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Single inclusive hadron productionSingle inclusive hadron production
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Factorization and fragmentation

Factorization proofs to all orders in     , at leading power, for processes in 
which all Lorentz invariants are large and comparable, except masses
(i.e.                in                 ) 
                         

αs

Separation between long- and short-distance contributions:

The fragmentation function         is non-perturbative but universal

Collins, Soper, Sterman
q2, ν →∞ e+ e− → hX

z is the fraction hadron/parton large light-cone momentum component

Dh
i (z)

constraints on model parameters from phenomenology
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Pion fragmentation from phenomenology

which could be interpreted in the following way. In order to
create K! from a parent !s (or u), a u !u (s!s) pair needs to be
created. Since the strange-quark mass is larger, the s!s
creation could be suppressed in comparison with the u !u
creation, which leads to the inequality. However, the large
uncertainty bands indicate that the separation between u
and !s functions is difficult.

There is a conspicuous difference between the gluon
functions for the pion and kaon. The gluon function
(zDK!

g ) is peaked at large z, whereas it is at z " 0:2#
0:3 in the pion. Even if an initial distribution with a peak at
small z is supplied in the !2 fit, the outcome is always
peaked at large z. It could be physically understood in the
following simple picture. In order to produce K! from a
gluon, the gluon should first split into a s!s pair. Then,
another gluon is emitted from the s or !s quark, and it
subsequently splits into a u !u pair. It requires higher energy
for the parent gluon to produce the s!s pair (g ! s!s) in the
kaon creation than the one for a u !u pair (g ! u !u) or d !d
pair (g ! d !d) in the pion creation because of the mass
difference. The higher energy means that the function is
peaked at larger z in the kaon.

The kaon functions also have large uncertainties in both
favored and disfavored cases. They have slightly larger
errors than the pionic ones if the ratios "Di=Di are con-
sidered. The uncertainty bands become smaller in NLO
than the LO ones. However, the NLO improvement is not
as clear as the pionic one. A possible reason is that many
accurate data are not taken at small Q2 ( $ M2

Z), for
example, by the TASSO collaboration as for the pion.

The fragmentation functions for the proton are shown in
Fig. 12 at Q2 " 1 GeV2, m2

c, and m2
b. Here, the gluon

moments are fixed by the favored and disfavored moments,
so that they are almost the same in LO and NLO. As
expected, the favored functions Dp

u and Dp
d are larger

than the disfavored functions. The gluon functions have
peaks in the medium-z region. In general, the proton
functions are also not determined well, and the uncertain-
ties are as large as the kaonic ones. The NLO improvement
is also not obvious in the proton. This fact suggests that the
current proton and antiproton data should not be much
sensitive to the NLO corrections.

Since the gluon moment is given by the average of
favored and disfavored moments, the error of the gluon
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FIG. 9 (color online). Fragmentation functions and their un-
certainties are shown for #! at Q2 " 1 GeV2, m2

c, and m2
b. The

dashed and solid curves indicate LO and NLO results, and the
LO and NLO uncertainties are shown by the dark- and light-
shaded bands, respectively.
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Dπ+

i (z, Q2
0 = 1GeV2) = Nπ+

i zαπ+
i (1− z)βπ+

i

Hirai et al. (2007)

1
σ0

dσπ+

dz

�
e+e− → π+ X

�
=

�

i=u,ū,d,g...

� 1

z

dx

x
Ci

�
E2

cm

µ2
,
z

x
, αS(µ)

�
Dπ+

i (x, µ)

Fit Ansatz:

CERN, DESY & SLAC data

Single inclusive hadron production

e.g. : e+ e− → h X

q2 > 0 , ν = P · q , z =
2√
s

ECM
h

q
P

X
k'

k

dσ ∼ LαβWαβ
d3P

(2π)32E

Wαβ =
1
4π

Z

d4ξ eiq·ξ
X

X

〈0|Jα(ξ)|hX〉〈hX|Jβ(0)|0〉

WDIS
αβ =

1
4π

Z

d4ξ eiq·ξ
X

X

〈P |Jα(ξ)|X〉〈X|Jβ(0)|P 〉vs. → OPE
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nµ = (1, 0, 0, 1) n̄µ = (1, 0, 0,−1) p− = n̄ · pp+ = n · p (large)

