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Inflation
Introduction

I Inflation is a period of
exponential expansion in
the Early Universe

I During inflation, the Uni-
verse is occupied by the
inflaton field φ

I Inflation is followed by
the period of reheating
where most of the mat-
ter that makes up the uni-
verse today was created

Figure: Inflaton field as a ball rolling
down to its minimum (García-Bellido,
1999)
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Preheating
Introduction

I First stage of reheating

I The inflaton field φ rolls
down its potential and os-
cillates around its mini-
mum

I As it oscillates, it can
transfer its energy to cre-
ate new particles

Figure: Inflaton field as a ball rolling
down to its minimum (García-Bellido,
1999)
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Why Study Preheating?

I Could increase our un-
derstanding of inflation in
the context of Particle
Physics

I Possibility to produce
heavy particles, with
masses much larger
than the inflaton, about
1013 − 1017GeV, even
when single particle
decay is forbidden

Figure: Inflaton field as a ball rolling
down to its minimum (García-Bellido,
1999)

Ana Alexandre | Early Universe ResonancesPreheating of Light Bosons and Heavy Fermions



3

Why Study Preheating?

I Could increase our un-
derstanding of inflation in
the context of Particle
Physics

I Possibility to produce
heavy particles, with
masses much larger
than the inflaton, about
1013 − 1017GeV, even
when single particle
decay is forbidden

Figure: Inflaton field as a ball rolling
down to its minimum (García-Bellido,
1999)

Ana Alexandre | Early Universe ResonancesPreheating of Light Bosons and Heavy Fermions



4

Why Study Preheating?

I It could be applied to
a variety of cosmological
contexts

I Provides a possible ex-
planation for the origin of
Baryon Asymmetry

I Provides a possible
method to create super-
heavy fermionic Dark
Matter
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The Inflaton Field
Basic Formalism of Preheating

Inflaton Potential

V (φ) =
1
2

m2
φφ

2

where

I φ is the (scalar) inflaton field

I mφ ' 1013GeV
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The Inflaton Field
Basic Formalism of Preheating

An expanding Universe containing an homogeneous
scalar field such as φ can be described by

H2 =
8π

3M2
Pl

[
V (φ) +

1
2
φ̇2
]
,

φ̈ + 3Hφ̇ +
dV (φ)

dφ
= 0.

(1)

Using the quadratic inflaton potential,

a ∝ η2

t ∝ a3/2

where conformal time η is defined as dη = dt
a
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The Inflaton Field
Basic Formalism of Preheating

Without taking into account the backreaction of created
particles,

φ(t) ' φ0(t) cos(mφt)

I In a static Universe, with a = 1,

φ(t) ' φ0(t0) cos(mφt)

I In an expanding Universe, with a ∝ η2,

φ(t) ' MPl√
3π

cos(mφt)

mφt
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Coupling of Bosons with the Inflaton Field
Basic Formalism of Preheating

The interaction Lagrangian between the inflaton field φ(t)
and the massive Boson fields ϕ(x)

Lϕ =
1
2

(∂µϕ)2 −
m2
ϕ

2
ϕ2 − 1

2
gφ(t)ϕ2

This gives the differential equation

ϕ̈k + ω2
k (t)ϕk = 0

where ω2
k (t) = k2 + M2

ϕ + g2φ2(t) and Mϕ � mφ
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Coupling of Bosons with the Inflaton Field
Basic Formalism of Preheating

A general solution is

ϕk (t) = ϕ+
k (t)A†k + ϕ−k (t)A−k

where A(†)
k are creation/destruction operators with

Ak |0in〉 = 0.

In terms of the final solutions and creation/destruction
operators ϕ̃±k and Ã(†)

k ,

ϕk (t) = ϕ̃+
k (t)Ã†k + ϕ̃−k (t)Ã−k
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Ana Alexandre | Early Universe ResonancesPreheating of Light Bosons and Heavy Fermions



10

Bogolyubov Transformation
Basic Formalism of Preheating

I The initial and final creation and destruction operators are
linearly related.

