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1 Introduction

Comparison of the Standard Model (SM) and QED:

QED SM

matter fields (spin 1

2
) e± leptons + quarks

gauge symmetry U(1)em SU(2) × U(1)

→ gauge bosons (spin 1) γ γ, Z0, W±

Differences to QED:
• non-abelian gauge group

→ gauge-boson self-interactions
• spontaneous symmetry breaking SU(2) × U(1) → U(1)em

→ massive gauge bosons Z0, W±

Higgs boson H (spin 0)

⇒ Common description of electromagnetic and weak interactions
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1 Introduction

Comparison of the Standard Model (SM) and QED:

QED SM

matter fields (spin 1

2
) e± leptons + quarks

gauge symmetry U(1)em SU(3) × SU(2) × U(1)

→ gauge bosons (spin 1) γ γ, Z0, W± , g

Differences to QED:
• non-abelian gauge group

→ gauge-boson self-interactions
• spontaneous symmetry breaking SU(2) × U(1) → U(1)em

→ massive gauge bosons Z0, W±

Higgs boson H (spin 0)

⇒ Common description of electromagnetic and weak interactions
as well as strong interactions
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Perturbative evaluation of quantum field theories

Starting point: model formulated as quantum field theory
• each particle corresponds to a field φi
• Lagrangian L(φi) for free motion & interactions

Perturbative evaluation of quantum field theories

Transition amplitude 〈f |S|i〉 = Σ Feynman graphs for |i〉 → |f〉

Form graphs following Feynman rules:

free propagators: vertices = elementary interactions:

γ, Z, W

g

f

H etc.

propagators & vertices ←→ terms in L(φi)

Perturbative series for g → 0

= power series in gn

= power series in ~m

= expansion in # loops in diagrams





⇒ loop diagrams
= quantum corrections
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Elementary couplings of electroweak interactions:

gauge-boson self-couplings: Higgs self-couplings:

gauge-boson–Higgs couplings: fermion couplings:

Elementary couplings of strong interactions:

gluon self-couplings: quark–gluon coupling:
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Aim of the exercise block

→֒ give some idea about higher-order calculations via simple examples

Specifically: Z-boson decay Z→ ff̄

Exercises include

• LO prediction (tree level)

• NLO QED correction
⋄ real photon bremsstrahlung
→֒ soft and collinear singularities

⋄ virtual one-loop correction
→֒ UV singularities and renormalization

• NLO QCD correction (derived from the QED case)
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2 Fermion–gauge-boson sector of the SM and Z decay in lowest order

Fermion content of the SM:
(ignoring possible right-handed neutrinos) T 3

I Q

leptons: ΨL
L =

(
νL
e

eL

)
,

(
νL

µ

µL

)
,

(
νL

τ

τL

)
,

+ 1
2

− 1
2

0

−1

ψR
l = eR, µR, τR, 0 −1

quarks:
(Each quark exists

in 3 colours!)
ΨL

Q =

(
uL

dL

)
,

(
cL

sL

)
,

(
tL

bL

)
,

+ 1
2

− 1
2

+ 2
3

− 1
3

ψR
u = uR, cR, tR, 0 + 2

3

ψR
d = dR, sR, bR, 0 − 1

3

Left- and right-handed parts of fermions interact differently:
ψL = ω−ψ, ψR = ω+ψ, ω± = 1

2
(1± γ5)

• ψL couple to W± → group ψL into SU(2)I doublets, weak isospin T a
I = σa

2

• ψR do not couple to W± → ψR are SU(2)I singlets, weak isospin T a
I = 0

• ψL/R couple to γ in the same way
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Fermion–gauge-boson interaction:

Lferm,YM =
e√
2sW

ΨL
F

(
0 /W+

/W− 0

)
ΨL

F +
e

2cWsW
ΨL

Fσ
3 /ZΨL

F

− esW
cW

Qfψf /Zψf − eQfψf /Aψf (f=all fermions, F = all doublets)

Feynman rules:

f

f̄ ′

Wµ
ie√
2sW

γµω−

f

f̄

Aµ −iQfeγµ

f

f̄

Zµ ieγµ(g+
f ω+ + g−f ω−)

with g+
f = −sW

cW
Qf , g−f = −sW

cW
Qf +

T 3
I,f

cWsW
,

cW =
MW

MZ
≈ 0.88, sW =

√
1− c2W ≈ 0.47
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Z-boson decay in lowest order

Tree-level diagram: Born amplitudeM0 (approximation of massless f )

f

f̄

Z

k

p1

p2

iM0 = ūf (p1, σf ) iegσ
f γµωσ vf̄ (p2, σf̄ ) εµ

Z(k, λZ)

with k2 = (p1 + p2)
2 = M2

Z, p2
1 = p2

2 = 0

Spin-/colour-averaged amplitude squared:

〈|M0|2〉 = 1
3

∑

λZ=0,±1

∑

σf =±
1
2

∑

σf̄ =±
1
2

∑

colour

|M0|2
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Z-boson decay in lowest order

Tree-level diagram: Born amplitudeM0 (approximation of massless f )

f

f̄

Z

k

p1

p2

iM0 = ūf (p1, σf ) iegσ
f γµωσ vf̄ (p2, σf̄ ) εµ

Z(k, λZ)

with k2 = (p1 + p2)
2 = M2

Z, p2
1 = p2

2 = 0

Spin-/colour-averaged amplitude squared:

〈|M0|2〉 = 1
3

∑

λZ=0,±1

∑

σf =±
1
2

∑

σf̄ =±
1
2

∑

colour

|M0|2 colour factors: N l
c = 1, Nq

c = 3

= 1
3
Nf

c e
2gσ

f g
τ
f

∑

σf

ūf γµωσ

∑

σf̄

vf̄ v̄f̄

︸ ︷︷ ︸
=/p2

ω−τ γν uf

∑

λ

εµ
Zε

∗ν
Z

︸ ︷︷ ︸
=−gµν+kµkν/M2

Z
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Z-boson decay in lowest order

Tree-level diagram: Born amplitudeM0 (approximation of massless f )

f

f̄

Z

k

p1

p2

iM0 = ūf (p1, σf ) iegσ
f γµωσ vf̄ (p2, σf̄ ) εµ

Z(k, λZ)

with k2 = (p1 + p2)
2 = M2

Z, p2
1 = p2

2 = 0

Spin-/colour-averaged amplitude squared:

〈|M0|2〉 = 1
3

∑

λZ=0,±1

∑

σf =±
1
2

∑

σf̄ =±
1
2

∑

colour

|M0|2 colour factors: N l
c = 1, Nq

c = 3

= 1
3
Nf

c e
2gσ

f g
τ
f

∑

σf

ūf γµωσ

∑

σf̄

vf̄ v̄f̄

︸ ︷︷ ︸
=/p2

ω−τ γν uf

∑

λ

εµ
Zε

∗ν
Z

︸ ︷︷ ︸
=−gµν+kµkν/M2

Z
only gµν term contributes

= − 1
3
Nf

c e
2gσ

f g
τ
f Tr { /p1 γµ ωσ /p2 ω−τ γ

µ}
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Z-boson decay in lowest order

Tree-level diagram: Born amplitudeM0 (approximation of massless f )

f

f̄

Z

k

p1

p2

iM0 = ūf (p1, σf ) iegσ
f γµωσ vf̄ (p2, σf̄ ) εµ

Z(k, λZ)

with k2 = (p1 + p2)
2 = M2

Z, p2
1 = p2

2 = 0

Spin-/colour-averaged amplitude squared:

〈|M0|2〉 = 1
3

∑

λZ=0,±1

∑

σf =±
1
2

∑

σf̄ =±
1
2

∑

colour

|M0|2 colour factors: N l
c = 1, Nq

c = 3

= 1
3
Nf

c e
2gσ

f g
τ
f

∑

σf

ūf γµωσ

∑

σf̄

vf̄ v̄f̄

︸ ︷︷ ︸
=/p2

ω−τ γν uf

∑

λ

εµ
Zε

∗ν
Z

︸ ︷︷ ︸
=−gµν+kµkν/M2

Z
only gµν term contributes

= − 1
3
Nf

c e
2gσ

f g
τ
f Tr { /p1 γµ ωσ /p2 ω−τ γ

µ}
= 2

3
Nf

c e
2(gσ

f )2 Tr { /p1 /p2 ω−σ}
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Z-boson decay in lowest order

Tree-level diagram: Born amplitudeM0 (approximation of massless f )

f

f̄

Z

k

p1

p2

iM0 = ūf (p1, σf ) iegσ
f γµωσ vf̄ (p2, σf̄ ) εµ

Z(k, λZ)

with k2 = (p1 + p2)
2 = M2

Z, p2
1 = p2

2 = 0

Spin-/colour-averaged amplitude squared:

〈|M0|2〉 = 1
3

∑

λZ=0,±1

∑

σf =±
1
2

∑

σf̄ =±
1
2

∑

colour

|M0|2 colour factors: N l
c = 1, Nq

c = 3

= 1
3
Nf

c e
2gσ

f g
τ
f

∑

σf

ūf γµωσ

∑

σf̄

vf̄ v̄f̄

︸ ︷︷ ︸
=/p2

ω−τ γν uf

∑

λ

εµ
Zε

∗ν
Z

︸ ︷︷ ︸
=−gµν+kµkν/M2

Z
only gµν term contributes

= − 1
3
Nf

c e
2gσ

f g
τ
f Tr { /p1 γµ ωσ /p2 ω−τ γ

µ}
= 2

3
Nf

c e
2(gσ

f )2 Tr { /p1 /p2 ω−σ}
= 4

3
Nf

c e
2(gσ

f )2 (p1 · p2)
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Z-boson decay in lowest order

Tree-level diagram: Born amplitudeM0 (approximation of massless f )

f

f̄

Z

k

p1

p2

iM0 = ūf (p1, σf ) iegσ
f γµωσ vf̄ (p2, σf̄ ) εµ

Z(k, λZ)

with k2 = (p1 + p2)
2 = M2

Z, p2
1 = p2

2 = 0

Spin-/colour-averaged amplitude squared:

〈|M0|2〉 = 1
3

∑

λZ=0,±1

∑

σf =±
1
2

∑

σf̄ =±
1
2

∑

colour

|M0|2 colour factors: N l
c = 1, Nq

c = 3

= 1
3
Nf

c e
2gσ

f g
τ
f

∑

σf

ūf γµωσ

∑

σf̄

vf̄ v̄f̄

︸ ︷︷ ︸
=/p2

ω−τ γν uf

∑

λ

εµ
Zε

∗ν
Z

︸ ︷︷ ︸
=−gµν+kµkν/M2

Z
only gµν term contributes

= − 1
3
Nf

c e
2gσ

f g
τ
f Tr { /p1 γµ ωσ /p2 ω−τ γ

µ}
= 2

3
Nf

c e
2(gσ

f )2 Tr { /p1 /p2 ω−σ}
= 4

3
Nf

c e
2(gσ

f )2 (p1 · p2)

= 2
3
Nf

c e
2
[
(g+

f )2 + (g−f )2
]
M2

Z
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Lowest-order partial Z-decay width

ΓZ→ff̄,0 =
1

2MZ

∫
dΦ1→2 〈|M0|2〉

with the 1→ 2 phase-space integral
∫

dΦ1→2 =

∫
d3

p1

(2π)32p0
1

∫
d3p2

(2π)32p0
2

(2π)4 δ(4)(k − p1 − p2)

=
1

8(2π)2

∫
dΩp1

︸ ︷︷ ︸
→֒ 4π

Final result:

ΓZ→ff̄,0 =
Nf

c e
2

24π

[
(g+

f )2 + (g−f )2
]
MZ =

Nf
c α

6

[
(g+

f )2 + (g−f )2
]
MZ

Comments:

• LO result has theoretical uncertainty of some %

• LEP accuracy for ΓZ,tot is ∼ 0.1% !
→֒ calculation of higher orders indispensable
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Survey of NLO corrections

Virtual one-loop corrections (example f = u-quark)

Z

u

u

u

u

γ
Z

u

u

u

u

Z
Z

u

u

d

d

W
Z

u

u

W

W

d
Z

u

u

u

u

g

+ many self-energy diagrams needed in the renormalization

Real corrections from photon or gluon emission

Z

f

f

γf
Z

f

f

γ

f
Z

q

q

gq Z

q

q

g

q

Total NLO corrections
→֒ virtual ⊕ real contributions yield corrections of relative orders O(α) and O(αs)

Comment:
To match the aimed 0.1% accuracy even corrections beyond NLO are required.
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3 Real photon corrections

3.1 Non-singular contributions

Amplitudes for Z(k, λZ) → f(p1, σf ) + f̄(p2, σf̄ ) + γ(q, λγ) in lowest order

Z

f

f

γf
Z

f

f

γ

f
k2 = (p1 + p2 + q)2 = M2

Z, p2
1 = p2

2 = q2 = 0

iMγ,1 = ūf iegσ
f /εZωσ

−i(/p2 + /q)

