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1 Introduction
Comparison of the Standard Model (SM) and QED:

QED SM
matter fields (spin 3) et leptons + quarks
gauge symmetry U(1)em SU(2) x U(1)
— gauge bosons (spin 1) y v, Z9, W+

Differences to QED:
* non-abelian gauge group
— gauge-boson self-interactions
* spontaneous symmetry breaking SU(2) x U(1) — U(1)em
— massive gauge bosons Z°, W+
Higgs boson H (spin 0)

= Common description of electromagnetic and weak interactions
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1 Introduction
Comparison of the Standard Model (SM) and QED:

QED SM

matter fields (spin 3) et leptons + quarks
gauge symmetry U(D)em SU(3) x SU(2) x U(1)
— gauge bosons (spin 1) y v, Z9, W+ | g

Differences to QED:
* non-abelian gauge group
— gauge-boson self-interactions
e spontaneous symmetry breaking SU(2) x U(1) — U(1)em
— massive gauge bosons Z°, W+
Higgs boson H (spin 0)

= Common description of electromagnetic and weak interactions
as well as strong interactions
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Perturbative evaluation of quantum field theories
Starting point: model formulated as quantum field theory

* each particle corresponds to a field ¢,
e Lagrangian L(¢;) for free motion & interactions

Perturbative evaluation of quantum field theories
Transition amplitude (f|S|i) = > Feynman graphs for i) — |f)
Form graphs following Feynman rules:

free propagators: vertices = elementary interactions:
v, Z, W f
OUNNNNS o——>»—0
g H
e v T 505 ® - - ——— - etc.

propagators & vertices «— termsin L(¢;)

Perturbative series for g — 0
= power series in g"
= power series in A" >
= expansion in # loops in diagrams |

= loop diagrams
= guantum corrections
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Elementary couplings of electroweak interactions:

gauge-boson self-couplings: Higgs self-couplings:
\W{ }{ B / N » ,
gauge-boson—Higgs couplings: fermion couplings:

% %
/ /
/ /
- — = ANNNNK - — =
\ \
\ \
\ \

Elementary couplings of strong interactions:

gluon self-couplings: gquark—gluon coupling:

a0
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Aim of the exercise block

— (ive some idea about higher-order calculations via simple examples
Specifically:  Z-boson decay Z — ff

Exercises include
* O prediction (tree level)

* NLO QED correction

¢ real photon bremsstrahlung
— soft and collinear singularities

¢ virtual one-loop correction
— UV singularities and renormalization

* NLO QCD correction (derived from the QED case)
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2 Fermion—gauge-boson sector of the SM and Z decay in lowest order

Fermion content of the SM:

(ignoring possible right-handed neutrinos) TI3
L L L 1
1 1 v + 5 0
leptons: ol = ), T, iy ’
P " (eL> (ML> (TL> -1 -
Pt = elt, u', ™, 0 -1
quarks: | . ne oL tL +1 42
(Each quarkexists V¢ = gL ) L) pL ) ) )
in 3 colours!) — 3 —3
R __ R R R 2
wu — u , c , t , 0 —|—§
w(l;{ _ dR, SR, bR, 0 _%

Left- and right-handed parts of fermions interact differently:
¢L :w—¢1 T?R :w+¢, W+ — %(1:&75)

e % coupleto W+ — group ¥" into SU(2); doublets, weak isospin 7 = %

e " do not couple to W= — ¢® are SU(2); singlets, weak isospin 77 = 0

 /F couple to v in the same way
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Fermion—gauge-boson interaction:

I 0 + I
Lferm,YM — € \IJL ( W ) \IJ% + € \IJ%O'SZ\IJIFJ’

V28w o |7/8m 0 2Cw Sw
— eS—Wwa_fzwf —eQ s Ay (f=all fermions, F'= all doublets)
Cw
Feynman rules:
f . f
%% L’y w_ A —iQ) rey
) % \/§8w 2 i % Fe T
f f
f
Zy  ievu(gfwy + gy w-)
f . s _ s Ty
/ with gf = —22Q;, g7 = —2Q; + L,
Cw Cw Cw Sw

CWZWQO.S& sw=+11—c% ~ 047
z

2nd IMPRS lecture block course, February 2006

S. Dittmaier (MPI Miinchen), Exercises for Theorists (topics in perturbative higher-order calculations) — part | —7



Z-boson decay in lowest order

Tree-level diagram: Born amplitude My (approximation of massless f)
P1
/ f . — .
7 iMo = Us(p1,0y) legfvuwo vr(p2,05) ey (k, Az)
_> _ )
k p\2A f with k% = (p1 +p2)* = M7, pi=p;=0

Spin-/colour-averaged amplitude squared:

IMol?) =5 D> > >, > IMof

Az=0,%£1 Uf::t% i% colour

oF=
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Z-boson decay in lowest order

Tree-level diagram: Born amplitude My (approximation of massless f)
D1
/ f . — .
P iMo = ug(p1,07) iegfvuwo vr(p2,075) €4 (k, Az)
—> _ . 2 2 2 2 _ 2 _
k 2 f with k" = (p1 +p2)" =Mz, pi=p3=0

Spin-/colour-averaged amplitude squared:

(Mol =2 > Y Y ) |[Mo]* colourfactors: Ne =1, N¢ =3

Az=0,%t1 Jf::t% Jf:i% colour
_ 1 f 2 o T — = [T %
= 3 N e“g% g5 E Ut YuWo E ViUF W_r Vv Uf EsE7
of oF A
M 2
—po = —gHY L kHEV /M2
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Z-boson decay in lowest order

Tree-level diagram: Born amplitude My (approximation of massless f)
D1
/ f . — .
P iMo = ug(p1,07) iegfvuwo vr(p2,075) €4 (k, Az)
—> _ . 2 2 2 2 _ 2 _
k 2 f with k" = (p1 +p2)" =Mz, pi=p3=0

Spin-/colour-averaged amplitude squared:

(Mol) =% > > Y ) [Mo* colourfactors: N; =1, N =

Az=0,%t1 Jf::t% Jf:i% colour
_ 1 f 2 o T — = [T %
= 3 N e“g% g5 E Ut YuWo E ViUF W_r Vv Uf EsE7
of oF A
M 2
— o = —gHY L kHEV /M2

only g"" term contributes

= —3 N 9797 T {p1vuwo o w—r 7"}
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Z-boson decay in lowest order

Tree-level diagram: Born amplitude My (approximation of massless f)
D1
/ f . — .
P iMo = ug(p1,07) iegfvuwo vr(p2,075) €4 (k, Az)
—> _ . 2 2 2 2 _ 2 _
k 2 f with k" = (p1 +p2)" =Mz, pi=p3=0

Spin-/colour-averaged amplitude squared:

(Mol) =% > > Y ) [Mo* colourfactors: N; =1, N =

Az=0,%t1 Jf::t% Jf:i% colour
_ 1 f 2 o T — = [T %
= 3 N e“g% g5 E Ut YuWo E ViUF W_r Vv Uf EsE7
of oF A
M 2
— o = —gHY L kHEV /M2

only g"" term contributes

—2 NJ 9797 Tr {1 Y wo Pow—- ¥}
= 2N (g7)’ Tr{prpew—o}
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Z-boson decay in lowest order

Tree-level diagram: Born amplitude My (approximation of massless f)
D1
/ f . — .
P iMo = ug(p1,07) iegfvuwo vr(p2,075) €4 (k, Az)
—> _ . 2 2 2 2 _ 2 _
k 2 f with k" = (p1 +p2)" =Mz, pi=p3=0

Spin-/colour-averaged amplitude squared:

(Mol =2 > Y Y ) |[Mo]* colourfactors: Ne =1, N¢ =3

Az=0,%t1 Jf::t% Jf:i% colour
_ 1 f 2 o T — = [T %
= $ N 29797 ) Us Yuws Y 0FTF wor Y uy €72
of oF A
- 2
—po =—ghV kR kY /M2

only g"" term contributes
1 2
= —3 N 9797 T {p1vuwo o w—r 7"}

= SNL (g7’ T {p1pow—0)
= 2 NI e*(97)? (p1 - p2)
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Z-boson decay in lowest order

Tree-level diagram: Born amplitude My (approximation of massless f)
D1
/ f . — .
P iMo = ug(p1,07) iegfvuwo vr(p2,075) €4 (k, Az)
—> _ . 2 2 2 2 _ 2 _
k 2 f with k" = (p1 +p2)" =Mz, pi=p3=0

Spin-/colour-averaged amplitude squared:

(Mol =2 > Y Y ) |[Mo]* colourfactors: Ne =1, N¢ =3

Az=0,%t1 Jf::t% Jf:i% colour
_ 1 f 2 o T — = [T %
= 3 N e“g% g5 E Ut YuWo E ViUF W_r Vv Uf EsE7
of oF A
M 2
— o = —gHY L kHEV /M2

only g"" term contributes
1 2
= —3 N 9797 T {p1vuwo o w—r 7"}

= 2N (g7)’ Tr{prpew—o}
= 2 NI e*(9%)° (p1 - p2)
= 2N e? [(gf) + (97)%| M3
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Lowest-order partial Z-decay width

1
Cosro = g | 4 (Mol

with the 1 — 2 phase-space integral

/O@H2 N /(d3p1 /(d3p2 (2m)* 6 (k — p1 — p2)