Bogolyubov Transformation

Ã†k = αk A†k + βk A−k ,

Ãk = α∗k Ak + β∗k A†−k .
(2)

I The Bogolyubov coefficients αk and βk obey

|αk (η)|2 − |βk (η)|2 = 1

I We can define the number operator at time t

nk = Ã†k Ãk = |βk |2
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Mathieu Equation
Basic Formalism of Preheating

The equation of motion can be written as the Mathieu Equation

Mathieu Equation

θ̈ + (A + 2qcos(2τ))θ = 0

with the non-dimensional parameters A, q and τ defined as

A =
k2

m2
φ

+ 2q,

q =
g2φ2

0

4m2
φ

,

τ = mφt .

(3)
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Parametric Resonance
Basic Formalism of Preheating

If gφ0 < mφ (q � 1)
I Narrow resonance

regime

Different parameter regions:

I Regions of instability
(white regions):

I Exponential growth

I Regions of stability (grey
regions):

I Quasi-periodic
oscillations

Figure: Resonance regions of the
Mathieu equation. Dashed line:
A = 2q.
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Parametric Resonance
Basic Formalism of Preheating

If gφ0 > 2mφ (q � 1)

I Broad resonance regime

I Particle production can
be very efficient if
evolution of ωk (t) is not
adiabatic

Figure: Resonance regions of the
Mathieu equation. Dashed line:
A = 2q.
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Narrow Resonance – Stable Region
Boson Numerical Results

Figure: Re(ϕk ) and Re(ϕ̇k )
against time t for q = 1/64:
the amplitude oscillates
(quasi) periodically

Figure: ln nk against time t for
q = 1/64: no particles are
created
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Narrow Resonance – Unstable Region
Boson Numerical Results

Figure: Re(ϕk ) and Re(ϕ̇k )
against time t for q = 1/2:
the amplitude grows
exponentially with time

Figure: ln nk against time t for
q = 1/2: the number of
particles also grows
exponentially with time
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Broad Resonance
Boson Numerical Results

Figure: Re(ϕk ) and Re(ϕ̇k ) against
time t for q = 200: the field’s
amplitude grows exponentially in small
time intervals

Figure: ln nk against time t for
q = 200: the number of particles
created grows exponentially the same
time intervals and remains constant
otherwise
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Resonance Spectrum
Boson Numerical Results

Figure: Resonance regions of the Mathieu equation. Dashed line: A = 2q.
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Resonance Spectrum
Boson Numerical Results

I The first resonance
band is the only
in the narrow reso-
nance regime.

I Others bands be-
long to the broad
resonance regime.

I Consistent with pre-
vious simulations in
Kofman, Linde, and
Starobinsky 1997

Figure: Plot of ln nk against q along the line
A = 2q, where k = 0, showing the structure of the
resonance bands of the Mathieu equation.
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Conclusions: Bosons

I Production of light bosons was analysed for a quadratic
inflaton potential in a static Universe.

I Particle production exhibits parametric resonance fol-
lowing the Mathieu equation.

I Different combinations of g, q and φ0 lead to different
parameter regions: stable or unstable.

I The behaviour of the system is consistent with previous
simulations Kofman, Linde, and Starobinsky 1997.
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Coupling of Fermions with the Inflaton Field
Basic Formalism of Preheating

The inflaton field φ couples to the Dirac Fermions X
through the Yukawa coupling

LY = gφX̄X

where
I g is the coupling constant
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Coupling of Fermions with the Inflaton Field
Basic Formalism of Preheating

Total fermionic mass

M(t) = MX + gφ(t)

where
I MX is the bare fermion mass

I Fermion production occurs whenever evolution of M(t)
is non-adiabatic

I Satisfied when M(t) ' 0, i.e. |φ(t)| = MX/g
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Production of Fermions
Basic Formalism of Preheating

Dirac Equation for the fermion field X with the FRW metric(
i
a
γµ∂µ +

3
2

Hγ0 −M
)