(p2 + q)2
(−iQfe)/ε

∗

γ vf̄

iMγ,2 = ūf (−iQfe)/ε
∗

γ
i(/p1 + /q)

(p1 + q)2
iegσ

f /εZωσ vf̄

Spin-/colour-averaged amplitude squared:

〈|Mγ |2〉 = 1
3

∑

λZ=0,±1

∑

σf =±
1
2

∑

σf̄ =±
1
2

∑

λγ=±1

∑

colour

|Mγ,1 +Mγ,2|2

= 4
3
Nf

c Q
2
fe

4
[
(g+

f )2 + (g−f )2
] [

(p1p2)M
2
Z

(qp1)(qp2)
+
qp2

qp1
+
qp1

qp2

]
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3-particle phase space

CMS of Z boson:

kµ = (MZ,0) = pµ
1 +pµ

2 + qµ

q0 = |q|, p0
i = |pi|

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
.....

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

..................
.................

.................
.................

.........

...............................................................................................................................................................................................................................................................................................................................

polar axis

q
...........
...........
...........
...........
...........
...........
...........
...........
.........................
................

p1

.................
.................

.................
.................

.................
.................

.................
.................

.......................................

p2

.....................................................................................................................................
.......
.......
.......
..

........
.......
.......
.......
.......
........
.........
...

.

.......

.......

.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
........
........
........
...........................
................

Ωq

.........
..........

.............
...................

..........................................................................................................................................................................................................
.......
..
...........
.....

α1

............................ .

......................................................................................................................................................................................................................................................................................................................................................
..........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
.......
........
........
..

.........
.........

.........
.........

..........
..........

...........
............

.............
.....................................

β
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..

.............
.............

.............

.............
.............

.............
.............

.............
.............

.............
.............

.............

.............
.............
.............
.............
.............
.............
..........

.......
......
.......
......
.......
......
.......
......
..

∫
dΦ1→3 =

∫
d3

q

(2π)32q0

∫
d3

p1

(2π)32p0
1

∫
d3

p2

(2π)32p0
2

(2π)4 δ(4)(k − q − p1 − p2)
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3-particle phase space

CMS of Z boson:

kµ = (MZ,0) = pµ
1 +pµ

2 + qµ

q0 = |q|, p0
i = |pi|
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polar axis

q
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.......

.......
.......
.......
.......
.......
.......
.......
........
........
........
...........................
................

Ωq

.........
..........

.............
...................

..........................................................................................................................................................................................................
.......
..
...........
.....

α1

............................ .

......................................................................................................................................................................................................................................................................................................................................................
..........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
.......
........
........
..

.........
.........

.........
.........

..........
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β
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..

∫
dΦ1→3 =

∫
d3

q

(2π)32q0

∫
d3

p1

(2π)32p0
1

∫
d3

p2

(2π)32p0
2

(2π)4 δ(4)(k − q − p1 − p2)

=
1

8(2π)5

∫
d3

q

∫
d3

p1
1

q0 p0
1 p

0
2

δ(MZ − q0 − p0
1 − p0

2), p0
2 = |q + p1|
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3-particle phase space

CMS of Z boson:

kµ = (MZ,0) = pµ
1 +pµ

2 + qµ

q0 = |q|, p0
i = |pi|
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∫
dΦ1→3 =

∫
d3

q

(2π)32q0

∫
d3

p1

(2π)32p0
1

∫
d3

p2

(2π)32p0
2

(2π)4 δ(4)(k − q − p1 − p2)

=
1

8(2π)5

∫
d3

q

∫
d3

p1
1

q0 p0
1 p

0
2

δ(MZ − q0 − p0
1 − p0

2), p0
2 = |q + p1|

=
1

8(2π)5

∫
dq0

∫
dΩq

∫
dp0

1

∫
dβ

∫
d cosα1

q0 p0
1

p0
2

δ(MZ − q0 − p0
1 − p0

2)
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3-particle phase space

CMS of Z boson:

kµ = (MZ,0) = pµ
1 +pµ

2 + qµ

q0 = |q|, p0
i = |pi|
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∫
dΦ1→3 =

∫
d3

q

(2π)32q0

∫
d3

p1

(2π)32p0
1

∫
d3

p2

(2π)32p0
2

(2π)4 δ(4)(k − q − p1 − p2)

=
1

8(2π)5

∫
d3

q

∫
d3

p1
1

q0 p0
1 p

0
2

δ(MZ − q0 − p0
1 − p0

2), p0
2 = |q + p1|

=
1

8(2π)5

∫
dq0

∫
dΩq

∫
dp0

1

∫
dβ

∫
d cosα1

q0 p0
1

p0
2

δ(MZ − q0 − p0
1 − p0

2)

︸ ︷︷ ︸

=
∂p0

2

∂ cosα1

∣∣∣∣
q0,p0

1=
1

8(2π)5

∫
dΩq

∫
dβ

∫
dq0

∫
dp0

1
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Phase-space boundary:

p0
2 = |q + p1| ⇔ (p0

2)
2 = (q0)2 + (p0

1)
2 + 2q0p0

1 cosα1

Implications:

• (p0
2)

2 < (q0)2 + (p0
1)

2 + 2q0p0
1 = (q0 + p0

1)
2 = (MZ − p0

2)
2

⇒ p0
2 <

1
2
MZ, i.e. q0 + p0

1 <
1
2
MZ

• p0
2|min = 0, since q = −p1 possible

⇒ q0|min = p0
1|min = 0 by symmetry

Phase-space integral:∫
dΦ1→3 =

1

8(2π)5

∫
dΩq

∫ 2π

0

dβ

∫ 1
2

MZ

0

dq0
∫ 1

2
MZ

1
2

MZ−q0

dp0
1
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Kinematics and singular regions:

Scalar products can be expressed in terms of energies p0
1, p0

2, and q0:

p1p2 = 1
2
(p1 + p2)

2 = 1
2
(k − q)2 = 1

2
k2 − kq = 1

2
M2

Z −MZq
0 = MZ

(
1
2
MZ − q0

)
,

qp1 = . . . = MZ

(
1
2
MZ − p0

2

)
= MZ

(
q0 + p0

1 − 1
2
MZ

)
,

qp2 = . . . = MZ

(
1
2
MZ − p0

1

)
.

