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Top Quark Mass Determination and Renormalons

The heaviest elementary particle in the Standard Model, important for electroweak precision
fits and vacuum stability.

[M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018)]

Need to quantify the non-perturbative contributions in the observables used in top quark mass
determination which might have large IR-sensitivity.

I IR renormalons in the heavy quark observables.
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Renormalons in Heavy Quark Pole Mass
· Perturbative expansion as an asymptotic series:

f (α) =
∑

fnαn , fn
n→∞
∼ annbn!

Analytic continuation with Borel transformation, ambiguous for fixed-sign factorials,

B[f ](t) =
∑ fn

n!
tn =⇒ f B (α) =

∫ ∞

0
e−t/αB[f ](t)

IR renormalons arise from the logarithms from renormalization procedure:∫ q

0

dk2

k2−m

[
|β0 | ln

( q2

k2
)]n
∼

( 2 |β0 |
m

)n
n!

QCD
=⇒ power corrections δ ∼

(
ΛQCD/Q

)a/2|β0 |

Leading IR renormalon in the heavy quark pole mass:

mpole = mMS (mMS)
[
1 +

∑
n

rnα
n
s (mMS)

]
, rn ∼ (2 |β0 |)n

Γ
[
n + 1 − |β1 |/(2β0)2

]

· IR renormalons in large-Nf limit and effective gluon propagator with small mass λ.
[Beneke, Braun, hep-ph/9411229; Ball, Beneke, Braun, hep-ph/9502300]

·Mellin representation 1
k2−λ2

= 1
2π i

1
k2

−1/2+i∞∫
−1/2−i∞

dt Γ(−t)Γ(1+t)
(
− λ

2

k2

) t
.

· residuals of renormalon poles given by non-analytic terms in λ2.
· leading IR renormalon (δ ∼ ΛQCD) ⇐⇒ linear term in λ.

Heavy quark self-energy diagram with an effective gluon propagator:

=⇒ m(λ)
pole ∼ m̄

{
1 −

g2s CF

(4π)2

[
2π

λ

m̄
+
λ4

4m̄4 ln
λ2

m̄2 + ...

]}
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Infrared Renormalons in Inclusive Top Cross Section I

· Cross section intrinsically less sensitive to long-distance effects than the pole mass.
→ Leading IR renormalon cancels when changing the pole mass to a short-distance mass.

[Ravasio, Nason, Oleari, 1810.10931]
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Gluon mass term λ2 comes from resumming the bubble chain and acts as an IR regulator.

Expansion by regions for the soft gluon with kµ ∼ λ � mt, [Beneke, Smirnov, hep-ph/9711391]

e.g. in the heavy quark pole mass:
∫

ddk
(2π)d

a + bλ
(k2 − λ2 + iε )[(p + k)2 − m2

t + iε ]
NLP in λ
−→

p2=m2
t

∫
ddk

(2π)d
a

(k2 − λ2) 2p · k
= −

i
(4π)2

π

mt
aλ

IR renormalons not affected by top decay width, while Γt > ΛQCD. [Smith, Willenbrock, hep-ph/9612329]

Narrow width approximation (Γt → 0), for inclusive cross section,

σ(W∗ → Wb b̄) 7−→ σ(W∗ → t b̄) · BR(t → Wb) + O
(
Γt
mt

)
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Infrared Renormalons in Inclusive Top Cross Section II

Focus on σ(W∗ → t b̄), soft expansion for both the amplitude and the phase space, e.g.

σreal (W∗ → t b̄) =
∫

dΦtdΦb̄dΦk (2π)dδ (d) (p − q1 − q2 − k) |M |2real

Expand the on-shell δ-functions with reverse unitarity, after integrating over the energy-
momentum δ-function, e.g.

(−2πi)δ+ ((P − k)2 − m2
t ) = (−2πi)δ+ (P2 − m2

t ) + (−2πi)
∂δ+ (P2 − m2

t )
∂Pµ

(−kµ ) + O(λ2)

=



1
P2 − m2

t

cut
− k · ∂P



1
P2 − m2

t

cut
+ O(λ2)

=



1
P2 − m2

t

cut
+ 2k · P



1
(P2 − m2

t )2

cut
+ O(λ2)

Perform IBP reduction for both the virtual and real contributions to few master integrals.

The cancellation of linear in λ contribution in the inclusive cross section,

[
σ(W∗ → t b̄)

] (λ)
=

3CFg2s g2wλmt
(
p2 − m2

t
) (

m2
t + p2

)
16π2p2︸                                         ︷︷                                         ︸

change scheme from tree level

+
−3CFg2s g2wλmt

(
p2 − m2

t
) (

m2
t + p2

)
16π2p2︸                                           ︷︷                                           ︸

virtual and real and on−shell wave−function renorm.