Dh
q (z) = z

�
dx+

4π
e ik−x+/2 1

4Nc
Tr

�

X

�0|n̄/ Ψ(x+, 0, 0⊥)|Xh��Xh|Ψ̄(0)|0�
��
p⊥h =0

Gauge-invariance:                       contains a Wilson line of gluon fields Ψ(x+, 0, 0⊥)

Boost invariance:     is a function of   D z = p−h /k−

|Xh� is jet-like but        does not carry information about jet features

Collins and Soper (1982)

Definition of fragmentation function

, , ,

D(z)

what amounts to the measurement of        ?m2
Xh
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Weak transition             : single jet      initiated by u-quark b→ u�ν̄�

Inclusive decay                  : factorization analysis involving jet functions

B̄ → Xu�ν̄�

Semi-inclusive vs. inclusive:

Xu

In                the spectrum for        is available m2
Xu

B̄ → Xu�ν̄�

(Xh)u mh � mB

Case study: semi-inclusive B-decay 

Xu

Korchemsky and Sterman (1994)
many people in the audience ...

(e.g. pion),

BaBar and Belle collaborations
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B̄ → Xπ�ν̄ :

d6Γ
dm2

Xπdq2 dE� dpπ
x dpπ

y dpπ
z
∝ G2

F |Vub|2

(2π)3 2
�

�p 2
π + m2

π

Lαβ Wαβ

Jet fragmentation in semi-inclusive B-decays
B̄ → Xπ"ν̄:

d6Γ
dq2 dE! dEν̄ dpπx dpπy dpπz ∝

G2
F |Vub|2

(2π)3 2
p

$p 2
π + m2

π

Lαβ Wαβ

z-axis = jet axis, q⊥ = p⊥Xπ = 0, p⊥π #= 0, p+
Xπ $ p−Xπ (jet-like)

{q2, E!, Eν̄ , pπ
x, pπ

y, pπ
z} → {p+

Xπ, p−Xπ , p+
π , p−π , E!, φ!}

Wi = Wi(q
2, pB · q, pB · pπ, pπ · q) = Wi(p

+
Xπ , p−Xπ , p+

π , p−π ) , i = 1 . . . 10

Quark fragmentation within an identified jet – p.12/28

Jet fragmentation in semi-inclusive B-decays
B̄ → Xπ"ν̄:

d6Γ
dq2 dE! dEν̄ dpπx dpπy dpπz ∝

G2
F |Vub|2

(2π)3 2
p

$p 2
π + m2

π

Lαβ Wαβ

z-axis = jet axis, q⊥ = p⊥Xπ = 0, p⊥π #= 0, p+
Xπ $ p−Xπ (jet-like)

{q2, E!, Eν̄ , pπ
x, pπ

y, pπ
z} → {p+

Xπ, p−Xπ , p+
π , p−π , E!, φ!}

Wi = Wi(q
2, pB · q, pB · pπ, pπ · q) = Wi(p

+
Xπ , p−Xπ , p+

π , p−π ) , i = 1 . . . 10

Quark fragmentation within an identified jet – p.12/28

p+
Xπ � p−Xπ p+

π � p−π

q⊥ = p⊥Xπ = 0 p⊥π �= 0

six independent kinematic variables in the B rest frame

Kinematics  

,

,
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In full QCD, in the B rest frame (                 ) :

Wµν =
1

4πmB

�
d4x e−i q·x

�

X

�B̄|Ju
µ

†(x)|Xπ� �Xπ|Ju
ν (0)|B̄�

Wαβ =− gαβ W1 + vαvβ W2 − i �αβµν vµqν W3 + qαqβ W4 + (vαqβ + vβqα) W5

+ (vαpπβ + vβpπα)W6 − i�αβµν pµ
πqν W7 − i �αβµν vµpν

π W8 + pπαpπβ W9

+ (pπαqβ + pπβqα) W10

Wi = Wi(p+
Xπ, p−Xπ, p+

π , p−π )