Behaviour of phase-space integrals:

•

∫
dq0

∫
dp0

1
(qp1)

(qp2)
=

∫ 1
2

MZ

0

dq0
∫ 1

2
MZ

1
2

MZ−q0

dp0
1

[
q0

1
2
MZ − p0

1

− 1

]

→֒ logarithmically divergent for p0
1 → 1

2
MZ

•

∫
dq0

∫
dp0

1
(p1p2)

(qp1)(qp2)

=

∫ 1
2

MZ

0

dq0
1
2
MZ − q0
MZ q0︸ ︷︷ ︸

log. divergent for q0
→ 0

∫ 1
2

MZ

1
2

MZ−q0

dp0
1

[
1

q0 + p0
1 − 1

2
MZ︸ ︷︷ ︸

for p0
2 →

1
2 MZ

+
1

1
2
MZ − p0

1︸ ︷︷ ︸
for p0

1 →
1
2 MZ

]
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General origin of singularities:

• Collinear singularities for (qpi)→ 0

(qp) for nearly collinear γ emission off light particle with mom. p (p2 = m2 → 0)

qp = q0(p0 − |p| cosα) m̃→0
α→0

q0p0

[
m2

2p2
0

+ 1− cosα

]

Integration over collinear region α ∼ O(m2/p2
0) yields∫ +1

−1

d cosα
1

(qp)
∝ ln(m) + (finite for m→ 0)

• Soft singularity for q → 0

(qp1)(qp2) for arbitrary on-shell momenta pi (p2
i = m2

i ):

(qp1)(qp2) = q20 (p0
1 − |p1| cosα1)(p

0
2 − |p2| cosα2)

Integration over photon momentum

I =

∫
d3q

(2π)32q0

1

(qp1)(qp2)
∝

∫
dq0
q0
→ ∞

Regularization by infinitesimally small photon mass mγ : Idiv ∝ lnmγ

or via dimensional regularization: Idiv ∝ 1/(D − 4)
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Simple technical procedure: phase-space slicing

Decomposition of photon pase space into 3 different regions: (∆E,∆α→ 0)

• Non-singular region: q0 > ∆E, αi > ∆α, i = 1, 2

→֒ Integration of 〈|Mγ |2〉 possible without regulators, i.e. mf = mγ = 0

• Soft-photon region: mγ < q0 < ∆E

〈|Mγ(q)|2〉
q̃→0

〈|M0|2〉 × fsoft(q), where fsoft(q) = universal factor

→֒ process-independent integral
∫

dq fsoft(q), e.g., with infinitesimal mγ

• Collinear region: q0 > ∆E, 0 < αi < ∆α, i = 1, 2

〈|Mγ(pi)|2〉 α̃i→0
〈|M0|2〉 × fcoll,i(αi,mi),

→֒ process-independent integral
∫

dαi fcoll,i(αi,mi) with finite mi

Comment: case of collinear initial-state radiation somewhat more complicated,
because 〈|M0|2〉 is boosted
→֒ process-independent integral involves convolution over 〈|M0|2〉
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Cutoff parameters ∆E and ∆α for Z→ ff̄γ

Impose cuts q0 > ∆E and αi > ∆α on
∫ 1

2
MZ

0

dq0
∫ 1

2
MZ

1
2

MZ−q0

dp0
1
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Cutoff parameters ∆E and ∆α for Z→ ff̄γ

Impose cuts q0 > ∆E and αi > ∆α on
∫ 1

2
MZ

0

dq0
∫ 1

2
MZ

1
2

MZ−q0

dp0
1

• qp2 = q0p0
2(1− cosα2) = q0(MZ − q0 − p0

1) (1− cosα2)︸ ︷︷ ︸
> 1

2
∆α2

= MZ

(
1
2
MZ − p0

1

)
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Cutoff parameters ∆E and ∆α for Z→ ff̄γ

Impose cuts q0 > ∆E and αi > ∆α on
∫ 1

2
MZ

0

dq0
∫ 1

2
MZ

1
2

MZ−q0

dp0
1

• qp2 = q0p0
2(1− cosα2) = q0(MZ − q0 − p0

1) (1− cosα2)︸ ︷︷ ︸
> 1

2
∆α2

= MZ

(
1
2
MZ − p0

1

)

→֒ p0
1 < 1

2
MZ − ǫ(q0) with ǫ(q0) =

q0(MZ − 2q0)

4MZ
∆α2
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Cutoff parameters ∆E and ∆α for Z→ ff̄γ

Impose cuts q0 > ∆E and αi > ∆α on
∫ 1

2
MZ

0

dq0
∫ 1

2
MZ

1
2

MZ−q0

dp0
1

• qp2 = q0p0
2(1− cosα2) = q0(MZ − q0 − p0

1) (1− cosα2)︸ ︷︷ ︸
> 1

2
∆α2

= MZ

(
1
2
MZ − p0

1

)

→֒ p0
1 < 1

2
MZ − ǫ(q0) with ǫ(q0) =

q0(MZ − 2q0)

4MZ
∆α2

• qp1 = q0p0
1 (1− cosα1)︸ ︷︷ ︸

> 1
2
∆α2

= MZ

(
q0 + p0

1 − 1
2
MZ

)
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Cutoff parameters ∆E and ∆α for Z→ ff̄γ

Impose cuts q0 > ∆E and αi > ∆α on
∫ 1

2
MZ

0

dq0
∫ 1

2
MZ

1
2

MZ−q0

dp0
1

• qp2 = q0p0
2(1− cosα2) = q0(MZ − q0 − p0

1) (1− cosα2)︸ ︷︷ ︸
> 1

2
∆α2

= MZ

(
1
2
MZ − p0

1

)

→֒ p0
1 < 1

2
MZ − ǫ(q0) with ǫ(q0) =

q0(MZ − 2q0)

4MZ
∆α2

• qp1 = q0p0
1 (1− cosα1)︸ ︷︷ ︸

> 1
2
∆α2

= MZ

(
q0 + p0

1 − 1
2
MZ

)

→֒ p0
1 >

(
1
2
MZ − q0

)
+ ǫ(q0)

α2 → 0

α1 → 0

q0

p0
1

0 ∆E
1

2
MZ

0

1

2
MZ
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Integration over non-singular region

ΓZ→ff̄

∣∣
hard

=
1

2MZ

∫

non−sing

dΦ1→3 〈|Mγ |2〉

=
1

2MZ

4
3
Nf

c Q
2
fe

4
[
(g+

f )2 + (g−f )2
] 1

8(2π)5

∫
dΩq

∫ 2π

0

dβ

︸ ︷︷ ︸
→ 8π2

×
∫ 1

2
MZ

∆E

dq0
∫ 1

2
MZ−ǫ

1
2

MZ−q0+ǫ

dp0
1

[
(p1p2)M

2
Z

(qp1)(qp2)
+
qp2

qp1
+
qp1

qp2︸ ︷︷ ︸
integrals equal by symmetry

]

