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Introduction 1

Pair production of heavy coloured particles at Tevatron/LHC

N(K1)N
′(K2) → H(p1)H

′(p2) +X

� N,N ′: pp, pp̄; HH ′: top-quarks, squarks, gluinos...

Precise knowledge of total cross sections:

� top-quarks: sensitivity on mass, constraining gluon PDFs

� new particles: Exclusion bounds, model discrimination,...
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Introduction 2

NLO corrections enhanced for β =

√

1 − (MH+MH′ )2

ŝ
→ 0

σ̂
(1)
pp′→HH′ = σ̂

(0)
pp′→HH′ αs

[

a log2(8β2) + b log(8β2)
︸ ︷︷ ︸

“threshold logarithms”

+ c
1

β
︸︷︷︸

“Coulomb singularity”

+ . . .

]
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Introduction 2

NLO corrections enhanced for β =

√

1 − (MH+MH′ )2

ŝ
→ 0

σ̂
(1)
pp′→HH′ = σ̂

(0)
pp′→HH′ αs

[

a log2(8β2) + b log(8β2)
︸ ︷︷ ︸

“threshold logarithms”

+ c
1

β
︸︷︷︸

“Coulomb singularity”

+ . . .

]

Soft corrections: (Resummation in Mellin space: Sterman 87; Catani, Trentadue 89,
Kidonakis,Sterman 97, Bonciani et.al. 98, . . . )

⇒ αs log2(8β2) ⇒ αs log(8β2)

Coulomb gluon corrections (Fadin, Khoze 87; Peskin, Strassler 90, NRQCD,. . . )

⇒ αs
1

β
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Introduction 3

Aim: Resummation of partonic cross section at threshold

ŝ ∼ (MH +MH′ )2 ≡ 4M2

⇒ Heavy particles nonrelativistic

Alternative approach: partonic threshold for invariant mass ŝ ∼ M2
HH′

(Ahrens et.al. 09)
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Introduction 3

Aim: Resummation of partonic cross section at threshold

ŝ ∼ (MH +MH′ )2 ≡ 4M2

⇒ Heavy particles nonrelativistic

Alternative approach: partonic threshold for invariant mass ŝ ∼ M2
HH′

(Ahrens et.al. 09)

EFT to show factorization into hard, soft and Coulomb functions

σ̂pp′→HH′ |ŝ→4M2 = Hij ⊗Wij ⊗ J

� Momentum space threshold resummation (Becher, Neubert 06)

� simultaneous summation of Coulomb corrections in J
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Introduction 3

Aim: Resummation of partonic cross section at threshold

ŝ ∼ (MH +MH′ )2 ≡ 4M2

⇒ Heavy particles nonrelativistic

Alternative approach: partonic threshold for invariant mass ŝ ∼ M2
HH′

(Ahrens et.al. 09)

EFT to show factorization into hard, soft and Coulomb functions

σ̂pp′→HH′ |ŝ→4M2 = Hij ⊗Wij ⊗ J

� Momentum space threshold resummation (Becher, Neubert 06)

� simultaneous summation of Coulomb corrections in J

Application to top quark, squark and gluino production

� Diagonal colour bases for 3 ⊗ 3, 3 ⊗ 3̄, 3 ⊗ 8, 8 ⊗ 8

� NLL results for squark-antisquark production

� O(α4
s) threshold expansion of tt̄ cross section
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Systematics of threshold resummation 4

Parametric representation of cross section near threshold:

σ̂pp′ ∝ σ(0) exp

[

lnβ g0(αs lnβ)
︸ ︷︷ ︸

(LL)

+ g1(αs lnβ)
︸ ︷︷ ︸

(NLL)

+αsg2(αs lnβ)
︸ ︷︷ ︸

(NNLL)

+ . . .