= 0

expected by only inspecting IR sensitivity. (no lnλ by Bloch-Nordsieck cancellation)
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Infrared Sensitivity and Renormalons in Jet Observables with Grooming

IRC safety for sufficiently inclusive observables =⇒ IR finiteness, but IR insensitivity ?
[Beneke, hep-ph/9807443]

Leading IR renormalon O(ΛQCD) in top quark observables due to jet requirements, bringing
in uncertainty in the top-mass determination. [Ravasio, Nason, Oleari, 1810.10931]

Radius dependent effects in jet observables:
[Dasgupta, Magnea, Salam, 0712.3014]

I Underlying event + Pile-up ∝ R2 + O(R4).

I Hadronization ∝ −1/R + O(R).

I Perturbative radiation ∝ lnR + O(1).

I IR renormalons ∝ 1/R + O(1).
[Korchemsky, Sterman, hep-ph/9411211]
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[Ravasio, Nason, Oleari, 1810.10931]

Soft drop jet declustering and grooming: remove the soft wide-angle radiations.
[Larkoski, Marzani, Soyez, Thaler, 1402.2657]

}
}

CA Clustering Soft Drop Grooming

particles

subjets

jet

Kept (Θsd)

Rejected (Θsd)

Soft Drop Condition (e+e−) :

min[Ei, Ej]
(Ei + Ej )

> zcut
( 1 − cos θij

1 − cosR0

)β/2

Grooming the soft contaminations in the jet observables to reduce IR sensitivity.



6

Infrared Renormalons in Reconstructed Top Mass and Grooming I

Reconstructing the top mass from its decay products, i.e. the W and b jet,

b̄

W ∗

W

t

p

k1
k2

k3

b

g

k

}
soft gluon might be clustered into the b jet

Measurement function in this case,

O [gb, b̄] C/A
= Θ(cos θb,g − cosR)Θ(cos θb,g − cos θb̄,g)Θ(cosR − cos θbg, b̄) × (kµ + kµ1 + kµ2 )2

Cannot perform IBP reduction in the real contribution due to phase space constraints.
Soft expansion for amplitudes and phase space (including measurement function), e.g.

〈O〉cutreal =

∫
dΦbdΦb̄dΦWdΦg (2π)dδ (d) (p − k1 − k2 − k3 − k) |Mg |

2 O

Expand the energy-momentum conservation condition for kµ ∼ λ,

δ (d) (p − k1 − k2 − k3 − k) = δ (d) (p − k1 − k2 − k3) −
∂δ (d) (p − k1 − k2 − k3)

∂pµ
kµ + O(λ2)

Basis integrals of the soft gluon in the NWA have the following form:

I =
∫

ddk
(2π)d−1 δ

+ (k2 − λ2)
1

(k · ki)α [k · (p − k3)]β
Θ(cos θbg − cosR)Θ(cos θbg − cos θb̄g)
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Infrared Renormalons in Reconstructed Top Mass and Grooming II

[Calculations are still ongoing]

Next step is to consider applying the grooming procedure,

OSD[gb, b̄] C/A
= Θ(cos θb,g − cosR)Θ(cos θb,g − cos θb̄,g)Θ(cosR − cos θbg, b̄)

×

[
Θ

(
k0 − z̃cut

( 1 − cos θb,g

1 − cosR

)β/2)
︸                                   ︷︷                                   ︸

soft drop passed

(kµ + kµ1 + kµ2 )2 + Θ
(
z̃cut

( 1 − cos θb,g

1 − cosR

)β/2
− k0

)
︸                                   ︷︷                                   ︸

soft drop failed

(kµ1 + kµ2 )2
]

Need to consider also the case with qq̄ in the fermion bubbles resolved =⇒ 5 particles in
the final states with non-trivial phase space constraints.

b̄

W ∗

W

t

b

q̄

q
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Summary and Outlook

I Non-perturbative effects persist in jet observables, obstructions for precision of collider
phenomenology.

I Renormalon analysis combined with analytic calculation techniques such as expansion
by regions can help to understand IR sensitivity and non-perturbative effects.

I Understanding the jet-related renormalons in observables used in top-mass determination
with jet substructure techniques promising for reducing the top-mass uncertainty.

I More interesting results expected.

Thank you for your attention.
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Back Up
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Infrared Renormalons I

Given a formal power series in α

f (α) =
∞∑

n=0
fnαn+1

the Borel transformation and the Borel sum are given as

B[f ](t) =
∞∑

n=0

fn
n!

tn =⇒ f B (α) =
∫ ∞

0
e−t/αB[f ](t)

Instanton and renormalon poles in the Borel plane: [Beneke, hep-ph/9807443]
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Infrared Renormalons II

Each non-analytic term proportional to (
√
λ2)2n+1 corresponds to a single-pole singularity of

B[R](u) at positive half-integers u = n + 1/2. Each non-analytic term proportional to λ2n ln λ2
corresponds to a single pole at positive integer u = n.