2m)32py J (2m)32p3
1
= dQ2
8(27?)2/ s
N——
— 47
Final result:
NJ e’ +42 —\2 chOé +12 —\2
Tstfo = (97 +(97)°| Mz = =S2[(g])" + (97)°] Mz
247 6
Comments:

* LO result has theoretical uncertainty of some %

* LEP accuracy for I'z ot is ~ 0.1% !
— calculation of higher orders indispensable
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Survey of NLO corrections

Virtual one-loop corrections (example f = u-quark)
u
d
144
Z
d
u

+ many self-energy diagrams needed in the renormalization

Real corrections from photon or gluon emission

Total NLO corrections
— virtual & real contributions yield corrections of relative orders O(«) and O(as)

Comment:
To match the aimed 0.1% accuracy even corrections beyond NLO are required.
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3 Real photon corrections

3.1 Non-singular contributions

Amplitudes for  Z(k,Az) — f(p1,05) + f(p2,0f7) + v(q, Ay) in lowest order

f
4
> =pi+p2+q)°=M;, pi=p3=¢"=0
Z i
. o —i(p2 + . N
iMy 1 = Uy legrfzws (p(zzb—i- q)é) (—iQyre)¢; vy

. — . * i + . o
IM%Q = Uur (—lee) ~ (Z(ﬁl_'— q%l 1egf¢zwg ’Uf

Spin-/colour-averaged amplitude squared:

IMLP) =3 > > > > > M+ My,

Az=0,%1 afZ:I:% Jf::t% Ay==x1 colour

_ M;  qp2 . qp
ZéNJQ2€4[g+2+g 2} (p1p2) z , 2 1
3 re |lgr)"+ lgy) (gp1)(gp2) ~ qp1  qp2

2
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3-particle phase space %

CMS of Z boson:
k' = (Mz,0) = p{ +ph +¢"

¢° =lq

polar axis

%

d3q d’p1 d°ps 4 ¢(4)
/ dPi-s = / (2w)32q0/ (2w>32p?/ o A R
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3-particle phase space %

CMS of Z boson:

polar axis

k' = (Mz,0) = pi +ph5 +q"

0

%

/dCI)HB - /( )324° / (2(71:;32191 / (25;5221?8 (2m)" 6P (k — g —p1 — p2)

— E /dSq/d3p1 5(MZ —q _pl pg)v pg = |q + p1]
q° p p3

OO
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3-particle phase space %

CMS of Z boson:

k" = (Mz,0) = py +p} +¢"

¢’ =lq

polar axis

, p,? = ’Pz|

%

d3q d3p1 d3p2 4 (@
d®,_,3 = 2 k—qag—mp —
/ Y / (2W)32q0/ (27T)32p(1)/ Gryeggg (27 0 (k== p1—p2)

1 3 3 1 0 0 0 0
802 /d q/d Pi g o 0Mz—a =pi—pa),  p2=latpil
1 0 0 qopcl) 0 0 0
= Q My —q° —p° —
8(2m)5 /dq /d q/dplfdﬂ/dcosou pg 0(Mz — q P1 — D2)
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3-particle phase space %

CMS of Z boson:

polar axis

k' = (Mz,0) = pi +ph5 +q"

0

¢’ =lal, p} = |pi

kg

d®,_,3 = 2 k—qag—mp —
/ o / 32(10/(27T)32p1/(27r)32p8 (2m)" 67 (k — g = p1 — p2)

d3p1

[ v o
/

P
d? /dplfdﬂfdcosal 01 (5(Mz—q0—p(1)—pg)

d’q =8(Mz —q° —pl —p3),  p2=|q+pi

5

0
p— 5 /dq
_ ﬂ
0 cos aiq 20,99
/qu/ ﬁ/dq /dp1

5
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Phase-space boundary:
p2=la+pil & (02)°=(¢")° +(p1)* +2¢°pi cos
Implications:
* (12)? < (¢°)* + (p))* +2¢°p} = (¢° + p})* = (Mz — p3)*
= p3 < 3Mz, e ¢’ +p}<;zMy
® p3min =0, since q = —p; possible

= ¢°lmin = PY|min =0 by symmetry

Phase-space integral:

/ 1 o 27 5 1My . 1My .
d(I)1_>3 — / d / d / dq / dp
8(27T)5 ! 0 0 %Mz—qo !
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Kinematics and singular regions:

Scalar products can be expressed in terms of energies p9, p3, and ¢°:

pip2 = %(pl +p2)° = %(k —q)* = %kQ — kq = %Mé — Mzq" = MZ(%MZ - q0>,
g =...= MZ(%MZ —p3> = Mz((zo +pf — %MZ),

qQp2 = ...= MZ(%MZ —p?)