]

×
∑

k=0

(
αs

β

)k

×
{

1 (LL,NLL);αs, β (NNLL); . . .
}
,

� Counting of soft logs usually defined by exponential only (Bonciani et.al. 98)

� Compared to e−e+ → tt̄ at threshold: NnLL⇔ Nn−1LL|
e−e+

→tt̄

� No contribution of odd powers in β to total σ (see below)

C. Schwinn EFT approach to threshold resummation SCET 2010



Systematics of threshold resummation 4

Parametric representation of cross section near threshold:

σ̂pp′ ∝ σ(0) exp

[
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(LL)

+ g1(αs lnβ)
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∑
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(
αs

β
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×
{

1 (LL,NLL);αs, β (NNLL); . . .
}
,

� Counting of soft logs usually defined by exponential only (Bonciani et.al. 98)

� Compared to e−e+ → tt̄ at threshold: NnLL⇔ Nn−1LL|
e−e+

→tt̄

� No contribution of odd powers in β to total σ (see below)

Fixed order expansion contains all terms of the form

LL: αs

{
1
β
, ln2 β

}
; α2

s

{
1

β2 ,
ln2 β

β
, ln4 β

}

; . . . ,

NLL: αs lnβ; α2
s

{
ln β
β
, ln3 β

}
; . . .

NNLL: αs ; α2
s

{
1
β
, ln2,1 β

}
; . . .
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EFT approach to heavy pair production 5

Matching of scattering amplitude (for S-wave production)

App′→HH′X =
∑

i

C
(i)

{α}(M,µ) c
(i)

{a} 〈HH ′X|φc;a1α1φc̄;a2α2ψ
†
a3α3

ψ′ †
a4α4

|pp′〉EFT

� ψ†, ψ′ †: non-relativistic fields that create H and H ′

⇒ (P)NRQCD

� φc (φc̄): collinear (anti-collinear) fields that destroy p and p′

⇒ SCET

� αi: spin, ai: colour indices, c(i){a}: colour basis

� only (u)soft hadronic final states X for threshold kinematics
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EFT approach to heavy pair production 5

Matching of scattering amplitude (for S-wave production)

App′→HH′X =
∑

i

C
(i)

{α}(M,µ) c
(i)

{a} 〈HH ′X|φc;a1α1φc̄;a2α2ψ
†
a3α3

ψ′ †
a4α4

|pp′〉EFT

� ψ†, ψ′ †: non-relativistic fields that create H and H ′

⇒ (P)NRQCD

� φc (φc̄): collinear (anti-collinear) fields that destroy p and p′

⇒ SCET

� αi: spin, ai: colour indices, c(i){a}: colour basis

� only (u)soft hadronic final states X for threshold kinematics

Collinear and nonrelativistic fields only connected by (u)soft gluons

⇒ Soft-gluon decoupling field redefinition (Bauer, Pirjol, Stewart 01)

ξc(x) = Sn(x−)ξ
(0)
c (x) Sn(x) = P exp

[

igs

∫ 0

−∞
dt n ·Aa

s(x+ nt)T a

]
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EFT approach to heavy pair production 6

LO NRQCD Lagrangian for particles H,H ′ in representations R,R′:

LPNRQCD = ψ†
(

iD0
s +

~∂2

2mH

+
iΓH

2

)

ψ + ψ′ †
(

iD0
s +

~∂2

2mH′

+
iΓH′

2

)

ψ′

+

∫

d3~r
[
ψ†

T
(R)aψ

]
(~r )

(
αs

r

)[
ψ′ †

T
(R′)aψ′

]
(0) ,

with D0
s = ∂0 − igsA0

s(x0,~0).

L for arbitrary R,R′ invariant under gauge transformations U(x0):

U (R)†
T

(R)aU (R) = U
(8)
ab T

(R)b
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EFT approach to heavy pair production 6

LO NRQCD Lagrangian for particles H,H ′ in representations R,R′:

LPNRQCD = ψ†
(

iD0
s +

~∂2

2mH

+
iΓH

2

)

ψ + ψ′ †
(

iD0
s +

~∂2

2mH′

+
iΓH′

2

)

ψ′

+

∫

d3~r
[
ψ†

T
(R)aψ

]
(~r )

(
αs

r

)[
ψ′ †

T
(R′)aψ′

]
(0) ,

with D0
s = ∂0 − igsA0

s(x0,~0).

