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Motivation

Loop quantum gravity (LQG) is a background-independent
canonical theory of quantum gravity

Main idea: Recasting of General Relativity (GR)
into a connection formulation (ABI theory)

⇒ Holonomies, Wilson loops, Spin networks, etc.

This recasting is not trivial

Idea: try and consider a theory with a natural connection variable

⇒ Hilbert-Palatini theory (in arbitrary dimensions?)



Motivation Introduction Hilbert-Palatini theory Conclusions & Outlook

Motivation

Loop quantum gravity (LQG) is a background-independent
canonical theory of quantum gravity

Main idea: Recasting of General Relativity (GR)
into a connection formulation (ABI theory)

⇒ Holonomies, Wilson loops, Spin networks, etc.

This recasting is not trivial

Idea: try and consider a theory with a natural connection variable

⇒ Hilbert-Palatini theory (in arbitrary dimensions?)



Motivation Introduction Hilbert-Palatini theory Conclusions & Outlook

Motivation

Loop quantum gravity (LQG) is a background-independent
canonical theory of quantum gravity

Main idea: Recasting of General Relativity (GR)
into a connection formulation (ABI theory)

⇒ Holonomies, Wilson loops, Spin networks, etc.

This recasting is not trivial

Idea: try and consider a theory with a natural connection variable

⇒ Hilbert-Palatini theory (in arbitrary dimensions?)



Motivation Introduction Hilbert-Palatini theory Conclusions & Outlook

Motivation

Loop quantum gravity (LQG) is a background-independent
canonical theory of quantum gravity

Main idea: Recasting of General Relativity (GR)
into a connection formulation (ABI theory)

⇒ Holonomies, Wilson loops, Spin networks, etc.

This recasting is not trivial

Idea: try and consider a theory with a natural connection variable

⇒ Hilbert-Palatini theory (in arbitrary dimensions?)



Motivation Introduction Hilbert-Palatini theory Conclusions & Outlook

Motivation

Loop quantum gravity (LQG) is a background-independent
canonical theory of quantum gravity

Main idea: Recasting of General Relativity (GR)
into a connection formulation (ABI theory)

⇒ Holonomies, Wilson loops, Spin networks, etc.

This recasting is not trivial

Idea: try and consider a theory with a natural connection variable

⇒ Hilbert-Palatini theory (in arbitrary dimensions?)



Motivation Introduction Hilbert-Palatini theory Conclusions & Outlook

Motivation

Loop quantum gravity (LQG) is a background-independent
canonical theory of quantum gravity

Main idea: Recasting of General Relativity (GR)
into a connection formulation (ABI theory)

⇒ Holonomies, Wilson loops, Spin networks, etc.

This recasting is not trivial

Idea: try and consider a theory with a natural connection variable

⇒ Hilbert-Palatini theory

(in arbitrary dimensions?)



Motivation Introduction Hilbert-Palatini theory Conclusions & Outlook

Motivation

Loop quantum gravity (LQG) is a background-independent
canonical theory of quantum gravity

Main idea: Recasting of General Relativity (GR)
into a connection formulation (ABI theory)

⇒ Holonomies, Wilson loops, Spin networks, etc.

This recasting is not trivial

Idea: try and consider a theory with a natural connection variable

⇒ Hilbert-Palatini theory (in arbitrary dimensions?)



Motivation Introduction Hilbert-Palatini theory Conclusions & Outlook

Outline

1 Motivation

2 Introduction

3 Hilbert-Palatini theory

4 Conclusions & Outlook



Motivation Introduction Hilbert-Palatini theory Conclusions & Outlook

Introduction: General Relativity (GR)

GR is a relativistic theory of gravity.

Gravitational interaction ∧= Spacetime dynamics

Spacetime metric gµν : ds2 = gµνdxµxν

Spacetime connection Γµν
ρ: ∇µvρ = ∂µvρ − Γµν

ρvν

Riemann (curvature) tensor Rµνρσ = 2∂[µΓν]ρ
σ + 2Γ[µ|ρ

λΓ|ν]λ
σ

Square brackets denote antisymmetrization: A[µν] = 1
2 (Aµν − Aνµ)

Ricci tensor Rµν = Rρµνρ , Ricci scalar R = Rµµ

Action of the gravitational field (Einstein-Hilbert action):

SEH =

∫
dD+1x ·

√
−gR
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Introduction: Hilbert-Palatini (HP) theory

HP theory is a modification of GR

D + 1-dimensional internal space with Minkowski metric ηIJ

Vielbein eµI and inverse vielbein eµI : gµν := eµI eνJηIJ

Internal connection ωµI
J : DµvJ = ∂µvJ − ωµI

Jv I

Internal curvature FµνI J = 2
(
∂[µων]I

J + ω[µ|I
Kω|ν]K

J)
its “spacetime version” being Fµνρ

σ = eρ
I eσ

JFµνI
J ,

Fµν = Fρµν
ρ, F = Fµ

µ

Note: ωµI
J is not related to Γµν

ρ or eµI

Hilbert-Palatini action:

SHP =
1
2

∫
dD+1x · eeµI eνJFµν IJ
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Introduction: Comparison of GR with HP theory

Einstein-Hilbert action: SEH =
∫

dD+1x ·
√
−gR

Euler-Lagrange equation: δSEH
δgµν

!
= 0⇒ Rµν − 1

2Rgµν = 0

Hilbert-Palatini action: SHP = 1
2

∫
dD+1x · eeµI eνJFµν IJ

Euler-Lagrange equations:
δSEH
δeµ

I
!