Behaviour of phase-space integrals:

—1 M —1 M 0
5 Mz 5 Mz

< Iogarithmically divergent for p§ — 2 My

RN
dg”
(gp1) qu)

B /§MZ dqo %Mz—qo /%MZ dpo [ 1 n 1 ]
= 1
0 Mz q°  Jin, o ¢ +pY—5Mz Mz —p]

A

~~

log. divergent  for ¢° — 0 for p9 — 1My for p — 1My
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General origin of singularities:

* Collinear singularities for (gp;) — 0
(gp) for nearly collinear v emission off light particle with mom. p (p* = m* — 0)

qp = qo(po — |P[cosa) m—0 qopo {—2 +1 — cos a]

Integration over collinear region oo ~ O(m?/p{) yields

+1
/ dcosa L x In(m) + (finite for m — 0)
1 (qp)

e Soft singularity for ¢ — 0
(gp1)(gp2) for arbitrary on-shell momenta p; (p; = m3):

(gp1)(gp2) = qd (P — |p1|cosa1)(Pd — |p2| cos az)

Integration over photon momentum

(2m)32q0 (gp1)(gp2) qo

Regularization by infinitesimally small photon mass m~:  laiy o< Inm,
or via dimensional regularization:  Iaq;y o< 1/(D — 4)
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Simple technical procedure: phase-space slicing
Decomposition of photon pase space into 3 different regions: (AE, Aa — 0)
* Non-singular region: go > AFE, «a; > Aa, 1=1,2

— Integration of (| M, |?) possible without regulators, i.e. m; = m., =0

* Soft-photon region: m~y < qo < AE

(M~ (@)% — {|Mo|?) X feors(q), where f..e(q) = universal factor

q—0

— process-independent integral [ dq fsor(¢), €.9., with infinitesimal m.,

* Collinear region: g >AF, 0<aoa; <Aa, 1=1,2
(M5 (P)l?) =5 (IMol®) X feoni(ai, ms),

— process-independent integral [ da; feon,: (o, ms) with finite m;

Comment: case of collinear initial-state radiation somewhat more complicated,
because (|My|?) is boosted
< process-independent integral involves convolution over {|Mg|?)

2nd IMPRS lecture block course, February 2006 S. Dittmaier (MPI Miinchen), Exercises for Theorists (topics in perturbative higher-order calculations) — part | — 16



Cutoff parameters AE and Aa for Z — ff~y

L My LMz
Impose cuts ¢° > AF and o; > Aa on / dq’ / dp}
O =
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Cutoff parameters AE and A« for Z — ff~

Mz b
Impose cuts ¢° > AF and o; > Aa on / dq’ / dp}
0 L My —q0
2

o gp2 = ¢’p3(1—cosaz) = ¢°(Mz —q° —pi) (1 —cosan) = Mz(%Mz—p?)

A\ 7
~”

1 2
>2Aa
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Cutoff parameters AE and A« for Z — ff~

Mz b
Impose cuts ¢° > AF and o; > Aa on / dq’ / dp}
0 L My —q0
2

o gp2 = ¢’p3(1—cosaz) = ¢°(Mz —q° —pi) (1 —cosan) = Mz(%Mz—p?)

>%Za2
0 1 0 - 0 QO(MZ - 2(10) 2
— pi < Mz —€(q) with  €(q ) = e Aa
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Cutoff parameters AE and A« for Z — ff~

3 My 3 My
Impose cuts ¢° > AE and «; > Aa on / dq’ / dp}
0 L My —q0
2

o gp2 = ¢’p3(1—cosaz) = ¢°(Mz —q° —pi) (1 —cosan) = Mz(%Mz—p?)

>%Za2
0 1 0 - 0 QO(MZ - 2(10) 2
— pi < Mz —€(q) with  €(q ) = e Aa

e qp1=q’pi (1 —cosa)

>%Aa2

= Mz (" +p§ — $ My)
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Cutoff parameters AE and Ao for Z — f f

Ly LMy
Impose cuts ¢° > AF and o; > Aa on / dq’ / dp}
0 L My —q0
2

o gp2 = ¢’p3(1—cosaz) = ¢°(Mz —q° —pi) (1 —cosan) = Mz(%Mz—p?)