L for arbitrary R,R′ invariant under gauge transformations U(x0):

U (R)†
T

(R)aU (R) = U
(8)
ab T

(R)b

Decoupling for heavy particle fields:

ψ†(x) = ψ(0)†(x)S(R)†
v (x0), S

(R)†
v (x) = P exp

[

igs

∫ ∞

0

ds v ·Aa(x+ vs)T(R)a

]

same v = (1,~0) for both heavy particles at threshold

Works at leading order in PNRQCD (⇒ Higher orders see below)
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EFT approach to heavy pair production 7

Apply soft-gluon decoupling to matrix element:

〈HH ′X|φc1 φc̄1 ψ
†
3 ψ

′ †
4 |pp′〉 ⇒ 〈HH ′|ψ(0)†

3 ψ
′(0) †
4 |0〉 〈0|φ(0)

c1 φ
(0)
c̄2 |pp′〉 〈X|S1

nS
2
n̄S

3†
v S

4†
v |0〉
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EFT approach to heavy pair production 7

Apply soft-gluon decoupling to matrix element:

〈HH ′X|φc1 φc̄1 ψ
†
3 ψ

′ †
4 |pp′〉 ⇒ 〈HH ′|ψ(0)†

3 ψ
′(0) †
4 |0〉 〈0|φ(0)

c1 φ
(0)
c̄2 |pp′〉 〈X|S1

nS
2
n̄S

3†
v S

4†
v |0〉

Inserting into formula for σ, summing over complete set of |X〉. . .

σ̂pp′ (ŝ, µ) =
∑

i,i′

Hii′ (M,µ)

∫

dω
∑

Rα

JRα (
√
ŝ− 2M − ω

2
)WRα

ii′ (ω, µ)

Irreducible representations R⊗R′ =
∑

Rα
Rα e.g. 3 ⊗ 3 = 1 ⊕ 8.
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〈HH ′X|φc1 φc̄1 ψ
†
3 ψ

′ †
4 |pp′〉 ⇒ 〈HH ′|ψ(0)†

3 ψ
′(0) †
4 |0〉 〈0|φ(0)

c1 φ
(0)
c̄2 |pp′〉 〈X|S1

nS
2
n̄S

3†
v S

4†
v |0〉

Inserting into formula for σ, summing over complete set of |X〉. . .

σ̂pp′ (ŝ, µ) =
∑

i,i′

Hii′ (M,µ)

∫

dω
∑

Rα

JRα (
√
ŝ− 2M − ω

2
)WRα

ii′ (ω, µ)

Irreducible representations R⊗R′ =
∑

Rα
Rα e.g. 3 ⊗ 3 = 1 ⊕ 8.

Potential function:

J{a}(q) =

∫

d4zeiq·z 〈0|[ψ(0)
a1
ψ

′(0)
a2

](z)[ψ
(0)†
a3

ψ
′(0)†
a4

](0)|0〉 =
∑

Rα

PRα

{a}JRα (q)

� PRα : projector on irrep Rα

� Given by Coulomb Green function JRα (E) = 2ImGRα

C (0, 0, E)

C. Schwinn EFT approach to threshold resummation SCET 2010



EFT approach to heavy pair production 7
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∑

Rα
Rα e.g. 3 ⊗ 3 = 1 ⊕ 8.

Potential function:

J{a}(q) =

∫

d4zeiq·z 〈0|[ψ(0)
a1
ψ

′(0)
a2

](z)[ψ
(0)†
a3

ψ
′(0)†
a4

](0)|0〉 =
∑

Rα

PRα

{a}JRα (q)

Soft function:

WRα

ii′ (ω) =

∫
dz0

4π
eiωz0/2 〈0|T[S4

vS
3
vc

i′∗S1†
n̄ S

2†
n ](0)PRαT[S1

nS
2
n̄c

iS3†
v S

4†
v ](x0)|0〉
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EFT approach to heavy pair production 8

Subleading PNRQCD and SCET interactions:

ψ†~x · ~Eus(x0, 0)ψ′ † , ξ̄
(
xµ
⊥n

ν
−Wc gF

us
µνW

†
c

) 6n+

2
ξ . . .

Soft gluons not decoupled by field redefinitions.

(Higher order interactions can be treated as perturbation to LO Lagrangian ⇒ factorized cross

section with higher order soft and potential functions σ̂ =
P

a
H(a) ⊗ W (a) ⊗ J(a) )

Potentially relevant at NNLL in soft ⊗ potential corrections :

αs

β
× αsβ log β ∼ α2

s log β

σtot: effects vanish at NNLL! (Beneke, Czakon,Falgari, Mitov, CS 09)
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Subleading PNRQCD and SCET interactions:

ψ†~x · ~Eus(x0, 0)ψ′ † , ξ̄
(
xµ
⊥n

ν
−Wc gF

us
µνW

†
c

) 6n+

2
ξ . . .

Soft gluons not decoupled by field redefinitions.