Hadronic tensor and decay rates  

pµ
B = mBvµ
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Integrating       over     and     :

d4Γ
dp+

Xπ dp−Xπ dp−π dp+
π

=
G2

F |Vub|2

128π5

�
K1 W1 + K2 W2 + K6 W6 + K9 W9

�

K1 = (mB − p−Xπ)(mB − p+
Xπ)(p−Xπ − p+

Xπ)2,

K2 =
1
12

(p−Xπ − p+
Xπ)4,

K6 =
1
6

(p−Xπ − p+
Xπ)3

�
mB(p−π − p+

π ) + p+
π p−Xπ − p−π p+

Xπ

�
,

K9 =
1
12

(p−Xπ − p+
Xπ)2

��
p+

π (mB − p−Xπ) + p−π (mB − p+
Xπ)

�2 − 4m2
π(mB − p−Xπ)(mB − p+

Xπ)
�

d6Γ E� φ�

Hadronic tensor and decay rates  

In full QCD, in the B rest frame (                 ) :pµ
B = mBvµ

Wµν =
1

4πmB

�
d4x e−i q·x

�

X

�B̄|Ju
µ

†(x)|Xπ� �Xπ|Ju
ν (0)|B̄�
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collinear jet: (Xπ)u pµ
Xπ ∼ (ΛQCD, mb,

�
mb ΛQCD) = mb(λ2, 1, λ) ∼ pµ

X

The pion fragments from the jet:                                      , pµ
π ∼ (Λ2

QCD/mb, mb,ΛQCD) p2
π � m2

Xπ

Matching the           QCD current onto SCET operators at a scale         :b→ u

Jν
u (x) = eiP·x−imbv·x

3�

j=1

�

ω

Cj(ω) Jν
uj

(0)(ω)

where

Pµ = nµP̄/2 + Pµ
⊥ Jν

uj
(0)(ω) = χ̄n,ω Γν

j Hv

χ̄n,ω ≡
�
ξ̄n Wn

�
δω,P̄† Hv ≡ Y †hv

, ,

,

Bauer, Fleming, Pirjol, Stewart (2001)

SCET factorization 

∼ mb
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The hadronic tensor at leading order in SCET:

W (0)
µν =

1
4π

�
d4x e−ir·x

3�

j,j�=1

�

ω,ω�

Cj�(ω�)Cj(ω) δω�,n̄·p

×
�

X

�B̄v|
�
H̄v Γ̄j�µ χn,ω�,0⊥

�
(x)|Xπ��Xπ| [χ̄n,ω Γjν Hv](0)|B̄v�

with

r+ = mb − q+ ∼ λ2rµ = n̄µr+/2 χn,ω�,0⊥ ≡ δω,P̄ δ0,P⊥
�
W †

n ξn

�
, ,

Group usoft and collinear fields by a Fierz transformation:

cf. Lee and Stewart (2005)

�
H̄v Γ̄j�µ χn,ω�,0⊥

�
(x) [χ̄n,ω Γjν Hv](0) = (−1)

�
H̄v(x)Γ̄j�µ

n/

2
ΓjνHv(0)

��
χ̄n,ω(0)

n̄/

4Nc
χn,ω�,0⊥(x)

�

+ . . .

SCET factorization 

same steps as in the inclusive case
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Collinear:

Usoft:

Jet fragmentation in semi-inclusive B-decays
B̄ → Xπ"ν̄:

d4Γ

dp+
Xπ dp−Xπ dp−π dp+

π
=

G2
F |Vub|2

128π5

“

K1 W1 + K2 W2 + K6 W6 + K9 W9

”

K1 = (mB − p−
Xπ

)(mB − p+
Xπ

)(p−
Xπ

− p+
Xπ

)2 , K2 =
1

12
(p−

Xπ
− p+

Xπ
)4

K6 =
1

12
(p−

Xπ
− p+

Xπ
)2

»

p+
π

2
(mB − p−

Xπ
)2 + 4 p+

π p−π (m2
B − p−

Xπ
mB − p+

Xπ
mB + p+

Xπ
p−

Xπ
)

+
“

6 mB m2
π (p−

Xπ
+ p+

Xπ
− mB) + p−π

2
(m2

B − 2 mB p+
Xπ

+ p+
Xπ

2
) − 6 m2

π p+
Xπ

p−
Xπ

”i

K9 =
1

6
(p−

Xπ
− p+

Xπ
)3 (p+

π − p−π )(p−
Xπ

− mB)