X = 0

which can be written as

(iγµ∂µ − aM)χ = 0

where χ = a3/2X .
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Production of Fermions
Basic Formalism of Preheating

Quantization of χ

χ(x) =
∫

d3k
(2π)3/2 e−ik·x

∑
s

(
us(η, k)as(k) + vs(η, k)b

†
s(−k)

)

where
I b(†)

s and a(†)
s are creation and destruction operators

I s = +,− has two possible spin values

I us and vs are Dirac spinors
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Production of Fermions
Basic Formalism of Preheating

Normalising the spinors such that

us =

( u+√
2
ψs

u−√
2
ψs

)
vs =

( v+√
2
ψs

v−√
2
ψs

)

The equations of motion can be derived

Equations of Motion

u′±(η) = iku∓(η)∓ iaMu±(η) (4)

u′′± +
[
ω2

k ± i(Ma)′
]

u± = 0 (5)

where ω2
k = k2 + a2M2
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Production of Fermions
Basic Formalism of Preheating

I It is possible to calculate the number of created
particles at time η by performing a Bogolyubov
transformation

I The Bogolyubov coefficients αk and βk obey

|αk (η)|2 + |βk (η)|2 = 1 (6)

I The number operator at time η is given by nk = |βk |2
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Fermion Numerical Results

I Equation (4) was numerically solved

I To compare with the bosonic case, we can define a
parameter q as

q ≡ g2φ(η0)
2

4m2
φ
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Preheating in a Static Universe
Fermion Numerical Results

I Fermions are created
through parametric res-
onance blocked by the
Pauli Principle

I nk jumps sharply be-
tween 0 and 1 during
short intervals where
M(t) ' 0 and remains
constant otherwise

Figure: Plot of |βk |2 against η, given in units of
m−1
φ , for q = 106, MX = 100mφ and N = 5

inflaton oscillations.
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Preheating in a Static Universe
Fermion Numerical Results

I Fermions are created
through parametric res-
onance blocked by the
Pauli Principle

I The first resonance
band is the broadest
one, with the band-
width lowering as k
increases

Figure: Plot of |βk |2 against k , for q = 106 and
MX = 100mφ, for a different number of
completed inflaton field oscillations,
N = 5, 10, 15, 20.
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Preheating in an Expanding Universe
Fermion Numerical Results

I Including the expansion of the Universe will destroy the
clear parametric-resonance picture

I It allows for the occupation of modes that were pre-
viously forbidden making the production of fermions
more effective
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Preheating in an Expanding Universe
Fermion Numerical Results

I The creation of
fermions occurs up
to a maximum co-
moving momentum,
kmax, where the Fermi
distribution becomes
saturated

I At k > kmax, parti-
cle production quickly
drops to zero

I As the number of
completed inflaton
oscillations increases,
so does the value of
kmax

Figure: Plot of |βk |2 against k , for q = 105 and
MX = 100mφ, for N = 1, 2, 6 completed
inflaton oscillations, with expansion taken into
account.
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Preheating in an Expanding Universe
Fermion Numerical Results

I This occurs until par-
ticle production stops
and the distribution of
|βk |2 remains relatively
constant with N

I The number of oscilla-
tions it is required to
reach the final distri-
bution depends on the
value of q

I For q = 105, N = 6
corresponds to the final
distribution.

Figure: Plot of |βk |2 against k , for q = 105 and
MX = 100mφ, for N = 1, 2, 6 completed
inflaton oscillations, with expansion taken into
account.
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Preheating in an Expanding Universe
Fermion Numerical Results

I nk jumps sharply be-
tween 0 and 1 during
short intervals where
M(t) ' 0 until particle
production stops

I Particle production
ends after the 6th oscil-
lation and nk remains
constant

Figure: Plot of |βk |2 against η, in units of m−1
φ ,

for q = 105, MX = 100mφ and N = 8, with
expansion taken into account.
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Preheating in an Expanding Universe
Fermion Numerical Results

I Final distributions for
q = 103,104,105,106

I The number of os-
cillations required to
reach the final distribu-
tion was, respectively,
N = 1,4,6,20

I kmax increases with q

I Particle production
is more effective for
higher values of q

Figure: Plot of the final distributions of |βk |2
against k , for q = 103, 104, 105, 106 and
MX = 30, 40, 100, 100mφ.
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Conclusions: Fermions

I Production of spin-1/2 fermions was analysed for a
quadratic inflaton potential in both a static and an ex-
panding Universe.