= 0⇒ Fµν − 1
2Fgµν = 0

δSEH
δωµI J

!
= 0⇒ Fµνρσ = Rµνρσ

⇒ Matter-free GR and HP theory are equivalent on-shell
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Hilbert-Palatini theory: Spacetime split

Source: T. Thiemann. Modern Canonical

Quantum General Relativity (2007)

← Spacetime split

Assumption: Spacetime
topology M ∼= R× σ
Foliation of M into
hypersurfaces Σt ∼= σ
of constant time t

The choice of t is arbitrary!

Parametrization with

N . . . lapse function

Nµ . . . shift vector

Pullback all spatial quantities on σ:

Nµ → Na, eµ
I → et

I , ea
I ,

ωµI
J → ωtI

J , ωaI
J , etc.

N = − 1
eet I etI , Na = − et

I eaI

et JetJ
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Hilbert-Palatini theory: Legendre transform

Canonical variables:
Coordinates et

I ea
I ωt

IJ ωa
IJ

Momenta Πt
I = 0 Πa

I = 0 Πt
IJ = 0 Πa

IJ = 2ee[t
I ea]

J

︸ ︷︷ ︸
⇒constraints: H,Ha,GIJ

H = 1
2Πa

IK Πb
J
KFab

IJ , Ha = 1
2Πb

IJFab
IJ , GIJ = DaΠa

IJ

Incorporate et
I and ea

I into N, Na, Πa
IJ

Get rid of additional freedom by introducing simplicity constraint:

Sab
IJKL := Πa

[IJΠb
KL]

HP-Hamiltonian:

H =

∫
dDx ·

(
NH+N aHa + ΛIJGIJ + cab

IJKLSab
IJKL

)
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Hilbert-Palatini theory: Constraint analysis

Constraint analysis

Constraints H, Ha and GIJ Poisson-commute with each other
pairwise
Constraint Sab

IJKL Poisson-commutes with Ha and GIJ

Poisson bracket of Sab
IJKL and H gives us a new constraint

Bab
IJKL = Π(a|

[J
M

Πc
I |MDcΠ|b)

|KL]

Constraint Bab
IJKL Poisson-commutes with Ha and GIJn

Bab
IJKL

h
bab

IJKL
i
,Scd

MNOP

h
ccd

MNOP
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=: Fabcd
IJKLMNOP

h
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IJKLccd
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i
n
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IJKL
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i
,H [N ]
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=: Σab
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Assume ∃
(
F−1

)
abcd

IJKLMNOP such that(
F−1)

abcd
IJKLMNOPFabef

IJKLQRST = δ
(ef )
(cd)δ

[MNOP]
[QRST ]

Then ∃c̃cd
MNOP := −Σab

IJKL
(
F−1)

abcd
IJKLMNOP

⇒ Replace arbitrary cab
IJKL in Hamiltonian by c̃ab

IJKL

⇒ Adjust H, if needed: H̃ := H+ 1
N c̃ab

IJKLSab
IJKL

⇒ Bab
IJKL now Poisson-commutes with Hamiltonian

Still, Sab
IJKL and Bab

IJKL are second-class contraints
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Hilbert-Palatini theory: Reduction to ADM theory

Proof of ∃
(
F−1

)
abcd

IJKLMNOP

has not been found

Problem: For D > 3, Sab
IJKL’s are not independent (same for Bab

IJKL’s)

However, there is an indication that no further constraints exist

1 Spacetime split in internal space: I → 0, i
2 Time gauge Πa

ij = 0
3 New canonical variables pair Kai = ωa0i , E ai = Πa0i

4 GIJ splits into G0i and Gij

5 Solve Sab
IJKL, Bab

IJKL and G0i

⇒ ADM theory (Hamiltonian formulation of GR)

No further constraints needed to obtain ADM
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Mod. Phys. D, 10, 261 (2001)

Outlook

1 Investigations of other GR reformulations
2 Maybe LQG “predicts” 3 + 1-dimensional spacetime?



Motivation Introduction Hilbert-Palatini theory Conclusions & Outlook

Conclusions & Outlook

Conclusions

1 HP theory provides a natural connection variable
2 Hamiltonian formulation of HP theory has

second-class constraints
3 Solving second-class constraints leads to ADM theory,

i.e. no progress

Note: In 3 + 1 dimensions one can modify the HP action slightly and obtain a

theory which reduces to the quantizable ABI theory, see N. B. e Sá. Int. J.
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