Quark fragmentation within an identified jet – p.13/28

1
4Nc

Tr
�

X

n̄/ �0|χn,ω�,0⊥(x)|Xπ��Xπ|χ̄n,ω(0)|0� =

= 2 δω,ω� δ(x+) δ2(x⊥) ω

�
dk+

2π
e−ik+x−/2 Ḡπ

u

�
k+ω,

p−π
ω

, p+
π p−π

�

SCET factorization in B̄ → Xπ"ν̄

W
(0)
µν =

1
4π

Z

d4x e−ir·x
3
X

j,j′=1

Z

dω dω′ Cj′(ω′)Cj(ω) δ(ω′ − p−)

×Tr
X

X

〈B̄v|
h

H̄v Γ̄
(0)
j′µ χn,ω′,0⊥

i

(x)|Xπ〉〈Xπ|
h

χ̄n,ω Γ
(0)
jν Hv

i

(0)|B̄v〉

Group collinear and soft fields by a Fierz transformation:

1
4Nc

Tr
X

X

n̄/ 〈0|χn,ω′,0⊥
(x)|Xπ〉〈Xπ|χ̄n,ω(0)|0〉 =

= 2 δ(ω − ω′) δ(x+) δ2(x⊥) ω

Z

dk+

2π
e−ik+x−/2 Ḡ

„

k+ω,
p−π
ω

, p+
π p−π

«

p− = mb − q− = mb − mB + p−Xπ = p−Xπ − Λ̄ + O

 

Λ2
QCD

mb

!

⇒ z =
p−π
ω

& p−π
p−Xπ

Quark fragmentation within an identified jet – p.16/28

f(l+) =
1
2

�
dx−

4π
e−ix−l+/2 �B̄v|h̄v(x̃)Y (x̃, 0)hv(0)|B̄v� x̃µ = n̄ · xnµ/2,

SCET factorization 

Fragmenting jet function
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Projecting out the scalar functions                          :

W (0)
i =

hi(µ)
π

p−Xπ

� p+
Xπ

0
dk+ Ḡπ

u

�
k+p−Xπ,

p−π
p−Xπ

, p+
π p−π , µ

�
S(p+

Xπ − k+, µ)

=
hi(µ)

π
p−Xπ

� p+
Xπ

0
dk�+ Ḡπ

u

�
p−Xπ(p+

Xπ − k�+),
p−π
p−Xπ

, p+
π p−π , µ

�
S(k�+, µ)

Wi = Wµν Pµν
i

with

hi =
3�

j,j�=1

Cj�(mb, p
−
Xπ, µ) Cj(mb, p

−
Xπ, µ) Tr

�
Pv

2
Γ̄(0)

j�µ

n/

2
Γ(0)

jν

�
Pµν

i S(p) ≡ f(Λ̄− p),

d
4Γ

dp
+
Xπ dp

−
Xπ dp

−
π dp

+
π

= Γ0 H(mB , p
−
Xπ, p

+
Xπ, µ) p

−
Xπ

×
� p+

Xπ

0
dk

�+ Ḡπ
u

�
p
−
Xπ(p+

Xπ − k
�+),

p
−
π

p
−
Xπ

, p
+
π p

−
π , µ

�
S(k�+, µ)

SCET factorization 
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 Consider              which involves                                                          :         
d2Γ

dm2
Xπ dz

1
4Nc

Tr
�

dp+
π

�

X

n̄/ �0|χn,ω�,0⊥(x)|Xπ��Xπ|χ̄n,ω(0)|0� =

= 2 δω,ω� δ(x+) δ2(x⊥)
�

dk+

2π
e−ik+x−/2 Gπ

u

�
k+ω,

p−π
ω

�

cf. with

1
4Nc

Tr
�

Xu

�0|n̄/ χn(x)|Xu��Xu|χ̄n,ω,0⊥(0)|0� = δ(x+) δ2(x⊥) ω

�
dk+ e−ik+x−/2 Ju(ωk+)

Gπ
u

�
k+ω, z, µ

�
≡ ω

�
dp+

π Ḡπ
u

�
k+ω, z, p+

π p−π , µ
�

�

h∈Hu

�
dz Gh

j

�
k+p−Xh, z, µ

�
= 2 (2π)3 Jj(k+p−Xu

, µ)

Replacement rule to obtain SCET factorization formulae for semi-inclusive processes !