= ΓZ→ff̄,0

Q2
fα

π

∫ 1
2

MZ

∆E

dq0
∫ 1

2
MZ−ǫ

1
2

MZ−q0+ǫ

dp0
1

[
2(p1p2)

(qp1)(qp2)
+

4

M2
Z

qp1

qp2

]

≡ ΓZ→ff̄,0

Q2
fα

π
(J12 + J2)

≡ ΓZ→ff̄,0 δhard
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Evaluation of integrals

J2 =
4

M2
Z

∫ 1
2

MZ

∆E︸︷︷︸
→ 0 possible

dq0
∫ 1

2
MZ−ǫ

1
2

MZ−q0+ǫ

dp0
1
qp1

qp2

=
4

M2
Z

∫ 1
2

MZ

0

dq0
∫ 1

2
MZ−ǫ

1
2

MZ−q0+ǫ

dp0
1

q0 + p0
1 − 1

2
MZ

1
2
MZ − p0

1

+ O
(∆E

MZ

)

=
4

M2
Z

∫ 1
2

MZ

0

dq0
[
− q0 ln

(
1
2
MZ − p0

1

)
− p0

1

] 1
2

MZ−ǫ

1
2

MZ−q0+ǫ

+ . . .

=
4

M2
Z

∫ 1
2

MZ

0

dq0 q0
[
− ln(ǫ) + ln(q0)− 1

]
+ O(∆α) + . . .

=
4

M2
Z

∫ 1
2

MZ

0

dq0 q0
[
− ln

(
(MZ − 2q0)

4MZ
∆α2

)
− 1

]
+ . . .

= ln
( 2

∆α

)
+

1

4
+ . . .
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Evaluation of integrals (continued)

J12 =

∫ 1
2

MZ

∆E

dq0
∫ 1

2
MZ−ǫ

1
2

MZ−q0+ǫ

dp0
1

2(p1p2)

(qp1)(qp2)

=

∫ 1
2

MZ

∆E

dq0
∫ 1

2
MZ−ǫ

1
2

MZ−q0+ǫ

dp0
1

MZ − 2q0

MZ

(
q0 + p0

1 − 1
2
MZ

)(
1
2
MZ − p0

1

)

=

∫ 1
2

MZ

∆E

dq0
MZ − 2q0

MZ q0

∫ 1
2

MZ−ǫ

1
2

MZ−q0+ǫ

dp0
1

[
1

1
2
MZ − p0

1

+
1

q0 + p0
1 − 1

2
MZ

]

= 2

∫ 1
2

MZ

∆E

dq0
(

1

q0
− 2

MZ

) [
− ln(ǫ) + ln(q0)

]
+ . . .

= −2

∫ 1
2

MZ

∆E

dq0
(

1

q0
− 2

MZ

)
ln

(
MZ − 2q0

4MZ
∆α2

)
+ . . .

= 4 ln
( 2

∆α

) ∫ 1
2

MZ

∆E

dq0

q0
− 2

∫ 1

0

dt

t
ln(1− t) + 2

∫ 1

0

dt ln

(
(1− t)∆α2

4

)
+ . . .

= 4 ln
( 2

∆α

)
ln

( MZ

2∆E

)
− 4 ln

( 2

∆α

)
− 2 +

π2

3
+ . . .
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Final results for the non-singular contribution:

δhard =
Q2

fα

π
(J12 + J2)

=
Q2

fα

π

[
4 ln

( 2

∆α

)
ln

( MZ

2∆E

)
− 3 ln

( 2

∆α

)
− 7

4
+
π2

3

]
+ O(∆α) + O

(
∆E

MZ

)

Comment on more complicated processes: (scattering processes, etc.)

Analytical evaluation of the phase-space integrals in general not possible
(and not sufficient because of experimental cuts, etc.)

→֒ application of Monte Carlo integration / event generators techniques
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3.2 Soft-singular contributions

General considerations about soft-photon singularities:

• Virtual corrections: loop diagrams

. . .
IR divergences from soft virtual photons (q → 0)∫

d4q . . .

(q2 − m2
γ︸︷︷︸

fictitious infinitesimal photon mass as regulator

)(2qp1)(2qp2)
→ C ln(mγ)

• “Real” corrections: photon bremsstrahlung

∫
d3

q

2q0

2

. . . IR divergences from soft real photons (q→ 0)∫
d3q . . .√

q2 +m2
γ(2qp1)(2qp2)

→ −C ln(mγ)

Bloch–Nordsieck theorem:

IR divergences of virtual and real corrections cancel in the sum

→֒ virtual and soft-photonic corrections cannot be discussed separately
↔ related to limited experimental resolution of soft photons

⇒ Predictions necessarily depend on treatment of photon emission
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General calculation of soft-photon factor:

p

p−q

q

. . . = A(p− q) i(/p− /q +mf )

(p− q)2 −m2
f

(−iQfe)/ε
∗

γuf (p)

q̃→0
−Qfe

ε∗γp

qp
A(p)uf (p) = −Qfe

ε∗γp

qp
MBorn

“Eikonal factorization” holds for all charged particles (spin 0, 1
2
, 1)

⇒ δsoft = − α

2π2

∫

mγ<q0<∆E

d3
q

2q0

∑

i,j

(±Qi)(±Qj)(pipj)

(qpi)(qpj)

(i = particle with charge Qi

incoming(+) or outgoing (−))

Application to Z→ ff̄γ:

δsoft =
Q2

fα

2π2

∫

mγ<q0<∆E

d3
q

2q0

[
2(pipj)

(qpi)(qpj)
− m2

f

(qp1)2
− m2

f

(qp2)2

]

Note:

• fermion f cannot be taken massless in soft region
→֒ hierarchy of limits: MZ, p

0
i ≫ mf ≫ ∆E ≫ mγ → 0

• δsoft is not Lorentz invariant
→֒ evaluation in CMS of decaying Z boson
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Evaluation of soft-photon integrals
Allowed approximation: k = p1 + p2, i.e. pµ

1,2 = (p0,±p), p0 = 1
2
MZ in CMS

Integral from squared diagrams:

I11 =

∫

mγ<q0<∆E

d3q

2q0

m2
f

(qp1)2
, qp1 = q0p0 − |q| |p| cos θ
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Evaluation of soft-photon integrals
Allowed approximation: k = p1 + p2, i.e. pµ