>%2a2
0 1 0 - 0 CIO(MZ - 2(10) 2
— pi < Mz —€(q) with  €(q ) = e A«
a2—>0

[N

e qp1=q’pi (1 —cosa)

>%Aa2

0 AE s My
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Integration over non-singular region

1
FZ—*fJF‘hard - 2M /non_s,ng A3 <’M7|2>
1 A 3 1 27
_ 4 NF 2 4[ +12 2} / 0 /
e 3 1Vc Qfe (gf ) + (gf ) 8(271')5 d q 0 dﬁ

— 872

imMm LMy —e 2

) Z 5 Vi Z 7\1
x / qu/ ap? | PP My apx by
1 (gp1)(gp2) ~ gpr ~ qp2

integrals equal by symmetry

Qia [2Mz g Mz~ 2 4
=Tz .70 —= / qu/ dp1 : prp2) 4 a;
1 +e

gp1)(gp2) M3 qp

T Jake L My —q°
Qi
=17_+70 ;; (J12 + J2)

=I'y_. 7.0 Ohard
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Evaluation of integrals

1 1
4 §MZ §MZ—€
JQ — / dq0/1 dp? _qpl
2

2
M7 | Ap My —qO0+e qp2
v
— 0 possible

1 1
4 1My 1 My—e 04 0 _ 1y AL
= / dqo/1 ap} T2 4 o(22)
0 2

M; Mz —q0%+e %MZ — i Mr
1 LM, —e
4 2 Mz, 5 " Z
:W/ dq" [—qoln(%MZ—p?)—pﬁ)] +
Z J0 LMz —qO+e
1 %MZ 0O O | 0
= —5 dg ¢ | —In(e) +1In(qg") — 1| + O(Aa) +
MZ 0 |
1 _
4 2 Mz 0O O (MZ - 26]0) 2
= — d — In Aa” | —1
M2 /0 9 ( AMz i
In ( : ) + =y
— |n - -
Ao 4
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Evaluation of integrals (continued)

L Vi Ln, e
2"z 2"z 2
Jio :/ qu/ dp(l) (P1P2)
A

Ing—g0+e  (ap1)(gp2)

E
3 Mz 0 3 Mz~ 0 Mz — 2q°
— dq dp; ) )
AE 3Mz—a%+e My (qO +pi — §MZ) (aMz — p?)

_/%MZ dg° MZ—QQO/%MZ_e dpo[ L, 1 ]
N Mzq®  Jirg-gose  L5Mz =10 @ +p) — §Mz
Iy
274 1 2
:2/ dq0< — )[—lne +1nq0} +
N 5 =55 ) [~ + (")
im
2 17 1 2 MZ_Qq )
= —2 dg’ (= — =~ ] In Ao +
/AE ! (qo Mz) ( 4 My,
l]\4Z 0 1
:41n<l)/2 4 / dtlnl—t —|—2/ dt In 1—t)Aa +

() () -m () -2+ -
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Final results for the non-singular contribution:

2
(8%
Ohard = QL (Ji2 + J2)
v
Q Qra 2 My 2 7w AE
s 41n<Aa)ln(2AE)_31n(A_a>_Z—I_? + O(Aa) + O My,
Comment on more complicated processes: (scattering processes, etc.)

Analytical evaluation of the phase-space integrals in general not possible

(and not sufficient because of experimental cuts, etc.)

— application of Monte Carlo integration / event generators techniques
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3.2 Soft-singular contributions

General considerations about soft-photon singularities:

* Virtual corrections:  loop diagrams
IR divergences from soft virtual photons (¢ — 0)

dq...
/ 5 5 1 — C'ln(m-~)
(¢* — m5 )(2gp1)(2gp2)
N~~~
fictitious infinitesimal photon mass as regulator

* “Real” corrections:  photon bremsstrahlung
2

. . IR divergences from soft real photons (q — 0)
d°q d’q. ..

ca
70 Va2 + m2(2gp1)(2gp2)

Bloch—Nordsieck theorem:

— —C'In(m~)

IR divergences of virtual and real corrections cancel in the sum

— virtual and soft-photonic corrections cannot be discussed separately
— related to limited experimental resolution of soft photons

= Predictions necessarily depend on treatment of photon emission
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General calculation of soft-photon factor:

(p—q)? my
exp ELD
— —Qre = AMP)ur(p) = —Qre = Mpom
P fqp()f() e

“Eikonal factorization” holds for all charged particles (spin 0, %, 1)

@ d?)_q HZQi)(j:Qj)(pipj) (¢ = particle with charge Q;

= 0 = —— i i '
soft o2 N 240 (qpi)(qp;) incoming(+) or outgoing (—))

i,
Application to Z — f f~:

Qja / d’q [ 2(pip;) my m}

5soft —

212 ) <qo<ar 200 | (qpi)(gp;)  (gp1)?  (gp2)?

