSKK′CΓ∗
K ′

)
σ̂Γ
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Evolution of the inclusive Jet function

Laplace transformed inclusive jet function:

j̃i

(
Q2, µ

)
≡ j̃i

(
log

Q2

µ2
, µ

)
=

∫ ∞

0
dm2 exp

(
−

m2

Q2eγE

)
j(m2, µ)

d

d log µ
j̃i

(
log

Q2

µ2
, µ

)
=

[
−2CRiγcusp log

Q2

µ2
− 2γJi

]
j̃i

(
log

Q2

µ2
, µ

)

where i = q, q̄, g, CRq = CRq̄ = CF , CRg = CA.
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Evolution of the PDF’s

Laplace transform of the PDF’s:

f̃i (τ, µ) =

∫ ∞

0
dx e

(1−x)
τ fi(x, µ)

Use the threshold PDF evolution,

d

d log µ
f̃q(τ, µ) =

[
2CRiγcusp log τ + 2γfq

]
f̃i(τ, µ)

where i = q, q̄, g, CRq = CRq̄ = CF , CRg = CA.
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Soft function: General remarks

SIJ({k}, ni) =
∑

Xs

〈0|W†
J |Xs〉 〈Xs|WI |0〉Fs({k})

Fs({k}) denotes the various projections on soft momentum related to the
specific observable. For qq̄ → q′q̄′,

W1 = T

n“

Y †
RT aYL

”“

Y †
2 T aY1

”o

W2 = T

n“

Y †
R1YL

”“

Y †
2 1Y1

”o

In Laplace space {k} → {Q},

d

d log µ
S̃IJ({Q}, µ) = −

[
S̃IK({Q}, µ)ΓS

KJ + ΓS∗
IK S̃KJ({Q}, µ)

]
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Soft function: General remarks

d

d log µ
S̃IJ = −

[
S̃IKΓS

KJ + ΓS∗
IK S̃KJ

]

ΓS
IJ =

(
γcuspcS log

(
{Q}
µ

, {ni}
)

+ γS

)
δIJ + γcuspMIJ({ni})

Similarities with ΓH :

1. µ dependent terms proportional to γcusp, diagonal in color space

2. color mixing is due to a single matrix, MIJ , proportional to γcusp

3. γS depends on the channel, not the color structure

For ΓS :

1. MIJ can be made the same as the hard function (ni·nj

nk·nl
= pi·pj

pk·pl
)

2. γcuspδIJ -term can depend on {ni} and {Q}
3. RG invariance allows us to solve γS in terms of γH , γJ , γf
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Soft function: General remarks

ΓS can be diagonalized by the same matrix that diagonalizes ΓH .

Γ̂S
KK′ =

„

γcuspcS log

„

{Q}
µ

, {ni}
«

+ γS

«

δIJ + γcusp

“

λK + λK′

”

There is no mixing in this basis. At NNLL, one needs the non-diagonal
parts as well.

dσ ∼
∑

KK′

σ̂ΓĈKSKK ′Ĉ∗
K ′

From the factorization theorem, one can calculate γS and the dependence
on {Q} and ni

These results allow for resummation to NLL for observables for which you
don’t know finite parts of the soft function.
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Calculation of the Soft function

An explicit calculation a check to one loop.

SIJ({k}, ni) =
∑

Xs

〈0|W†
J |Xs〉 〈Xs|WI |0〉

× δ(kL − nL · PX
L )δ(kR − nR · PX

R )
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Calculation of the Soft function

An explicit calculation a check to one loop.

For qq̄ → q′q̄′: W1 ∼ T a ⊗ T a and W2 ∼ 1 ⊗ 1

S21 =
∑

Xs

〈0| T̄
{
(Y †

LT aYR)iLiR(Y †
1 T aY2)i1i2

}
|Xs〉

× 〈Xs|T
{
(Y †

R1YL)iRiL(Y †
2 1Y1)i2i1

}
|0〉

×δ(kL − nL · PX
L )δ(kR − nR · PX

R )
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Calculation of the Soft function

An explicit calculation a check to one loop.

S21 ∼ Tr
[
(Y †

LT aYR)(Y †
R1YL)

]
Tr

[
(Y †

1 T aY2)(Y
†
2 1Y1)

]
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Calculation of the Soft function

S(channel)
IJ (kL, kR) =

∑

na,nb

D(channel)
IJ (na, nb)IS(na, nb, kL, kR)

The integrals, IS , are independent of color and channel,

IS(na, nb, kL, kR) =

(
µ̄2eγE

4π

)ε ∫
ddq

(2π)d−1
Θ(q0)δ(q

2)
na · na

(na · q)(nb · q)

×
{

Θ(nR · q − nL · q)δ(kR − nR · q)δ(kL)

+ Θ(nR · q − nL · q)δ(kL − nL · q)δ(kR)
}

IS is invariant under rescaling of n1 and n2, and so it can only depend on

n1 · nL

n1 · nR
=

n2 · nR

n2 · nL
=

−u

−t
≡ ν
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Calculation of the Soft function

The color factors, DIJ are the same same for any observable since they
are independent of phase restrictions.