Fragmenting jet function vs. jet function

Jj(k+ω) −→ 1
2 (2π)3

Gh
j (k+ω, z) dz
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Relation with fragmentation function D 

In the SCET notation:

vs.

Dπ
q

�p−π
ω

, µ
�

=
1
z

�

p⊥π,�

�
d2p⊥π,r

1
4Nc

Tr
�

X

n̄/ �0|[δω,P̄ δ0,P⊥ χn(0)]|Xπ��Xπ|χ̄n(0)|0�

By performing an OPE (SCETI to SCETII matching):                                

G
π
i (s, z, µ) =

�

j=u,d,g,ū...

� 1

z

dx

x
Jij

�
s,

z

x
, µ

�
Dπ

j (x, µ)

�
1 +O

�Λ2
QCD

s

��

A. Jain, M.P. and W. J. Waalewijn, in preparation

Gπ
q

�
k+ω,

p−π
ω

, µ
�

=
1

2πp−π

�

p⊥π,�

�
d2p⊥π,r

�
d4x eik+x−/2

× 1
4Nc

Tr
�

X

n̄/ �0|[δω,P̄ δ0,P⊥ χn(x)]|Xπ��Xπ|χ̄n(0)|0�
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The partonic fragmentation function 

0 0
pp

ω, 0⊥

D̂q
q

�
z =

p−

ω
, µ

�
=

1
z

�

p⊥π,�

�
d2p⊥π,r

1
4Nc

Tr
�

X

n̄/ �0|[δω,P̄ δ0,P⊥ χn(0)]|Xqn(p)��Xqn(p)|χ̄n(0)|0�

D̂q
q(z) = δ(1− z)at tree level: 

at one loop (Feynman gauge): 

using dim. reg. and     scheme:MS

γD
qq(z, µ) =

αs(µ)
π

θ(1− z)θ(z)Pqq(z) , γD
qg(z, µ) =

αs(µ)
π

θ(1− z)θ(z)Pgq(z)
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The partonic fragmenting jet function 
Ĝq

q

�
s = k+ω,

p−

ω
, µ

�
=

1
2πp−

�

p⊥π,�

�
d2p⊥π,r

�
d4x eik+x−/2

× 1
4Nc

Tr
�

X

n̄/ �0|[δω,P̄ δ0,P⊥ χn(x)]|Xqn(p)��Xqn(p)|χ̄n(0)|0�

at tree level: 

at one loop (Feynman gauge): 

Ĝq
q (s, z, µ) = 2(2π)3δ(s)δ(1− z)

x 0
pp

k+, ω, 0⊥

check: anomalous dimension of     = anomalous dimension of the quark jet function Gq

evolution changes only virtuality (no quark/gluon mixing, no change in z) 

Jq
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The matching coefficients up to one loop

at tree level: ,

at one loop:                                                                      and

J (0)
qg = 0

J (1)
qq (s, z, µ) = Gq,(1)

q (s, z, µ)− 2(2π)3δ(s) Dq,(1)
q (z, µ)

J (1)
qg (s, z, µ) = Gg,(1)

q (s, z, µ)− 2(2π)3δ(s) Dg,(1)
q (z, µ)

J (0)
qq (s, z, µ) = 2(2π)3δ(s)δ(1− z)

G = J ⊗D

G D

J (1)
qq (s, z, µ) =

αsCF

2π
θ(1− z)θ(z)

� 2
µ2

�θ(s/µ2) ln s/µ2

s/µ2

�

+
δ(1− z) +

1
µ2

�θ(s/µ2)
s/µ2

�

+

1 + z2

(1− z)+
+

δ(s)
�
ln z

�1 + z2

1− z

�

+
+ 2z

� log(1− z)
1− z

�

+
− π2

6
δ(1− z) + (1− z)(1 + ln(1− z))

��

J (1)
qg (s, z, µ) = 2(2π)2αsCF θ(1− z)θ(z)

�2− 2z + z2

z

� 1
µ2

�θ(s/µ2)
s/µ2

�

+
+ δ(s) ln(z(1− z))

�
+ z δ(s)

�

checked that the IR divergences in     and      match up
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D  from differential B-decay rates 

If               with                                     Ligeti, Stewart and Tackmann (2008)ω ∈ [0,∆] ∆� ΛQCD

S(ω) =
� ∞

0
dω� C0(ω − ω�) F (ω�)

pert. non-pert.