Note:

* fermion f cannot be taken massless in soft region
— hierarchy of limits: Mz, p; > m; > AE > m, — 0

* Jdsoft 1S NOt Lorentz invariant
— evaluation in CMS of decaying Z boson
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Evaluation of soft-photon integrals
Allowed approximation: k= pi +p2, i.e. pf, = (po,E£p), po = %Mz in CMS
Integral from squared diagrams:

d®q mj
I = / 5 L qp1 = qopo — |a| |p| cos b
mo<go<AE 240 (gp1)
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Evaluation of soft-photon integrals
Allowed approximation: k= pi +p2, i.e. pf, = (po,E£p), po = %Mz in CMS
Integral from squared diagrams:

d®q mj
I = / 5 L qp1 = qopo — |a| |p| cos b
mo<go<AE 240 (gp1)

d 2 +1 m2
= 27‘(‘/ M / dcos6 / 5
my<go<AE 240 —1 (gopo — |a| [p| cos0)
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Evaluation of soft-photon integrals

Allowed approximation:

k=p1+p2, ie pfy,=(po,xp), po=3Mz inCMS

Integral from squared diagrams:

d3q m?
I]_l — / 9 f27
mo<go<AE 240 (gp1)

qpr1 = qopo — |q| |p| cos O

d 2 +1 m2
= 27‘(‘/ alq / dcos6 / 5
my<go<AE 240 —1 (gopo — |a| [p| cos0)

2
d|q| q’ my 2 2 2 2

= 277/
m7<q0<AE

2nd IMPRS lecture block course, February 2006

g  q3p5 — 9’p?’
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Evaluation of soft-photon integrals
Allowed approximation: k= pi +p2, i.e. pf, = (po,E£p), po = %Mz in CMS
Integral from squared diagrams:

d’q m?
L = / d ! 5 qp1 = qopo — |a| |p| cos b
m~<qo<AE 2qo (qpl)

d 2 +1 m2
= 27‘('/ alq / dcos6 / 5
my<go<AE 240 —1 (gopo — |a| [p| cos0)

d|q| q’ m?” 2 2 2 2 2 2
:27T/ 2 9 2.9 q :(Jo—mw p :pO_mj
m7<q0<AE

qo doPo —A°P

AE m2 /a2 —m2
:%/ dqo A myvz = 1/q5 —m3 + qo

M~ 5 — m’Y]mf + pgm2’
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Evaluation of soft-photon integrals
Allowed approximation: k= pi +p2, i.e. pf, = (po,E£p), po = %Mz in CMS
Integral from squared diagrams:

d’q m?
L = / d ! 5 qp1 = qopo — |a| |p| cos b
m~<qo<AE 2qo (qpl)

d 2 +1 m2
= 27‘('/ alq / dcos6 / 5
my<go<AE 240 —1 (gopo — |a| [p| cos0)

d|q| q’ m?” 2 2 2 2 2 2
:27T/ 2 9 2.9 q :(Jo—mw p :pO_mj
m7<q0<AE

qo doPo —A°P

AE m2 /a2 —m2
:%/ dqo A myvz = 1/q5 —m3 + qo

M~ 5 — m’Y]mf + pgm2’

/4AE2/m,27 . mfc (z —1)?
= 7 2
. z[m? (z — 1)2 4 4zp?]
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Evaluation of soft-photon integrals
Allowed approximation: k= pi +p2, i.e. pf, = (po,E£p), po = %Mz in CMS
Integral from squared diagrams:

d’q m?
L = / d ! 5 qp1 = qopo — |a| |p| cos b
m~<qo<AE 2qo (qpl)

d 2 +1 m2
= 27‘('/ alq / dcos6 / 5
my<go<AE 240 —1 (gopo — |a| [p| cos0)

d|q| q’ m?” 2 2 2 2 2 2
:27T/ 2 9 2.9 q :(Jo—mw p :pO_mj
m,y<q0<AE

qo doPo —A°P

AE m2 /a2 —m2
:%/ dqo A myvz = 1/q5 —m3 + qo

M~ 5 — m’Y]mf + pgm2’

/4AE2/m3 . m?g (z —1)?
= 7 2
. z[m? (z — 1)2 4 4zp?]

) /4AE2/m3d [1 1 1 1 m?
= T zZ|— — + + ..., 21 = — = ——5
1 Z zZ— 21 Z— 29 zZ2 4p0
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Evaluation of soft-photon integrals
Allowed approximation: k= pi +p2, i.e. pf, = (po,E£p), po = %Mz in CMS
Integral from squared diagrams:

d’q m?
L = / d ! 5 qp1 = qopo — |a| |p| cos b
m~<qo<AE 2qo (qpl)

d 2 +1 m2
= 27‘('/ alq / dcos6 / 5
my<go<AE 240 —1 (gopo — |a| [p| cos0)