For qq̄ → q′q̄′,

D(0, 0) =

(
1
2CF CA 0

C2
A

)
, tree result

D(n1, n2) = D(nL, nR) =

(
− 1

4CF 0
0 C2

ACF

)

D(n1, nL) = D(n2, nR) =

(
1
2CF − 1

2CACF

− 1
2CACF 0

)

D(n1, nR) = D(n2, nL) =

(
CF
4 (C2

A − 2) 1
2CACF

1
2CACF 0

)

Not just Ti ·Tj, although the two may be related.
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Calculation of the Soft function

The color factors, DIJ are the same same for any observable since they
are independent of phase restrictions.

For qq̄ → gg,

D(0, 0) = diag
“

2C2
ACF , CF (C2

A − 4), C2
ACF

”

D(n1, n2) = D(nL, nR) =

0

@

2C2
AC2

F 0 0
0 − 1

2CA
(C2

A − 4)CF 0

0 0 − 1
2CACF

1

A

D(n1, n2) = D(nL, nR) =

0

@

0 0 C2
ACF

0 1
4CA(C2

A − 4)CF
1
4CA

`

C2
A − 4

´

CF

C2
ACF

1
4CA(C2

A − 4)CF
1
4C3

ACF

1

A

D(n1, n2) = D(nL, nR) =

0

@

0 0 −C2
ACF

0 1
4CA(C2

A − 4)CF − 1
4CA(C2

A − 4)CF

−C2
ACF − 1

4CA(C2
A − 4)CF

1
4C3

ACF

1

A .

Not just Ti ·Tj, although the two may be related.
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Calculation of the Soft function

SIJ(k) =

∫
dkLdkR SIJ(kL, kR)δ(k − kL − kR)

For qq̄ → q′q̄′,

SIJ(k, µ) = δ(k)

( 1
2CF CA 0

0 C2
A

)

+
α

4π

{

fS

(u

t

)
δ(k) +

(
4CF log −st

u2 8CACF log t
u

8CACF log t
u −16C2

ACF log −t
s

)[
1

k

][k,µ]

∗

}

No log Qµ dependence. Accident of this channel.

fS(u/t), needed for NNLL, is the µ independent and can depends

t − u

s
=

s

−t
cos θ1R
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qq̄ → qq̄
′: Soft function

ν =
−u

−t
, 1 − ν =

s

−t
cos θ1R
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Evolution of the soft functions

ΓS
IJ =

(
γcuspcS log

(
{Q}
µ

, {ni}
)

+ γS

)
δIJ + γcuspMIJ({ni})

For qq̄ → q′q̄′,

cS log

(
{Q}
µ

, {ni}
)

= −2CF log
−t

s

γS = 0

M =

(
Cd
2 log t

u + CA
2 log tu

s2 2 log t
u

CF
CA

log t
u 0

)
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Evolution of the soft functions

ΓS
IJ =

(
γcuspcS log

(
{Q}
µ

, {ni}
)

+ γS

)
δIJ + γcuspMIJ({ni})

For qq̄ → gg,

cS log

(
{Q}
µ

, {ni}
)

= (2CF − 2CA) log
Q

µ
− 2CF log

−t

s

γS = 0

M =






0 0 log u
t

0 CA
2 log tu

s2
CA
2 log u

t

2 log u
t

Cd
2 log u

t
CA
2 log tu

s2
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Evolution of the soft functions

ΓS
IJ =

(
γcuspcS log

(
{Q}
µ

, {ni}
)

+ γS

)
δIJ + γcuspMIJ({ni})

In general:

cS log

(
{Q}
µ

, {ni}
)

= cQ log
Q2

µ2
+ cT log

s

−t

where

cQ =
1

2

∑

initial

CR −
1

2

∑

final

CR

cT =
∑

initial

CR

γS = 0

M = same as the hard function
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Check on RG invariance

The factorization theorem in Laplace space implies

0 =
d

d log µ

n

C(µ)S̃
`

Q2/
√

s, µ
´

C
†(µ)

× J̃ (Q, µ) J̃ (Q,µ) f̃1

„

Q2

−t
, µ

«

f̃2

„

Q2

−t
, µ

«

)

= 0

The expression proportional to γcusp, gives constraint:

γcusp

“

2C1 log
Q2

−t
+ 2C2 log

Q2

−t
− 2CL log

Q2

µ2
− 2CR log

Q2

µ2

+ cH log
s
µ2

+ cQ log
Q4

sµ2
+ 2cT log

−t
s

”

+ γcusp

“

λK + λ′
K − λK − λ′

K

”

+ 2γf1
+ 2γf2

− 2γjL − 2γjR + γH + γ∗
H − γS = 0
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Check on RG invariance