(Higher order interactions can be treated as perturbation to LO Lagrangian ⇒ factorized cross

section with higher order soft and potential functions σ̂ =
P

a
H(a) ⊗ W (a) ⊗ J(a) )

Potentially relevant at NNLL in soft ⊗ potential corrections :

αs

β
× αsβ log β ∼ α2

s log β

σtot: effects vanish at NNLL! (Beneke, Czakon,Falgari, Mitov, CS 09)

Subleading collinear corrections:

Collinear momenta of incoming partons: (λ ∼ β2 ≪ 1)

k− ∼M, k+ ∼Mλ, k⊥ ∼M
√
λ

⇒ No correction ∼ β for incoming partons with k⊥ = 0
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EFT approach to heavy pair production 9

Subleading soft ⊗ collinear corrections:

,

Related to three-parton colour correlations in IR singularities of amplitudes (Ferroglia et.al. 09)

Expansion of HgsH vertex: (p = Mv + r, (r0, ~r) ∼ (λ,
√
λ), q ∼ λ):

q

p +
q

: vµ

r0+q0− ~r2

2M

+

[

~r/M

r0+q0− ~r2

2M

− vµ ~r·~q
M

(
1

r0+q0− ~r2

2M

)2
]

+ O(β2)
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Subleading soft ⊗ collinear corrections:

,

Related to three-parton colour correlations in IR singularities of amplitudes (Ferroglia et.al. 09)

Expansion of HgsH vertex: (p = Mv + r, (r0, ~r) ∼ (λ,
√
λ), q ∼ λ):

q

p +
q

: vµ

r0+q0− ~r2

2M

+

[

~r/M

r0+q0− ~r2

2M

− vµ ~r·~q
M

(
1

r0+q0− ~r2

2M

)2
]

+ O(β2)

⇒ Integrals of the form (~v = 0 in partonic CMS, no ~q in denominator)

∫

dDq
∏

i

dDri
{(~k− · ~ri) , (~q · ~ri)}

F (q0, (k− · q), r0i , (~ri + ~rj)2)
= 0

Vanish since no external potential 3-momentum available!
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Colour structure 10

Colour representations for process pp′ → HH ′:

r ⊗ r′ =
∑

α
rα , R⊗R′ =

∑

Rα
Rα

Physical picture: (Bonciani et.al. 98)

soft radiation off total colour charge CRα of HH ′ system

Construction of colour basis (Beneke, Falgari, CS 09)

� form pairs Pi = (rα, Rβ) of equivalent representations, e.g.

gg → q̃ ¯̃q 8 ⊗ 8 → 3 ⊗ 3̄ : Pi ∈ {(1, 1), (8S , 8), (8A, 8)}

� construct basis tensors from Clebsch Gordan coefficients:

c
(i)

{a} = 1√
dim(rα)

Crα
αa1a2

C
Rβ∗
αa3a4

e.g. c(3){a} =
i√
12

fa2αa1Tα
a3a4

⇒ Bases for all squark/gluino production processes q̃ ¯̃q, q̃q̃, g̃g̃, q̃g̃

(equivalent to explicit one-loop results; Kidonakis/Sterman 97; Kulesza/Moytka 08,
Beenakker et.al. 09)
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Colour structure 11

Diagonalization of soft function:

WRα

ii′ (z0) = 〈0|T[S4
vS

3
vc

i′∗S1†
n̄ S

2†
n ](0)PRαT[S1

nS
2
n̄c

iS3†
v S

4†
v ](x0)|0〉

Basis tensors and projectors from Clebsch-Gordan coefficients:

PRα = CRα∗CRα , c(i) = CrαCRβ∗ (Pi = (rα, Rβ), rα ∼ Rβ)

a1

a2
a4

a3 b1b3

c
(i)
{a}

c
(i′)∗
{b}

k3 k1

k2

b4 b2

k4

i i

j j

PRα
{k}W

Rα
ii′ =
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Colour structure 11

Diagonalization of soft function:

WRα

ii′ (z0) = 〈0|T[S4
vS

3
vc

i′∗S1†
n̄ S

2†
n ](0)PRαT[S1

nS
2
n̄c

iS3†
v S

4†
v ](x0)|0〉

Basis tensors and projectors from Clebsch-Gordan coefficients:

PRα = CRα∗CRα , c(i) = CrαCRβ∗ (Pi = (rα, Rβ), rα ∼ Rβ)

Combine Wilson lines: CRβS3
vS

4
v = S

Rβ

v CRβ

(Works only since both heavy particles have same velocity!)