1,2 = (p0,±p), p0 = 1
2
MZ in CMS

Integral from squared diagrams:

I11 =

∫

mγ<q0<∆E

d3q

2q0

m2
f

(qp1)2
, qp1 = q0p0 − |q| |p| cos θ

= 2π

∫

mγ<q0<∆E

d|q|q2

2q0

∫ +1

−1

d cos θ
m2

f

(q0p0 − |q| |p| cos θ)2
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Evaluation of soft-photon integrals
Allowed approximation: k = p1 + p2, i.e. pµ

1,2 = (p0,±p), p0 = 1
2
MZ in CMS

Integral from squared diagrams:

I11 =

∫

mγ<q0<∆E

d3q

2q0

m2
f

(qp1)2
, qp1 = q0p0 − |q| |p| cos θ

= 2π

∫

mγ<q0<∆E

d|q|q2

2q0

∫ +1

−1

d cos θ
m2

f

(q0p0 − |q| |p| cos θ)2

= 2π

∫

mγ<q0<∆E

d|q|q2

q0

m2
f

q20p
2
0 − q2p2

, q2 = q20 −m2
γ , p2 = p2

0 −m2
f ,
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Evaluation of soft-photon integrals
Allowed approximation: k = p1 + p2, i.e. pµ

1,2 = (p0,±p), p0 = 1
2
MZ in CMS

Integral from squared diagrams:

I11 =

∫

mγ<q0<∆E

d3q

2q0

m2
f

(qp1)2
, qp1 = q0p0 − |q| |p| cos θ

= 2π

∫

mγ<q0<∆E

d|q|q2

2q0

∫ +1

−1

d cos θ
m2

f

(q0p0 − |q| |p| cos θ)2

= 2π

∫

mγ<q0<∆E

d|q|q2

q0

m2
f

q20p
2
0 − q2p2

, q2 = q20 −m2
γ , p2 = p2

0 −m2
f ,

= 2π

∫ ∆E

mγ

dq0
m2

f

√
q20 −m2

γ

[q20 −m2
γ ]m2

f + p2
0m

2
γ

, mγ
√
z ≡

√
q20 −m2

γ + q0
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Evaluation of soft-photon integrals
Allowed approximation: k = p1 + p2, i.e. pµ

1,2 = (p0,±p), p0 = 1
2
MZ in CMS

Integral from squared diagrams:

I11 =

∫

mγ<q0<∆E

d3q

2q0

m2
f

(qp1)2
, qp1 = q0p0 − |q| |p| cos θ

= 2π

∫

mγ<q0<∆E

d|q|q2

2q0

∫ +1

−1

d cos θ
m2

f

(q0p0 − |q| |p| cos θ)2

= 2π

∫

mγ<q0<∆E

d|q|q2

q0

m2
f

q20p
2
0 − q2p2

, q2 = q20 −m2
γ , p2 = p2

0 −m2
f ,

= 2π

∫ ∆E

mγ

dq0
m2

f

√
q20 −m2

γ

[q20 −m2
γ ]m2

f + p2
0m

2
γ

, mγ
√
z ≡

√
q20 −m2

γ + q0

= π

∫ 4∆E2/m2
γ

1

dz
m2

f (z − 1)2

z[m2
f (z − 1)2 + 4zp2

0]
+ . . .
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Evaluation of soft-photon integrals
Allowed approximation: k = p1 + p2, i.e. pµ

1,2 = (p0,±p), p0 = 1
2
MZ in CMS

Integral from squared diagrams:

I11 =

∫

mγ<q0<∆E

d3q

2q0

m2
f

(qp1)2
, qp1 = q0p0 − |q| |p| cos θ

= 2π

∫

mγ<q0<∆E

d|q|q2

2q0

∫ +1

−1

d cos θ
m2

f

(q0p0 − |q| |p| cos θ)2

= 2π

∫

mγ<q0<∆E

d|q|q2

q0

m2
f

q20p
2
0 − q2p2

, q2 = q20 −m2
γ , p2 = p2

0 −m2
f ,

= 2π

∫ ∆E

mγ

dq0
m2

f

√
q20 −m2

γ

[q20 −m2
γ ]m2

f + p2
0m

2
γ

, mγ
√
z ≡

√
q20 −m2

γ + q0

= π

∫ 4∆E2/m2
γ

1

dz
m2

f (z − 1)2

z[m2
f (z − 1)2 + 4zp2

0]
+ . . .

= π

∫ 4∆E2/m2
γ

1

dz

[
1

z
− 1

z − z1
+

1

z − z2

]
+ . . . , z1 =

1

z2
= −m

2
f

4p2
0

+ . . .
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Evaluation of soft-photon integrals
Allowed approximation: k = p1 + p2, i.e. pµ

1,2 = (p0,±p), p0 = 1
2
MZ in CMS

Integral from squared diagrams:

I11 =

∫

mγ<q0<∆E

d3q

2q0

m2
f

(qp1)2
, qp1 = q0p0 − |q| |p| cos θ

= 2π

∫

mγ<q0<∆E

d|q|q2

2q0

∫ +1

−1

d cos θ
m2

f

(q0p0 − |q| |p| cos θ)2

= 2π

∫

mγ<q0<∆E

d|q|q2

q0

m2
f

q20p
2
0 − q2p2

, q2 = q20 −m2
γ , p2 = p2

0 −m2
f ,

= 2π

∫ ∆E

mγ

dq0
m2

f

√
q20 −m2

γ

[q20 −m2
γ ]m2

f + p2
0m

2
γ

, mγ
√
z ≡

√
q20 −m2

γ + q0

= π

∫ 4∆E2/m2
γ

1

dz
m2

f (z − 1)2

z[m2
f (z − 1)2 + 4zp2

0]
+ . . .

= π

∫ 4∆E2/m2
γ

1

dz

[
1

z
− 1

z − z1
+

1

z − z2

]
+ . . . , z1 =

1

z2
= −m

2
f

4p2
0

+ . . .

= π

[
ln

(4∆E2

m2
γ

)
+ ln

(m2
f

M2
Z

)]
+ . . . , note:

∆E

mγ
≫ MZ

mf
≫ 1

= I22
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Integral from interference diagrams:

I12 =

∫

mγ<q0<∆E

d3q

2q0

(p1p2)

(qp1)(qp2)
, qp1,2 = q0p0 ± |q| |p| cos θ

= 2π

∫

mγ<q0<∆E

d|q|q2

2q0

∫ +1

−1

d cos θ
(p1p2)

q20p
2
0 − q2p2 cos2 θ

= 2π

∫ ∆E

mγ

dq0
q0

ln

(
q0p0 + |q| |p|
q0p0 − |q| |p|

)

...

