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Goal: Present alternative language to understand… 

… how axions solve strong CP problem. 

… which kind of new physics can spoil the solution. 
[Gia Dvali, hep-th/0507215 (2005)] 
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Maxwell and the    -Term

Maxwell: 

Why these terms?  
• Gauge invariant under U(1) 
• Up to energy dimension 4 

Wait! There is one more: 

ℒ𝖬𝖶 = −
1
4

FμνFμν , Fμν = ∂μAν − ∂νAμ

ℒθ ∼ θ FμνF̃μν , θ = 𝖼𝗈𝗇𝗌𝗍 .

∼ θ ⃗E ⋅ ⃗B CP violation!

F̃μν = ϵμνρσFρσ

θ

ℒ𝖰𝖤𝖣 = −
1
4

FμνFμν + Ψ̄(iD/ − m)Ψ

The Strong CP Problem
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Maxwell and the    -Term

Maxwell: 

Why these terms?  
• Gauge invariant under U(1) 
• Up to energy dimension 4 

Wait! There is one more: 

Wait again! Can write as:

ℒ𝖬𝖶 = −
1
4

FμνFμν , Fμν = ∂μAν − ∂νAμ

ℒθ ∼ θ FμνF̃μν , θ = 𝖼𝗈𝗇𝗌𝗍 .

∼ θ ⃗E ⋅ ⃗B

ℒθ ∼ θ∂μKμ

CP violation!

Boundary term! 

QED is not CP violating

F̃μν = ϵμνρσFρσ

θ

ℒ𝖰𝖤𝖣 = −
1
4

FμνFμν + Ψ̄(iD/ − m)Ψ

The Strong CP Problem
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Why QCD makes Life complicated…

QCD: 

Why these terms?  
• Gauge invariant under SU(3) 
• Up to energy dimension 4 

Wait! There is one more: 

Wait again! Can write as:

ℒ𝖰𝖢𝖣 = −
1
4

Fa
μνFμνa

ℒθ ∼ θ Fa
μνF̃μνa , θ = 𝖼𝗈𝗇𝗌𝗍 .

∼ θ ⃗E ⋅ ⃗B

ℒθ ∼ θ∂μKμ

CP violation!

Boundary term! 

F̃μνa = ϵμνρσFa
ρσ

The Strong CP Problem
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Why QCD makes Life complicated…

QCD: 

Why these terms?  
• Gauge invariant under SU(3) 
• Up to energy dimension 4 

Wait! There is one more: 

Wait again! Can write as:

ℒ𝖰𝖢𝖣 = −
1
4

Fa
μνFμνa

ℒθ ∼ θ Fa
μνF̃μνa , θ = 𝖼𝗈𝗇𝗌𝗍 .

∼ θ ⃗E ⋅ ⃗B

ℒθ ∼ θ∂μKμ

CP violation!

Boundary term! 
Instantons do not care 

QCD is CP violating!

F̃μνa = ϵμνρσFa
ρσ

The Strong CP Problem
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Instantons = Tunneling Processes 

• Lead to non-trivial QCD 
vacuum structure 

The Strong CP Problem

Main point for now:    
“Generate correlation  

to boundary”
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How to measure   ?

Contributes to electric dipole moment of e.g. neutron 

      Calculate contribution and compare to experiment to find   ! 

We do not measure CP violation! 

Strong CP problem: Why is    so small? 

⟹ θ < 10−10 𝗈𝗋 𝗌𝗈

⟹ θ

θ

θ

The Strong CP Problem
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Solution: Axion

θ

The Strong CP Problem
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Solution: Axion

Peccei-Quinn Mechanism:  
• Propose new global axial symmetry, U(1)PQ 

• New Higgs particle to spontaneously break U(1)PQ   
• Axion    is the appearing Goldstone bosona

ℒ =
1
2

∂μa∂μa −
1
4

Fa
μνFμνa + (a + θ)Fa

μνF̃μνa

   now dynamical!θ

Vafa-Witten:  Vacuum where    = 0θ

The Strong CP Problem
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Recap: Phases of Gauge Theories

Coulomb: Higgs: 

Confinement:

V(r) ∼
1
r

V(r) ∼
e−mr

r

V(r) ∼ r

Schwinger Model
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QED in 1+1 Dimensions  

Maxwell’s Theory: 

Solution to Maxwells equation:  

Add   -term:  

ℒ𝖬𝖶 = −
1
4

FμνFμν

• Constant electric field everywhere in space

• Can not be changed

μ, ν = 0,1

E(x) = 𝖼𝗈𝗇𝗌𝗍 .

ℒ = −
1
4

FμνFμν +
1
2

θ ϵμνFμν , θ = 𝖼𝗈𝗇𝗌𝗍 .
• Total derivative

• Just redefines the constant value of the electric field

Main Point:     equivalent to constant electric field 
 in the vacuum

θ

θ

Schwinger Model
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Getting Rid of Global Electric Field

Idea: Bring to Higgs phase 

  

Let’s Hodge dualize just for fun:              

• Constant electric field no longer a solution, now dynamical! 
• Unique vacuum: 

ℒ𝖯𝗋𝗈𝖼𝖺 = −
1
4

FμνFμν +
m2

2
(Aμ − ∂μB)2 +

1
2

θϵμνFμν

B ⟷ a

ℒ = −
1
4

FμνFμν +
1
2

∂μa∂μa +
1
2 (a + θ)ϵμνFμν

E = 0, a = − θ

Axion making   dynamical  
= Putting global electric field in Higgs Phase

θ

Schwinger Model
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Remarks

• Generalizable to arbitrary kinetic term 

• Massive fermions give additional contribution to   , 
but do not spoil conclusions

K(F) , F = Fμνϵμν ✓

θ

Schwinger Model
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Back to QCD

        Maxwell in 1+1 d                                  QCD in 3+1 d                  

Wait! QCD in strong coupling regime at low energies

QCD

ℒθ ∼ θFa
μνF̃μνa ∼ θϵαβμνFαβμν

Fαβμν = ∂[αCβμν]

⟷
⟷
⟷

ℒθ ∼ θϵμνFμν

Fμν = ∂[μAν]

B ⟷ a Bμν ⟷ a

ℒ ∼
m2

2
(Aμ − ∂μB)2 ℒ ∼

m2

2
(Cβμν − ∂βBμν)2

⟷

⟹ ℒ =
1
2

θϵαβμνFαβμν + K(F) ⟹ ✓
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How to spoil axion solution?

•Single axion cannot Higgs more than one 3-form field.  
       New physics must provide independently-massless 3-form field  

• Example: Gravity, Chern-Simons spin connection 3-form

⟹

RR̃ = ϵαβμνRi
jαβRj

iμν =
1
3

ϵαβμν∂[αGβμν]

QCD
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Conclusion

• Hodge duality is a nice tool  

•    equivalent to constant “electric” field in vacuum 

• Axion making    dynamical  
= Putting global “electric” field in Higgs phase 

• New physics must provide independently-massless 3-form field to 
spoil axion solution

θ

θ

Conclusion
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Thank you for your attention!