The factorization theorem in Laplace space implies

0 =
d

d log µ

n

C(µ)S̃
`

Q2/
√

s, µ
´

C
†(µ)

× J̃ (Q, µ) J̃ (Q,µ) f̃1

„

Q2

−t
, µ

«

f̃2

„

Q2

−t
, µ

«

)

= 0

The expression proportional to γcusp, gives constraint:

cH =
1

2
(C1 + C2 + CL + CR)

cQ =
1

2
(−C1 − C2 + CL + CR))

cT = (C1 + C2)

The rest gives constraint:

γS = 2γf1 + 2γf2 − 2γjL
− 2γjR

+ γH + γ∗H
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final results

Threshold thrust can be related to pT and y,

τ = S − 2pT

√
S cosh y

Final resumed distribution,

dσ

dpT dy
=

2

pT

X

channels
12→LR

Z 1−
PT√

S
e−y

PT√
S

ey
dv

Z 1−
PT√

S
e−y

PT√
S

ey
dw [x1f1/N1

(x1, µ)][x2f2/N2
(x2, µ)]

×
1

Nint

1

τ̂

X

K,K′,Γ

dσ
Γ

C
Γ

KC
Γ
∗

K′

× exp

"

4cH S(µh, µ) − 2AH (µh, µ) − ηH

 

λK + λ
′
K − 2cH log

s

µ2
h

!#

× exp(4cSS(µs, µ) − 2AS(µs, µ))

× exp

»
−ηs

„
λK + λK′ + cT

−t

s

«–
eSKK′ (∂ηs , µs)

 
τ̂

µ2
s

! cQηs
2 eγE ηs

Γ(ηs)

× exp(−4cLS(µj , µ) − 2AJL
(µj , µ))j̃L(∂ηj , µs)

0

@ τ̂

µ2
j

1

A
ηL

eγEηL

Γ(ηL)

× exp(−4cRS(µj , µ) − 2AJR
(µj , µ))j̃R(∂ηj , µs)

0

@ τ̂

µ2
j

1

A
ηR

eγEηR

Γ(ηR)
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Conclusions

- We demonstrated the calculation of a simple (NNLL) dijet observable.

- Isolated which features are observable independent.

- The diagonalized basis is the best for color resummation.

- The final results for d2σ
dpT dy take a relatively simple form.
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Hemisphere masses and Threshold Thrust

First Calculate the Hemisphere mass distribution

d2σ

dP 2
LdP 2

R

The thrust distribution (at threshold) is then

dσ

dτ
=

∫
dP 2

LdP 2
R δ(τ − P 2

L − P 2
R)

d2σ

dP 2
LdP 2

R

The thrust (at threshold) can be related to pT and y.

τ = S − 2pT

√
S cosh y

limited phenomenological interest, but demonstrates key ingredients for a
realistic calculation.

- color mixing

- dependence on a simple cut

- a more exclusive jet introduces new scales (non-global logs, etc)
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Matching

qq̄ → q′q̄′ (7 similar channels, 4 helicity structures)

OΓ
1 =

(
χ̄RY †

RT aYLP±χL

)(
χ̄2Y

†
2 T aY1P±χ1

)

OΓ
2 =

(
χ̄RY †

R1YLP±χL

)(
χ̄2Y

†
2 1Y1P±χ1

)

where

χi = W †
ni
ξni,pi

Yi = Yni = P exp

(
ig

∫
ds n · A(s · n)

)

P± = γµ 1 ± γ5

2
, Γ = (+,+), (+,−), · · ·
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Matching

qq̄ → q′q̄′ (7 similar channels, 4 helicity structures)

OΓ
1 =

(
χ̄iR

R ΓχiL
L

)(
χ̄i2

2 Γ′χi1
L

)[(
Y †

RT aYL

)iRiL
(
Y †

2 T aY1

)i2i1

]

OΓ
2 =

(
χ̄RΓχL

)(
χ̄2Γ

′χL

)[(
Y †

R1YL

)(
Y †

2 1Y1

)]

where

χi = W †
ni
ξni,pi

Yi = Yni = P exp

(
ig

∫
ds n · A(s · n)

)

P± = γµ 1 ± γ5

2
, Γ = (+,+), (+,−), · · ·
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Diagonalization of the soft anomalous dimension

ΓS is diagonalized by the same matrix as ΓC .

Ŝ(Q,µ) = wS(Q,µ)w†

For qq̄ → q′q̄′

(
Ŝ++ Ŝ+−

Ŝ−+ Ŝ−−

)
=

(
w1+ w1−

w2+ w2−

)(
S11 S12

S21 S22

)(
w1+ w1−

w2+ w2−

)−1

The evolution equation simplifies,

d

d log µ
Ŝ+−(Q,µ) = −

[
γS + γcusp

(
λ+ + λ∗− − 4CF log

−t

s

)]
Ŝ+−(Q,µ)
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