C0(p+
Xπ − k+ − ω�) = C0(p+

Xπ − k+)− ω� C �
0(p

+
Xπ − k+) + . . .

� ∞

0
dω� F (ω�) = 1 and

� ∞

0
dω� ω�n F (ω�) = O(Λn

QCD)

p+ min
Xπ � ΛQCD p+ max

Xπ � p−Xπ ΛQCD/p+
XπHence, if                   ,                  , at leading-order in              -expansion: 

d
2Γ cut

dm
2
Xπ dz

= Γ0

�

j=u,ū,d,g...

� 1

z

dx

x
D

π
j (x, µ)

� mXπ

m2
Xπ/mB

dp
+
Xπ

m
2
Xπ

(p+
Xπ)2

H

�
mB ,

m
2
Xπ

p
+
Xπ

, p
+
Xπ, µ

�

×
� p+

Xπ

0
dk

+ Juj

�
k

+ m
2
Xπ

p
+
Xπ

,
z

x
, µ

�
C0(p+

Xπ − k
+
, µ)

Ĥuj

�
mB , m

2
Xπ,

z

x
, µ

�
perturbative
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Conclusions  

Derived leading-order SCET factorization formulae for differential decay rates 
in                in the endpoint region with    light, energetic and fragmenting 
from a u-quark jet whose invariant mass is measured

B̄ → Xh�ν̄ h

Defined a fragmenting jet function                which incorporates information 
about the invariant mass of the jet, at variance with the standard 
fragmentation function 

Gh
j (k+ω, z)

Dh
j (z)

The relation between                and the jet function          leads to a simple 
replacement rule to obtain SCET factorization formulae for semi-inclusive 
processes with jet fragmentation from the corresponding inclusive case

The matching of                 onto          opens up the possibility to measure 
fragmentation functions in new processes, like B-decays

Gh
j (k+ω, z)

Gh
j (k+ω, z) Dh

j (z)

Jj(s)
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Additional slides  
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B̄ → XKγ

e+e− → (dijets) + h

Further LO SCET factorization formulae

d
2Γ

dEγ dz
=

Γ0 s mb

(2π)3
Hs(p+

XK , µ)
� p+

XK

0
dk

+ GK
s

�
k

+
mb, z, µ

�
S(p+

XK − k
+
, µ)

=
Γ0 s mb

(2π)3
Hs(p+

XK , µ)
�

j

� p+
XK

0
dk

+

� 1

z

dx

x
Jsj

�
k

+
mb,

z

x
, µ

�
D

K
j (x, µ) S(p+

XK − k
+
, µ)

:

:

d
3σ

dM2 dM̄2 dz
=

σ0

2(2π)3
H2jet(Q, µ)

� +∞

−∞
dl

+
dl
−

�
Gh

q

�
M

2−Ql
+
, z, µ

�
Jn̄

�
M̄

2−Ql
−

, µ
�
+

Jn

�
M

2−Ql
+
, µ

�
Gh

q̄

�
M̄

2−Ql
−

, z, µ
� �

S2jet(l+, l
−

, µ)

=
σ0

2(2π)3
H2jet(Q, µ)

×
�

j

� +∞

−∞
dl

+
dl
−

� 1

z

dx

x

�
Jqj

�
M

2 −Ql
+
,
z

x
, µ

�
Jn̄

�
M̄

2 −Ql
−

, µ
�
+

Jn

�
M

2 −Ql
+
, µ

�
Jq̄j

�
M̄

2 −Ql
−

,
z

x
, µ

��
D

h
j (x, µ) S2jet(l+, l

−
, µ)
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