⇒ reduce to soft function for single final-state particle in Rα:

WRα

ii′ (z0) = 〈0|T[SRα
v Crα′ ∗S1†

n̄ S
2†
n ](0)T[S1

nS
2
n̄C

rαSRα†
v ](x0)|0〉 δRβ ,Rβ′
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Colour structure 11

Diagonalization of soft function:

WRα

ii′ (z0) = 〈0|T[S4
vS

3
vc

i′∗S1†
n̄ S

2†
n ](0)PRαT[S1

nS
2
n̄c

iS3†
v S

4†
v ](x0)|0〉

Basis tensors and projectors from Clebsch-Gordan coefficients:

PRα = CRα∗CRα , c(i) = CrαCRβ∗ (Pi = (rα, Rβ), rα ∼ Rβ)

Combine Wilson lines: CRβS3
vS

4
v = S

Rβ

v CRβ

(Works only since both heavy particles have same velocity!)

⇒ reduce to soft function for single final-state particle in Rα:

WRα

ii′ (z0) = 〈0|T[SRα
v Crα′ ∗S1†

n̄ S
2†
n ](0)T[S1

nS
2
n̄C

rαSRα†
v ](x0)|0〉 δRβ ,Rβ′

⇒ soft function automatically block diagonal, e.g. 8 ⊗ 8 → 3 ⊗ 3̄

Pi, Pi′ = (1, 1) : single element (8S , 8), (8A, 8) : 2 × 2 matrix

no 8S/8A interference (Bose symm.) ⇒ WRα

ii′ diagonal!
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Resummation of threshold logarithms 12

Evolution equations from reduction to 2 → 1 process

(adequate up to NNLL: scale independent potential function, no three parton correlations):

Hard function (from Becher/Neubert 09)

d

d lnµ
Hi(M,µ) =

(

γcusp(Cr +Cr′ ) ln

(
4M2

µ2

)

+2( γr + γr′

︸ ︷︷ ︸

as for Drell-Yan/Higgs

+γRα

H,s)

)

HS
i (M,µ).

Soft anomalous dimension: (agrees with Czakon, Mitov, Sterman 09)

γRα

H,s =
αs

4π
(−2CRα )+

(
αs

4π

)2

CRα

[

−CA

(
98

9
− 2π2

3
+ 4ζ3

)

+
40

18
nf

]

+O(α3
s).

(using Becher, Neubert 09; Korchemsky Radyushkin 92, Kidonakis 09)
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Evolution equations from reduction to 2 → 1 process

(adequate up to NNLL: scale independent potential function, no three parton correlations):

Hard function (from Becher/Neubert 09)

d

d lnµ
Hi(M,µ) =

(

γcusp(Cr +Cr′ ) ln

(
4M2

µ2

)

+2( γr + γr′

︸ ︷︷ ︸

as for Drell-Yan/Higgs

+γRα

H,s)

)

HS
i (M,µ).

Soft anomalous dimension: (agrees with Czakon, Mitov, Sterman 09)

γRα

H,s =
αs

4π
(−2CRα )+

(
αs

4π

)2

CRα

[

−CA

(
98

9
− 2π2

3
+ 4ζ3

)

+
40

18
nf

]

+O(α3
s).

(using Becher, Neubert 09; Korchemsky Radyushkin 92, Kidonakis 09)

Soft function from scale independence of σ = f1 ⊗ f2 ⊗H ⊗W ⊗ J

d

d log µ
WRα

i (z0, µ) =

(

2γcusp(Cr + Cr′ ) log

(
iz0µeγE

2

)

− 2(γRα

H.s + γr
s + γr′

s )

)

WRα

i (z0, µ)

(same form as for Drell-Yan: Korchemsky, Marchesini 92)
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Resummation of threshold logarithms 13

Resummation of threshold logs

� Solution to RGE in momentum

space (Becher/Neubert 06)

� evolve hard function from

µh ∼ Q ∼ 2M to µf

� evolve soft function from

µs to µf

µs

µff1(µf)f2(µf)H(M, µf)J
RαW Rα(ω, µf)

µhH(M, µh)

WRα
ii′ (ω, µs)

� solution in Mellin-space corresponds to µs = Q/N,µh = µf

(Korchemsky/Marchesini 92, Manohar 03, Becher/Neubert/Xu 07)
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Resummation of threshold logarithms 13