= π

[
4 ln

(2∆E

mγ

)
ln

(MZ

mf

)
− 2 ln2

(mf

MZ

)
− π2

3

]
+ . . .

Soft-photon factor for Z→ ff̄γ:

δsoft =
Q2

fα

2π2

[
2I12 − I11 − I22

]

= −Q
2
fα

π

{
2 ln

(2∆E

mγ

)[
1 + 2 ln

(mf

MZ

)]
+ 2 ln2

(mf

MZ

)
+ 2 ln

(mf

MZ

)
+
π2

3

}
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3.3 Collinear-singular contributions

General collinear factorization for final-state radiation:
p

p̂
f / f̄

q

γ... ...

〈|Mγ(p, q)|2〉
q̃p→0

Q2
f e

2

qp

[
1 + z2

1− z −
m2

f

qp

]
〈|M0(p̂)|2〉

with z =
p0

p̂0

Comments:

• asymptotics valid both for outgoing f and f̄
(can be transferred to incoming fermions via appropriate substitutions)

• for “non-exceptional” photon gauges (|p̂n| ≫ mf if ε∗n = 0)
only subgraphs of shown type contribute to leading asymptotics

• kinematics in collinear regime:
qµ = (1− z)p̂µ + qµ

⊥
+ qµ

r ,

pµ = zp̂µ − qµ
⊥
− qµ

r ,

with p̂q⊥ = 0, qr = 0, q2
⊥ = O(m2

f ), q0r = −q0⊥ = O(m2
f/p̂

0)

2nd IMPRS lecture block course, February 2006 S. Dittmaier (MPI München), Exercises for Theorists (topics in perturbative higher-order calculations) — part I – 26



Phase-space for collinear region of γ and f :

p̂0
1 = 1

2
MZ

q0 = 1
2
MZ(1− z)

qp1 = q0p0
1(1− cosα1)

= MZ(q0 + p0
1 − 1

2
MZ)

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
.....

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

.................
.................

..................
.................

.................
.................

.........

...............................................................................................................................................................................................................................................................................................................................

polar axis

q
...........
...........
...........
...........
...........
...........
...........
...........
.........................
................

p1

.................
.................

.................
.................

.................
.................

.................
.................

.......................................

p2

.....................................................................................................................................
.......
.......
.......
..

........
.......
.......
.......
.......
........
.........
...

.

.......

.......

.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
........
........
........
...........................
................

Ωq

.........
..........

.............
...................

..........................................................................................................................................................................................................
.......
..
...........
.....

α1

............................ .

......................................................................................................................................................................................................................................................................................................................................................
..........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
.......
........
........
..

.........
.........

.........
.........

..........
..........

...........
............

.............
.....................................

β
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..
...........
..

.............
.............

.............

.............
.............

.............
.............

.............
.............

.............
.............

.............

.............
.............
.............
.............
.............
.............
..........

.......
......
.......
......
.......
......
.......
......
..

∫

α1<∆α

dΦ1→3 =
1

8(2π)5

∫
dΩq︸︷︷︸

= dΩp̂

for α1 → 0

∫
dq0

∫
dβ

∫
dp0

1 θ(∆α− α1)

=
1

8(2π)5

∫
dΩp̂

∫ 1
2

MZ

∆E

dq0
∫ 2π

0

dβ

∫ 1

1− 1
2
∆α2

d cosα1

∣∣∣∣
∂p0

1

∂ cosα1

∣∣∣∣

∂p0
1

∂ cosα1

∣∣∣∣
q0

=
MZq

0(2q0 −MZ)

2[MZ − q0(1− cosα1)]2 α̃1→0

q0(2q0 −MZ)

2MZ
= −1

4
MZ z(1− z)

⇒
∫

α1<∆α

dΦ1→3 =
M2

Z

64(2π)5

∫
dΩp̂

∫ 1−2∆E/MZ

0

dz z(1−z)
∫ 2π

0

dβ

∫ ∆α

0

dα1 sinα1
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Integration over collinear regime:
Collecting results yields

ΓZ→ff̄

∣∣
coll,f

=
1

2MZ

∫

α1<∆α

dΦ1→3 〈|Mγ |2〉

=
1

2MZ

M2
Z

64(2π)5

∫
dΩp̂ 〈|M0(p̂)|2〉

︸ ︷︷ ︸
=

M2
Z

8(2π)3
ΓZ→ff̄,0

∫ 1−2∆E/MZ

0

dz z(1− z)
∫

dβ

︸ ︷︷ ︸
→2π

×
∫ ∆α

0

dα1 sinα1

Q2
f e

2

qp

[
1 + z2

1− z −
m2

f

qp

]

≡ ΓZ→ff̄,0 δcoll,f

with

δcoll,f =
Q2

f α

8π

∫ 1−2∆E/MZ

0

dz z(1− z)
∫ ∆α

0

dα1 sinα1
M2

Z

qp

[
1 + z2

1− z −
m2

f

qp

]

≡ Q2
f α

8π

∫ 1−2∆E/MZ

0

dz z(1− z)
[
1 + z2

1− z K1 −K2

]
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Integration over collinear regime (continued):

Asymptotic behaviour of qp1: α1 < ∆α≪ 1, mf ≪MZ

qp1 = q0(p0
1 − |p1| cosα1) ∼ q0p0

1

(
1− cosα1 +

m2
f

2(p0
1)

2

)

∼ 1
4
M2

Z z(1− z)
(

1− cosα1 +
2m2

f

z2M2
Z

)

But: note hierarchy
mf

MZ
≪ ∆α ≪ 1

Angular integration:

K1 =

∫ ∆α

0

dα1 sinα1
M2

Z

qp1
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Integration over collinear regime (continued):

Asymptotic behaviour of qp1: α1 < ∆α≪ 1, mf ≪MZ

qp1 = q0(p0
1 − |p1| cosα1) ∼ q0p0

1

(
1− cosα1 +

m2
f

2(p0
1)

2

)

∼ 1
4
M2

Z z(1− z)
(

1− cosα1 +
2m2

f

z2M2
Z

)

But: note hierarchy
mf

MZ
≪ ∆α ≪ 1

Angular integration:

K1 =

∫ ∆α

0

dα1 sinα1
M2

Z

qp1

=
4

z(1− z)

∫ ∆α

0

dα1
sinα1

1− cosα1 +
2m2

f

z2M2
Z

+ . . .
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Integration over collinear regime (continued):

Asymptotic behaviour of qp1: α1 < ∆α≪ 1, mf ≪MZ

qp1 = q0(p0
1 − |p1| cosα1) ∼ q0p0

1

(
1− cosα1 +

m2
f

2(p0
1)

2

)

∼ 1
4
M2

Z z(1− z)
(

1− cosα1 +
2m2

f

z2M2
Z

)

But: note hierarchy
mf

MZ
≪ ∆α ≪ 1

Angular integration:

K1 =

∫ ∆α

0

dα1 sinα1
M2

Z

qp1

=
4

z(1− z)

∫ ∆α

0

dα1
sinα1

1− cosα1 +
2m2

f

z2M2
Z

+ . . .