d|q| q” m?” 2 2 2 2 2 y
:27T/ 2 9 2.9 q :(Jo—mw p :pO_mj
m~y<qo<AE qo doPo — A°P
AFE 2
m qo — Mm%
e [y T o3 = VT
M~y [QO m’y]mf + pO
/4AE2/m3 1 m3(z — 1)* N
= T < ..
. z[m? (z — 1)2 4 4zp?]
2 2
AAETmy T 1 1 1 m3
=7 dz |- — + + ..., n=—=——5+..
1 z Z— 21 Z — 29 z2 4pg
4AE? m3 M
= (05 )+ (55)| + - note: 22 5 M2
m2 M7 M~ my
= I22
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Integral from interference diagrams:

d3
Ly = / q_(pp2) , qp1,2 = qopo || |p| cosé
m.<ao<aB 290 (gp1)(gp2)
d 2 +1
= 27r/ qla / dcosl —— (p12p22) 5
my<qo<AE 2qo —1 d5py — Q°p° cos® 6
_ AP dgo , (qopo + 4l |p|
= 27 —— In
m~ 40 qopo — |al |p]
2AF M 2
= wamn (225 ) (22) om? (L) - ] 4
My mys M7, 3

Soft-photon factor for Z — f f~:
Q}a

2772

. Q?OC 2AE m ¢ 2 (Myf my i
e 21n ( mv> 1—|—21n<ﬁz> +21n (E)—an(ﬁz)—l—?

Osoft = [2112 — I11 — 122}
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3.3 Collinear-singular contributions

General collinear factorization for final-state radiation:

ch€2[1+22 mfc] 2
— Mo (D
o |15~ g | (M@
0
with z = o
p

Comments:

e asymptotics valid both for outgoing f and f

(can be transferred to incoming fermions via appropriate substitutions)

* for “non-exceptional” photon gauges (|pn| > my if e*n = 0)
only subgraphs of shown type contribute to leading asymptotics
* kinematics in collinear regime:
¢“ = (1—2)p" + ¢| + g,
p' = z2p" — ¢ — qF,

with pg. =0, q.=0, q2=0m3), ¢=-q¢1 =0m2/)
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Phase-space for collinear region of v and f: %

Py = 3 Mz
" = $Mz(1—2) .

polar axis
a1 = qop?(l — cos )

= Mz(q" +pi — 5 Mz)
o 1 0 0
d®,_3 = = [ dQq [ dg” [ dB | dp1 0(Aa — aq)
a1 <A« 8(2m N~
= dQ;
fora; — 0
27T 1
0
- dQ; dq / 48 d cos a1 _op1
AE 0 1-1Aa? 8 cos ax
o | Mag - M) Q2 Mg) L
dcosa | o 2[Mz — q°(1 — cosap)]? @10 2My 4
1— QAE/MZ Ao
= d®,3 = /dQ / dz z(l—z)/ dg day sin ag
a1 <Aa 64 27T 0
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Integration over collinear regime:
Collecting results yields

1 2
Fz—#f‘cou,f - 2Mz / <A A1 ((M-]7)
a1 fo’

1 M2 0 o 1—2AE /My
= 537 G | 4% (M) [ dz2(1-2) [ s

"~ - \/-’
M2 —27
— Z I _
8(27‘(‘)3 Z— ff,0

A« 2 2 2 2
e 1 m
X / da1 sin o ] [ tE —f]
0

gp | 1—2 qp

FZ—>ff,0 5coll,f

with
2 1—-2AE /My, Ao 2 2 2
Q0 Mz |1 m
5coll,f = QL / dzz(l — Z)/ dOél SiIlOél Z [ T 2 — f]
8t Jo 0 gp | 1—2  gqp
2 1—-2AE /My, 2
Qo 1
= % / dzz(l—z)[1+zz K1—K2]
0 _
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Integration over collinear regime (continued):

Asymptotic behaviour of ¢p;: a < AakKl, my <K Mgz
2
m
gpr = ¢°(p? — |p1|cosar) ~ ¢’pi (1 — cosaq + Jz>
2(?1)

2m7
12 f
~ —Mzz(l—z)(l—cosa1+ )

But:  note hierarchy % <L Aa K 1
Z

Angular integration:

A« 2

M

K1 :/ day sinag —2
0 qp1
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Integration over collinear regime (continued):

Asymptotic behaviour of ¢p;: a < AakKl, my <K Mgz

2
m

gp1 = ¢°(p§ — |p1]cosay) ~ qop?(1—008a1+ Jz>
2(191)

2m7
12 f
~ —Mzz(l—z)(l—cosa1+ )

But:  note hierarchy % <L Aa K 1
Z

Angular integration:

N V-
K = day sina; —=
0

qp1
4 Aa sin o
& #) Jo 1 —cos a1 + —7i
z= Mz
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Integration over collinear regime (continued):

Asymptotic behaviour of ¢p;:

a1 < Aak1l, my < My

2
m
gpr = ¢°(pi — p1|cosai) ~ qop(l)(l—cosoz1—|— A )

2(p?)?