Resummation of threshold logs

� Solution to RGE in momentum

space (Becher/Neubert 06)

� evolve hard function from

µh ∼ Q ∼ 2M to µf

� evolve soft function from

µs to µf

µs

µff1(µf)f2(µf)H(M, µf)J
RαW Rα(ω, µf)

µhH(M, µh)

WRα
ii′ (ω, µs)

� solution in Mellin-space corresponds to µs = Q/N,µh = µf

(Korchemsky/Marchesini 92, Manohar 03, Becher/Neubert/Xu 07)

Coulomb resummation

NLL: use LO Coulomb-Green function D1 = −CF , D8 = 1
2NC

JRα(0)(E)∼ Im

{√

− E
mq̃

−DRααs(µC)

[
1
2

ln

(

− 4 mq̃E

µ2

)

+ ψ

(

1 +
αs(µC )DRα

2
√

−E/(mq̃)

)]}

Scale independent by itself ⇒ evaluate at µC
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Squark-antisquark production at NLL 14

Recent higher order results for squark-antiquark production:

� NLL soft gluon resummation in Mellin space (Kulesza/Motyka 08,

Beenakker et.al. 09)

� Partial NNLO threshold approximation (Langenfeld/Moch 09)

� Coulomb resummation (Kulesza/Motyka 09)

Bound state effects (Hagiwara/Yokoya 09)

Combined NLL soft/Coulomb resummation (Beneke, Falgari, CS)

� NLL solutions for H, W , LO resummed J

� Simplified setup: equal squark masses, exclude stop

� Matching to fixed order NLO results ( Beenakker, Höpker, Spira, Zerwas

96, PROSPINO (Plehn et.al.), Langenfeld, Moch 09)

σ̂match
pp′ (ŝ, µf ) =

[
σ̂NLL

pp′ (ŝ, µf ) − σ̂NLL
pp′ (ŝ, µf )|NLO

]
+ σ̂NLO

pp′ (ŝ, µf )
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Soft gluon resummation 15

Soft scale

� Soft corrections suggest µs ∼Mβ2 ⇒ Landau pole problem

⇒ Default choice: (Becher, Neubert, Xu 07)

fixed µ̃s that minimizes soft corrections to hadronic σ

(µ̃s(mq̃=500GeV) = 240GeV , . . . µ̃s(mq̃=2TeV) = 450GeV)

Hard scale: µ̃h = 2mq̃

Coulomb scale: µC = max{2mq̃β,CFmq̃αs(µC)}

0.6 0.8 1. 1.2 1.5 2
Μs�Μ
�

s

0.2

0.4

0.6

0.8

1.0

1.2

1.4

DΣNLL@ΜsD�DΣNLL@Μ
�

sD

mq
�=2 TeV

mq
�=1 TeV

mq
�=500 GeV

0.1 0.2 0.5 1.0 2.0 5.0

Μ f

mq

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
Σ@pbD

EFTNLL+BS

NLO

LO

(
√

s = 14 TeV, MSTW08NLO, mg̃/mq̃ = 1.25) (mq̃ = 1 TeV, µ0
s/2 < µs < 2µ0

s)
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Results 16

Impact of higher order corrections

NLLs+h: resummation of H and W

C: Coulomb resummation

NLLC1 : first Coulomb ⊗ res. soft

NLL: full Coulomb ⊗ res. soft

BS Bound state effects
(
√

s = 14 TeV, mg̃/mq̃ = 1.25)
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Results 16

Impact of higher order corrections

NLLs+h: resummation of H and W

C: Coulomb resummation

NLLC1 : first Coulomb ⊗ res. soft

NLL: full Coulomb ⊗ res. soft

BS Bound state effects
(
√

s = 14 TeV, mg̃/mq̃ = 1.25)

Scale uncertainty

NLO mq̃

2
< µf < mq̃

NLLs+h, NLL independent varia-

tion mq̃

2
< µf < 2mq̃, mq̃ < µh <

4mq̃,
µ0

s

2
< µs < 2µ0

s

⇒ significant reduction only for

combined resummation!
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Threshold expansion at O(α2
s) 17

All threshold enhanced O(α2
s) terms (Beneke, Czakon, Falgari, Mitov, CS 09)

(Partial results: (Langenfeld)/Moch/Uwer 08/09)

� LL-NNLL soft corrections:

∼ α2
s(c

(2)
LL ln4 β + c

(2)
NLLln

3 β + c
(2)
NNLL,2 ln2 β + c

(2)
NNLL,1 lnβ

︸ ︷︷ ︸

2-loop γH,s

)

� mixed Coulomb/soft, hard corrections

∼ αs

β
αs(c

(1)
LL lnβ2 + c

(1)
NLLlnβ + c+ H(1)

︸︷︷︸

process dependent

)

� 2nd Coulomb, NLO Coulomb/non-Coulomb potentials:

α2
s (

cC2

β2 + 1
β
(c

(2)
C,0 + c

(2)
C,1 log β) + c

(2)
n-C lnβ

︸ ︷︷ ︸

spin-dependent

)
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Threshold expansion at O(α2
s) 17

All threshold enhanced O(α2
s) terms (Beneke, Czakon, Falgari, Mitov, CS 09)

(Partial results: (Langenfeld)/Moch/Uwer 08/09)

� LL-NNLL soft corrections:

∼ α2
s(c

(2)
LL ln4 β + c

(2)
NLLln

3 β + c
(2)
NNLL,2 ln2 β + c

(2)
NNLL,1 lnβ

︸ ︷︷ ︸

2-loop γH,s

)

� mixed Coulomb/soft, hard corrections

∼ αs

β
αs(c

(1)
LL lnβ2 + c

(1)
NLLlnβ + c+ H(1)

︸︷︷︸

process dependent

)

� 2nd Coulomb, NLO Coulomb/non-Coulomb potentials:

α2
s (

cC2

β2 + 1
β
(c

(2)
C,0 + c

(2)
C,1 log β) + c

(2)
n-C lnβ

︸ ︷︷ ︸

spin-dependent

)

Numerical impact of O(α2
s) correction on tt̄ production at LHC:

∆σNNLO ∼ 55pb (≈ 6% of NLO)

correct γH,s compared to LMU : ∆σ ∼ 6pb (< 1%)

correct (α2
s/β) terms : ∆σ ∼ 15pb (≈ 2%)
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Summary 18

EFT approach to log β, β−n resummation for σtot

� use SCET+NRQCD to factorize soft and Coulomb gluons

� log β resummation from momentum space solution to RGEs

� subleading soft interactions not relevant at NNLL

Colour structure of soft function

� diagonal basis to all orders

� two-loop soft anomalous dimension

Application to squark-antisquark production

� combined Soft and Coulomb resummation

� reduced µ-dependence for mq̃ > 500 GeV,

soft resummation alone not sufficient

� total corrections 4 − 10% for mq̃ = 300 GeV-2 TeV

Threshold expansion to O(α2
s) of tt̄ cross section
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Bonus slides 19
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Threshold resummation 20

Why perform resummation?

Resummation required for

αs log(β) ∼ 1

Example: q̃q̃-production

dominant contribution from

β > 0.2 ⇒ |αs log β| . 0.2 0.0 0.2 0.4 0.6 0.8
Β

0.05

0.10

0.15

0.20

0.25

∆ΣsoftHΒL�ΣLO

m
q
�=2 TeV

m
q
�=1 TeV

m
q
�=0.5 TeV

⇒ resummation not mandatory
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Threshold resummation 20

Why perform resummation?

Resummation required for

αs log(β) ∼ 1

Example: q̃q̃-production

dominant contribution from

β > 0.2 ⇒ |αs log β| . 0.2 0.0 0.2 0.4 0.6 0.8
Β

0.05

0.10

0.15

0.20

0.25

∆ΣsoftHΒL�ΣLO

m
q
�=2 TeV

m
q
�=1 TeV

m
q
�=0.5 TeV

⇒ resummation not mandatory

Is it useful?

� threshold terms bulk of

NLO also for β > 0.1

� predict higher order terms

� reduce scale dependence

 *L Prospino HPlehnL, parameterization by Langenfeld�Moch 

Full NLO *L

Soft +Coulomb

Coulomb

Soft 

500 1000 1500 2000
m

q
� @GeVD

0.1

0.2

0.3

0.4

0.5

0.6

0.7

∆ΣNLO�ΣLO
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Threshold resummation 21

Factorization σ̂ = HJ ⊗W only valid near threshold

⇒ introduce cutoff E =
√
ŝ− 2M < Λ:

∆σ̂NLL
pp′ (ŝ,Λ) =

[

σ̂NLL
pp′ (ŝ) − σ̂

NLL(1)
pp′ (ŝ)