The dispersive method of evaluating the bubble diagrams.

1
1 + Π(k2)

=
1
π

∫ ∞

0
dλ2

1
k2 − λ2

ImΠ(λ2)
|1 + Π(λ2) |2

+

∫ ∞

−∞

dλ2
1

k2 − λ2
λ2L

(−β0fαs)
δ(λ2 − λ2L)

Effective gluon propagator

B[αsDAB
µν (k)](u) = iδAB

(
eC

µ2

)−u kµkν − k2gµν
(−k2)2+u

Mellin representation of massive propagator

1
k2 − λ2

=
1
2πi

1
k2

−1/2+i∞∫
−1/2−i∞

du Γ(−u)Γ(1 + u)
(
−
λ2

k2

)u
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Infrared Renormalons III

From large Nf limit and the fermion bubble chain to large b0 approximation.

nf → −
11CA
4TR

+ nl

where CA = 3, TR = 1/2 and nl is the number of light flavors.

Renormalon ambiguity and QCD scale setting uncertainty. [Ball, Beneke, Braun, hep-ph/9502300]

Conversion relation between the polemass andMSmass. [Marquard, Smirnov, Smirnov, Steinhauser, 1502.01030]

Assuming the top-quark MS mass mt = mt (mt) = 163.643 GeV, and α(6)
s (mt) = 0.1088, we

have
mpole = 163.643 + 7.557 + 1.617 + 0.501 + (0.195 ± 0.005) GeV

Ultimate uncertainty of the Top quark pole mass. [Beneke, Marquard, Nason, Steinhauser, 1605.03609]

Fixed-order convergence and all-order resummation of lnR for small-radius jets.
[Dasgupta, Dreyer, Salam, Soyez, 1411.5182, 1602.01110]

Resummations carry nontrivial information of non-perturbative corrections.
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Finite-Width Effects and Collinear Anomaly

· Collinear anomaly / analytic regularization problem might arise in Master Integrals when
assuming scaling for the finite width, but absent in the NWA.
=⇒ account for non-resonance effects / non-factorizable effects with Unstable Particle Effective
Theory. [Beneke, Chapovsky, Signer, Zanderighi, hep-ph/0312331]

F ≡ µ4−d
∫

ddk
(2π)d

1

(k2 − λ2)(k2 + 2k · ki)1−α
[
k2 + ∆ + 2k · (p − k3)

]1+α

Sudakov decompose the loop momentum as : k = k−ki + k+kj + k⊥, regions for NLP in λ:
Soft region, kµ ∼ λ,

F(s) = µ4−d
∫

ddk
(2π)d

1
(k2 − λ2)(2k · ki)1−α

[
∆ + 2k · (p − k3)

]1+α
2-collinear region, (k−, k+, k⊥) ∼ (λ0, λ2, λ),

F(2c) = µ4−d
∫

dk−dk+dd−2k⊥
(2π)d (k2 − λ2)(k2 + 2k · ki)1−α

[
2k−ki · (p − k3)

]1+α
=µ4−d

∫
ddk

(2π)d (k2 − λ2)(k2 + 2k · ki)1−α (2k · kj )1+α

[ ki · kj

ki · (p − k3)

]1+α

Singular terms in analytic regulator cancel between the 2-collinear region and the soft region,

F(s)(1/α) + F(2c)(1/α) =
i

[
ε

(
− log

(
4πµ2

))
+ γε − 1

]

64π2αbε
−

i
[
ε

(
− log

(
4πµ2

))
+ γε − 1

]

64π2αbε
= 0

with b = ki · (p − k3).
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Non-Perturbative Effects in Jet Observables

I Underlying event + Pile-up ∝ R2 + O(R4).

I Hadronization ∝ −1/R + O(R).

I Perturbative radiation ∝ lnR + O(1).

I IR renormalons ∝ 1/R + O(1). 〈δ
p

t〉
2 p
e
rt
 +

 〈
δ
p

t〉
2 h
 +

 〈
δ
p

t〉
2 U

E
 [
G

e
V

2
]

R
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[M. Dasgupta et al., arXiv:0712.3014]
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Protons

ISR

ISR

FSR

FSR

O(1000) 
partices UE

UE

pdf
Fragmentation

Underlying Event (UE) + Pile-Up

Long distance physics
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Sequential Clustering Jet Algorithms

Generalized kt algorithms.