=
4

z(1− z)

[
ln

(
1− cosα1 +

2m2
f

z2M2
Z

)]∆α

0

+ . . .
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Integration over collinear regime (continued):

Asymptotic behaviour of qp1: α1 < ∆α≪ 1, mf ≪MZ

qp1 = q0(p0
1 − |p1| cosα1) ∼ q0p0

1

(
1− cosα1 +

m2
f

2(p0
1)

2

)

∼ 1
4
M2

Z z(1− z)
(

1− cosα1 +
2m2

f

z2M2
Z

)

But: note hierarchy
mf

MZ
≪ ∆α ≪ 1

Angular integration:

K1 =

∫ ∆α

0

dα1 sinα1
M2

Z

qp1

=
4

z(1− z)

∫ ∆α

0

dα1
sinα1

1− cosα1 +
2m2

f

z2M2
Z

+ . . .

=
4

z(1− z)

[
ln

(
1− cosα1 +

2m2
f

z2M2
Z

)]∆α

0

+ . . .

=
4

z(1− z)

[
ln

(∆α2

2

)
− ln

( 2m2
f

z2M2
Z

)]
+ O(∆α) + O

(mf

MZ

)
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Integration over collinear regime (continued):

K2 =

∫ ∆α

0

dα1 sinα1

m2
f M

2
Z

(qp1)2
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Integration over collinear regime (continued):

K2 =

∫ ∆α

0

dα1 sinα1

m2
f M

2
Z

(qp1)2

=
16m2

f

M2
Z z

2(1− z)2
∫ ∆α

0

dα1
sinα1(

1− cosα1 +
2m2

f

z2M2
Z

)2 + . . .
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Integration over collinear regime (continued):

K2 =

∫ ∆α

0

dα1 sinα1

m2
f M

2
Z

(qp1)2

=
16m2

f

M2
Z z

2(1− z)2
∫ ∆α

0

dα1
sinα1(

1− cosα1 +
2m2

f

z2M2
Z

)2 + . . .

=
16m2

f

M2
Z z

2(1− z)2
[

−1

1− cosα1 +
2m2

f

z2M2
Z

]∆α

0

+ . . .

2nd IMPRS lecture block course, February 2006 S. Dittmaier (MPI München), Exercises for Theorists (topics in perturbative higher-order calculations) — part I – 30



Integration over collinear regime (continued):

K2 =

∫ ∆α

0

dα1 sinα1

m2
f M

2
Z

(qp1)2

=
16m2

f

M2
Z z

2(1− z)2
∫ ∆α

0

dα1
sinα1(

1− cosα1 +
2m2

f

z2M2
Z

)2 + . . .

=
16m2

f

M2
Z z

2(1− z)2
[

−1

1− cosα1 +
2m2

f

z2M2
Z

]∆α

0

+ . . .

=
16m2

f

M2
Z z

2(1− z)2
z2M2

Z

2m2
f

+ . . .

=
8

(1− z)2 + O(∆α) + O
(mf

MZ

)

Note:

• non-commutativity of limit mf → 0 and integration obvious

• result independent of ∆α !
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Integration over collinear regime (continued):

Insertion of K1 and K2 yields

δcoll,f =
Q2

f α

8π

∫ 1−2∆E/MZ

0

dz z(1− z)
[
1 + z2

1− z K1 −K2

]

=
Q2

f α

π

∫ 1−2∆E/MZ

0

dz

[
(1 + z2)

1− z ln
( zMZ∆α

2mf

)
− z

1− z

]

...

=
Q2

f α

π

[
2 ln

( MZ

2∆E

)
ln

(∆αMZ

2mf

)
+ ln

(2∆E

MZ

)
− 3

2
ln

(∆αMZ

2mf

)
+

9

4
− π2

3

]

= δcoll,f̄ because of symmetry

Comment:
Result is generally valid for collinear final-state radiation

off (anti-)fermions with momentum p̂ after substituting 1
2
MZ → p̂0
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3.4 The final result

Complete real photon correction factor for Z→ ff̄γ:

δreal = δhard + δsoft + δcoll,f + δcoll,f̄

=
Q2

f α

π

[
4 ln

(mγ

MZ

)
ln

(mf

MZ

)
− 2 ln2

(mf

MZ

)

+ 2 ln
(mγ

MZ

)
+ ln

(mf

MZ

)
+

11

4
− 2π2

3

]

Comments:

• Dependence on auxiliary cutoff parameters ∆E and ∆α drop out !
But: cancellation of cutoff dependence achieved only numerically

if non-singular integration is performed numerically
→֒ worsens numerical accuracy

Alternative to slicing: subtraction techniques (no cutoff parameters)

• Soft singularity shows up as (unphysical) lnmγ terms

• Collinear singularities show up as lnmf terms

• Result is correct up to mass-suppressed terms of O(mf )
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Anticipation of virtual photonic correction: (see part II of exercises)

Z

f

f

f

f

γ
Z

f

ff

f

γ
Z

f

f

f

f

γ

δvirt,phot =
Q2

f α

π

[
− 4 ln

(mγ

MZ

)
ln

(mf

MZ

)
+ 2 ln2

(mf

MZ

)

− 2 ln
(mγ

MZ

)
− ln

(mf

MZ

)
− 2 +

2π2

3

]

Complete photonic O(α) correction for Z→ ff̄(γ):

δphot = δreal + δvirt,phot =
3Q2

f α

4π

Comments:

• Soft-singular terms ∝ lnmγ cancel (Bloch–Nordsieck theorem)

• Collinear-singular terms ∝ lnmf also drop out !
Reason: inclusiveness of initial and final state w.r.t. (one-)photon emission
→֒ Kinoshita–Lee–Nauenberg theorem guarantees cancellation of singularities
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