]

θ(Λ − E)

Dependence of hadronic corrections on Λ:

0.1 0.2 0.5 1.0 2.0 5.0
L�mq

�

0.6

0.8

1.0

1.2

1.4

DΣsoft
NLL
HLL

DΣsoft
NLL
HLmaxL

mq
�=2 TeV

mq
�=1 TeV

mq
�=500 GeV

Default choice: use ∆σ̂NLL
pp′ for all ŝ without cutoff

C. Schwinn EFT approach to threshold resummation SCET 2010



Matching for squark-antisquark production 22

Hadronic squark anti-squark production:

two partonic subprocesses: qiq̄j → q̃iq̃j , gg → q̃iq̃j

Matching to EFT:

App′→HH′X =
∑

i

C
(i)

{α}(M,µ) c
(i)

{a} 〈HH ′X|φc;a1α1φc̄;a2α2ψ
†
a3α3

ψ′ †
a4α4

|pp′〉EFT

Example qq̄ channel:

iA(0)

qi q̄j→q̃iL q̃jR

|ŝ=4m2
q̃

= − i2g2
smg̃

m2
q̃ +m2

g̃

T b
a3a1

T b
a2a4

v̄(mq̃n̄)

(
1−γ5

2

)

u(mq̃n)

s-channel singlet/Octet colour basis

c
(1)

{a} =
1

Nc
δa1a2δa3a4 , c

(2)

{a} =
1√
2
T β

a2a1
T β

a3a4

q

q̃
g̃

q̃

q̃

q

q̃q̃

g
q̃

= O(β)

⇒ Short-distance coefficients:

C
(1)

{α} = (−CF )
4παsmg̃

m2
q̃ +m2

g̃

(
1−γ5

2

)

α1α2

, C
(2)

{α} =

√

CF

2NC

4παsmg̃

m2
q̃ +m2

g̃

(
1−γ5

2

)

α1α2
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Soft function 23

Solution to RGE in position space:

WRα

i (z0, µf ) = exp
[
−2S(µs, µf ) + 2aγW

i
(µs, µf )

](
iz0µseγE

2

)2a
Γr+Γr′ (µs,µf )

WRα

i (z0, µs)

S(µs, µ) = −
∫ αs(µ)

αs(µs)

dαs
Γr

cusp(αs)+Γr′

cusp(αs)

2β(αs)

∫ αs

αs(µh)

dα
′

s

β(α′

s)
, aγ(µs, µ) = −

∫ αs(µ)

αs(µs)

dαs
γ(αs)

β(αs)
.

One loop result (For octet final state Idilbi/Kim/Mehen 09)

b1
βα

a1

a2
κ

b2

j j

i i

b1
βα

a1

a2
κ

b2

j j

i i

b1
βα

a1

a2
κ

b2

j

i

j

i

b1
βα

a1

a2
κ

b2

j j

i i

W
(1)Rα

ii′ (L, µ) = δii′

[

(Cr + Cr′ )

(
2

ǫ2
+

2

ǫ
L+ L2 +

π2

6

)

+ 2CRα

(
1

ǫ
+ L+ 2

)]

with L = 2 log
(

iz0µeγE

2

)
, (T(R)a

T
(R)a)a1a2 = CR δa1a2 .
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Bound state effects 24

Nonvanishing imaginary part of singlet Coulomb Green function

below thrheshold:

J
(0)bound
1 (E) = 2

∞∑

n=1

δ(E + En)

(
mq̃αs(µC)CF

2n

)3

E < 0

with the bound state energies

En =
mα2

sC
2
F

4n2

Correction to cross section:

∆σbound =
∑

pp′

∑

n

Lpp′ (zn, µf )σ̂
(0)

pp′(1)
(szn)

π

m2
q̃

√
zn

s

(
mq̃αs(µC)CF

n

)3

with zn = (2mq̃ + En)2/s.
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Results 25

Good agreement with independent calculation using Mellin-space

resummation for appropriate choice of scales (µh = µC = µf)

500 1000 1500 2000
mq
�
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3
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DΣC�ΣNLO@%D
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NLLs

Coulomb HΜfL

CoulombHΜC@ΒDL

(
√

s = 14 TeV, r = mg̃/mq̃ = 1.25, MSTW08NLO )
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X
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~
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(Kulesza, Motyka 09)
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