Define distances between entities (particles, pseudojets) i and j and diB between
entity i and the beam (B).

dij = min(p2p
T,i, p

2p
T,j)
∆R2

ij

R2 , diB = p2T,i (pp collision)

dij = min(E2p
i ,E2p

j )
(1 − cos θij)
(1 − cosR)

, diB = E2p
i (e+e− collision)

The recombination algorithm now works as follows:
I Compute dij and diB for all particles in the final state, and find the minimum
value.

I If the minimum is a diB, declare particle i a jet, remove it from the list, and go
back to step one.

I If the minimum is a dij, combine particles i and j, and go back to step one.
I Iterate until all particles have been declared jets.
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IRC Safety and Sudakov Safety

infrared safe:
configurationmust not changewhen adding
a further soft particle
infrared unsafe:
after emission of soft gluon jets aremerged:
2 jets→ 1 jet

collinear safe:
configuration does not change when substi-
tuting one particle with two collinear parti-
cles

Sudakov safe observables: observables do not have a valid αs expansion but are
nevertheless calculable in pQCD using all-orders resummation. These observables are
called “Sudakov safe” since singularities at each αs order are regulated by an all-orders
Sudakov form factor.
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(Modified) Mass Drop Tagger

The mass-drop tagger was designed to be used with jets found by the Cambridge/Aachen
algorithm. It involves two parameters ycut and µ and, for an initial jet labelled j, proceeds
as follows:
1. Break the jet j into two subjets by undoing its last stage of clustering. Label the two

subjets j1, j2 such that mj1 > mj2 .
2. If there was a significant mass drop, mj1 < µmj, and the splitting is not too asymmetric,

y = min(p2tj1, p
2
tj2 )∆R2

j1j2/m
2
j > ycut, then deem j to be the tagged jet.

3. Otherwise redefine j to be equal to j1 and go back to step 1 (unless j consists of just a
single particle, in which case the original jet is deemed untagged).

Typical parameter choices are for example µ = 2/3 and ycut ∈ 0.09 − 0.15.

For modified mass-drop tagger, change the above last step with
3. Otherwise redefine j to be that of j1 and j2 with the larger transverse mass (m2+p2t ) and

go back to step 1 (unless j consists of just a single particle, in which case the original
jet is deemed untagged).

At leading order, since there is no recursion, thismodifiedMDT (mMDT) behaves identically
to the original MDT.
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Soft Drop Declustering Algorithm
[A. Larkoski et al., arXiv:1402.2657]

Given a jet with radius R0 using Cambridge-Aachen (CA) clustering [1]

}
}

CA Clustering Soft Drop Grooming

particles

subjets

jet

Kept (Θsd)

Rejected (Θsd)

Undo the last step of jet clustering and examine the sub-jets with

Soft Drop Condition:




min[pTi,pTj]
(pTi+pTj )

> zcut
( Rij

R0

)β
p p collision

min[Ei,Ej]
Ei+Ej

> zcut(
1−cos θij
1−cosR0

)β/2 e+e− collision

recursively until the condition is satisfied, with zcut the soft threshold and β the
angular exponent controlling the grooming.

I Other kt-family algorithms might be preferred.
I CA algorithm most suitable for substructure.
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IRC Safety and β-dependence of Soft Drop
[A. Larkoski et al., arXiv:1402.2657]

log
R0

θ

log
1

z

log
1

zcut

β > 0

β = 0

β < 0

❈�✁✁✂✄☎✆✝

❙�✞✟ ❙�✞✟✠❈�✁✁✂✄☎✆✝

I β < 0: removes soft & collinear radiation.
I β = 0: corresponds roughly to the mMDT.

}
IRC safe for tagging mode

I β > 0: removes large-angle soft radiation. → IRC safe for grooming mode

→ Remanent collinear soft modes after grooming, controlled by β > 0.

→ Remanent radiations with θij < Rg as soft drop grooming terminates.
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Factorization for Soft Drop Jet Observables
[C. Frye et al., arXiv:1603.09338]

SG(zcut): Global soft mode.
SC (zcute(α)

2,R ): Collinear-soft mode.

J(e(α)
2,L ): Jet mode.

EEC: e(α)
2 = 1

E2
J

∑
i<j∈J EiEj

( 2pi ·pj
EiEj

)α/2 J(e
(↵)
2 )

e
(↵)
2 ⌧ zcut ⌧ 1

SC(zcute
(↵)
2 )

SG(zcut)

In e+e− → dijets events, the factorization formula for soft-drop groomed left and
right hemisphere jets:

d2σ
de(α)

2,L de(α)
2,R

= H(Q2)SG (zcut)
[
SC (zcute(α)

2,L ) ⊗ J(e(α)
2,L )

] [
SC (zcute(α)

2,R ) ⊗ J(e(α)
2,R )

]

for e(α)
2,L , e

(α)
2,R � zcut � 1.

I NGLs absent to all orders.
I Process independent.
I Non-perturbative corrections reduced.
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