I Particle production occurs only in short intervals where
M(t) ' 0 and remains constant otherwise.

I In a static Universe, parametric resonance was ob-
served.

I In an expanding Universe, production occurs up to a
value kmax, which increases with the number of total
oscillations of the inflaton field until the ratio ρX/ρφ is
saturated.
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Possible Further Work

I Estimate analytical solutions in order to obtain faster
simulations

I Simulate preheating for different inflaton potentials

I Apply these results to different cosmological contexts
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Parametric Resonance
Basic Formalism of Preheating

I For non-adiabatic
evolution, must satisfy:

∣∣∣∣ ω̇k

ω2
k

∣∣∣∣ . ∣∣∣∣ mφ

gφ0

sin(mφt)
cos2(mφt)

∣∣∣∣

I Only true in small time
intervals where φ(t) = 0

tn = (π/2 + πn)/mφ,n ∈ N

Figure: Resonance regions of the
Mathieu equation. Dashed line:
A = 2q.
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Boson Numerical Results

I Goal is to numerically
study the equation

ϕ̈k + ω2
k (t)ϕk = 0

Figure: Example of the frequency,ωk (t), of the
system.
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Production of Fermions
Basic Formalism of Preheating

Hamiltonian

H(η) =
1
a

∫
d3k

∑
s

{Ek (η)[a
†
s(k)as(k)− bs(k)b

†
s(k)]+

+Fk (η)bs(−k)as(k) + F ∗k (η)a
†
s(k)b

†
s(−k)}

where

Ek (η) = kRe(u∗+u−) + aM(1− u∗+u+)

Fk (η) =
k
2

(u2
+ − u2

−) + aMu+u−

E2
k + |Fk |2 = ω2

k (7)
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Production of Fermions
Basic Formalism of Preheating

I It is possible to calculate the number of created
particles at time η by performing a Bogolyubov
transformation

I The Bogolyubov coefficients αk and βk obey

|αk (η)|2 + |βk (η)|2 = 1 (8)

and can be calculated as

αk (η) = β

(
Ek (η) + ω(η)

F ∗k (η)

)

|βk (η)|2 =
|Fk (η)|2

2ω(η)(Ek (η) + ω(η))
=
ω(η)− Ek (η)

2ω(η)
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Production of Fermions
Basic Formalism of Preheating

The density of created fermions can be calculated as

Particle density

n(η) = 〈0| n
V
|0〉 =

1
π2a3

∫
dkk2|βk |2

The energy density of the created fermions with respect
to the inflaton energy density can be calculated as

Energy density

ρX

ρφ
=

2MX

π2

∫
dkk2nk

2
m2
φφ

2
0
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Preheating in a Static Universe
Numerical Results

I The period of the oscillations,
in terms of the period of the in-
flaton oscillations Tφ = 2π de-
creases with N

I Suggests a linear relation
T|βk |2 ' −0.5N + 15

I More N values must be stud-
ied for a more accurate fit

N No. Peaks T|βk |2(Tφ)

5 5 15± 3
10 9 11± 2
15 14 7.5± 1.5
20 21 5.6± 1.2

Table: Number of peaks and period of
|βk |2 oscillations, T|βk |2 , for different N,
in the first resonance band. The
period ois given in terms of the period
of the inflaton oscillations Tφ = 2π.
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Preheating in an Expanding Universe
Numerical Results

I Once MX is above a
certain Mmax

X , the ratio
ρX/ρφ is saturated and
production no longer
occurs

I The energy density ex-
hibits small fluctuations
around an average
function

I The value of Mmax
X in-

creases with q

Figure: Plot of the final energy density of the
created fermions ρX/ρφ against MX for
q = 102, 103, 104, 105.