2m7
~ %M%z(l—z)(l—cosal—k / )

2 /2
22 My

But:  note hierarchy i3 <L Aa K 1

My

Angular integration:

A« 2

M

K1 :/ day sinag —2
0 qp1

sin o

4 Ao
- z(l—z)/o dan

4

1 —cosaq +

— + ..

2 2
zMZ

2 Ao

- —)[ln<1—cosoz1—|— 2my )} + o

2(1 —z
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2 A /2
zMZO
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Integration over collinear regime (continued):

Asymptotic behaviour of ¢p;: a < AakKl, my <K Mgz

2
m
gpr = ¢°(pi — p1|cosai) ~ qop(l)(l—cosozl—l— A )

2(p?)?

2m7
~ %M%z(l—z)(l—cosalJr / )

2 /2
22 My

But:  note hierarchy i3 <L Aa K 1

My

Angular integration:

Y V-
K, = day sina; —=
0

N qp1
| don =g + -
1-|—22M%
= L[ln(l—cosozl—l— Qm?c >}Aa + ..
z2(1—2) 22M7 7 |,
Qm?c

= ﬁ[ln(%)—m(
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)] + O(Aa) + O(%)

2N /2
zMZ
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Integration over collinear regime (continued):

Aa , m?c M%
Ky = dai sinay ———
0 (qp1)
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Integration over collinear regime (continued):

Aa , m?c M%
Ky = dai sinan ———
0 (qp1)

16mfc sin o

A«
— d
Mz 2*(1 — z)? /0 al ( 2m? )2

_ f
1 —cosa; + oy
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Integration over collinear regime (continued):

A« 2 2

. my My

Ky = day sinay ———
0

(gp1)?
16m? Aa sin o
f 1
= d
M3 22(1 = 2)? / o 2 N\°
1 —cosai + Zsz%)
16m7 ~1 Ao
— M2 2(1_ )2 2m2 T
z & 1 —cosar + 57tz 0
Z
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Integration over collinear regime (continued):

A 2 72

. . my Mj

Ko = dai sinov; ——
0

(gp1)?
16m> Ao sin o
f 1
= d
M%z2(1—z)2/0 041 om?2 '\ 2 *

1—cosa1—|—z2Mf%)

16m7 ~1 Ao
- M2 22(1 — )2 2m 2 T

Zz( o 1 —cosay + I_Jo

Z2M%
16m7  22M2
Mz 22(1 - 2)? 2m3

= ﬁ + (’)(Aa) -+ O(ﬁ)

Note:
* non-commutativity of limit m; — 0 and integration obvious

* result independent of A« !
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Integration over collinear regime (continued):

Insertion of K1 and K5 yields

2 1—2AE /My 2
Q 1
S s = DI / dz 2(1 — z)[ e K2]
0

81 —z
2 1-2AE /My 2
:M/ dzlwm(@)_ 2 ]
7T 0 1 -2z 2my 1—-=2
R} a My AaMy 2AE\ 3. (AaMz\ 9 x?
= () (G, ) e (Gy) -3 (50 v 5
= |P"\2aE) "\, )T ) T2 o, ) T T
= Ocoll, f because of symmetry
Comment:
Result is generally valid for collinear final-state radiation
off (anti-)fermions with momentum p after substituting 2 Mz — p°
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3.4 The final result

Complete real photon correction factor for Z — f f~:

5real p— 5hard -+ 5soft + 5coll,f + 5coll,f

- S o (5 m ) -2 3)

m m 11 272
2in (§7) +n (572 ) + 5 -
tamian) T \a,) T T 3

Comments:

* Dependence on auxiliary cutoff parameters AE and A« drop out !

But:  cancellation of cutoff dependence achieved only numerically
if non-singular integration is performed numerically

— worsens numerical accuracy
Alternative to slicing:  subtraction techniques (no cutoff parameters)

* Soft singularity shows up as (unphysical) In m., terms
e Collinear singularities show up as Inm terms

* Result is correct up to mass-suppressed terms of O(my)
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Anticipation of virtual photonic correction: (see part Il of exercises)

f ~v f
Y & f
Z Z f f Z
f 7 f f

5o _ Qja —4In ( >1n(mf)+21n (ﬁ)
virt,phot — T MZ MZ MZ

m m 272
- (32) - () -2+
"\ ) T P\, T3

Complete photonic O(«) correction for Z — £ f(v):

BQ?: o)
4

5phot — 5real + 5virt,phot
Comments:

* Soft-singular terms « Inm., cancel (Bloch—Nordsieck theorem)

* Collinear-singular terms o Inmy also drop out !
Reason: inclusiveness of initial and final state w.r.t. (one-)photon emission
— Kinoshita—Lee—Nauenberg theorem guarantees cancellation of singularities
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