Ana Alexandre | Early Universe ResonancesPreheating of Light Bosons and Heavy Fermions



43

Estimates of the Maximum Fermion Mass
Comparison of Results With Estimates

For the approximated inflaton field, Mmax
X can be

estimated as

Mmax
X '

2
√

q
π

mφ (9)

For numerically determined the inflaton field in Giudice
et al. 1999; Peloso and Sorbo 2000,

Mmax
X '

√
q

2
mφ (10)
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Estimates of the Maximum Fermion Mass
Comparison of Results With Estimates

I The filled line shows
the prediction (10) from
Giudice et al. 1999

I The dashed line shows
the linear regression of
the data points with a
slope of 0.475 ± 0.007

I This slope is consistent
with the expected scal-
ing of Mmax

X with
√

q

Figure: Plot of ln(Mmax
X ) against ln(q) for

q = 102, 103, 104, 105.
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Estimates of the Maximum Fermion Mass
Comparison of Results With Estimates

I A systematic shift of the
results can be observed,
which is attributed to the
combination of two effects:

I the filled line corre-
sponds to (10) but the
simulations used the
approximation of the
inflaton field

I the definition of φ(η0) dif-
fers from what was used
in Giudice et al. 1999

Figure: Plot of ln(Mmax
X ) against ln(q) for

q = 102, 103, 104, 105.
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Estimates of the Maximum Momentum
Comparison of Results With Estimates

There are several different
estimates of kmax found in
the literature

The estimate found in
Giudice et al. 1999 is

kmax =

(
2m4

φ

q
MX

)1/3

(11)

Figure: Plot of ln(kmax) against
ln(q/MX ) for
q = 102, 103, 104, 105, 106.
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Estimates of the Maximum Momentum
Comparison of Results With Estimates

I The filled line shows
the prediction (11) from
Giudice et al. 1999

I The dashed line shows
the linear regression of
the data points with a
slope of 0.476 ± 0.057

I This is not consistent
with the expected
scaling of kmax with
(q/MX )

1/3

Figure: Plot of ln(kmax) against ln(q/MX ) for
q = 102, 103, 104, 105, 106.

Ana Alexandre | Early Universe ResonancesPreheating of Light Bosons and Heavy Fermions



48

Estimates of the Maximum Momentum
Comparison of Results With Estimates

The estimate found in
Peloso and Sorbo 2000 is

kmax ∝
q1/3

M1/6
X

√
log

q1/2
MX

(12)
Figure: Plot of ln(kmax) against ln(q)
for q = 102, 103, 104, 105, 106.
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Estimates of the Maximum Momentum
Comparison of Results With Estimates

I The filled line shows
the prediction (12) from
Peloso and Sorbo 2000

I The dashed line shows
the linear regression of
the data points with a
slope of 0.238 ± 0.028

I This is consistent with
the expected scaling of
kmax with q1/4

Figure: Plot of ln(kmax) against ln(q) for
q = 102, 103, 104, 105, 106.
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Estimates of the Maximum Momentum
Comparison of Results With Estimates

The estimate found in
Gorbunov and Rubakov
2011 is

kmax '

(
4m7/2

φ

M1/2
X

q

)1/3

(13)

This estimate is in
agreement with the scaling
of kmax with respect to q and
MX in Greene and Kofman
2000

Figure: Plot of ln(kmax) against
ln
(

q/M1/2
X

)
for

q = 102, 103, 104, 105, 106.
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Estimates of the Maximum Momentum
Comparison of Results With Estimates

I The filled line shows
the prediction (13)
from Gorbunov and
Rubakov 2011; Greene
and Kofman 2000

I The dashed line shows
the linear regression of
the data points with a
slope of 0.318 ± 0.038

I This is consistent with
the expected scaling of
kmax with (q/M1/2

X )1/3

Figure: Plot of ln(kmax) against ln
(

q/M1/2
X

)
for q = 102, 103, 104, 105, 106.
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