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The mantra of algebraic statistics

Statistical models are semialgebraic sets*

The set of all centered, standardized Gaussian
distributions parametrized by their correlation

matrices
1 a b
Y=la 1 c|ePDs3

b c 1

which satisfy the conditional independence
&1 1L & | &3, or in algebraic terms: a = bc.
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Consider random variables (&;)en. The conditional independence (Cl) statement
& L& | Ek conveys, informally, that if {k is known, then learning the value of &;
does not give any information about ¢;.
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Gaussian conditional independence

Definition
The polynomial X[K] = det ¥k k is a principal minor of ¥ and X.[ij| K] = det ik jx
is an almost-principal minor.

» ¥ is PD if and only if X[K] >0 for all Kc N.

> &1 & | £k holds if and only if S[jj| K] = 0.



Very special polynomials

Z[ij|] = x;
X[i] = xii Y[ij] k] = XijXuk = XXk
T[] = xij — G S| AI] = XixukXin — XinXjiXick + XiXaXl + XiXiiXid — XijXas — XikXXi
(i) = XXXk = XX + 2XiXiXjie = XiiXok — XXk (| KIm] = XipXieXiiXimm + XimXjmXag = XimXjiXkiXkm = XiXjmXkiXkm +
Y [ijkl] = xiixjiXpexy + X,2/>92 = 2Xik XXk X1 + X,Qkszl = XXXk + XilXj X — XimXjm XXl + Xim Xk Xkm Xl + XikXjm Xk Xl —

2XiiXiiXjiXkk = XfiXJ?/ka + 2XGkXi1Xji Xkt — 2XiXitXjkXkl — XXXl + X XjiXickXiom + XitXjmXkkXim = XirnXikXklXim —
ZXUX,'ka/Xk/ + 2X,',‘Xijj/Xk/ + X,2JX%<, - X,‘,‘XJ'J'X%(, - X,?le'/‘X” + XikXjmXkiXIm — XilXjkXkmXim = XikXjiXkmXIm + 2XinkIkaX/m +
XXXl = XitXeXtl — XXXl XikXjkXim = XiXkk X = XilXG1XkkXimm + XXk Xk Xmm +

XikXjIXkIXmm — XUXi/Xmm = XikXjkXIIXmm
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Definition
A Cl constraint is a Cl statement &; 1L &; | £k or its negation —(&; 1L & | Ek).
The model of a set of Cl constraints is the set of all PD matrices which satisfy them.
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Definition
A Cl constraint is a Cl statement &; 1L &; | £k or its negation —(&; 1L & | Ek).
The model of a set of Cl constraints is the set of all PD matrices which satisfy them.

Figure: Model of X[12]3] = 0 in the space of 3 x 3 correlation matrices.
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Models and inference

Consider two sets of Cl statements P and Q:

AP =\VQ Pu-09

is not valid has a point

Reasoning about relevance statements in normally distributed random variables is
the same as reasoning about the vanishing of very special kinds of determinants
on very special kinds of varieties inside the positive-definite matrices.
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Examples of Cl inference

Consider a general positive-definite 3 x 3 correlation matrix

1 a b
Y=1la 1l c]|.
b ¢ 1

» If £[12|3] = a— bc and X[13]|] = b vanish, then £[12|] =a and X[13|2] =b-ac
must vanish as well:

[12]3] A [13]] = [12]]A[13]2].



Examples of Cl inference

0 = o
= 0 O
SN —

oS- L =

» If X[12|] =aand X[12|3] = a— bc vanish,
then bc=X[13]]-X[23]] must vanish:

[12]]1A[12]3] = [13]]v[23]].




Normal form for proofs and refutations

Let fie Z[ty,. .., tx] be integer polynomials in finitely many variables.
Theorem (Tarski's transfer principle)

If a polynomial system {f;x;0}, where w;€ {=,#,<,<,>,>}, has a solution over R,
then it has a solution in a finite real extension of QQ.



Normal form for proofs and refutations

Let fie Z[ty,. .., tx] be integer polynomials in finitely many variables.

Theorem (Tarski's transfer principle)

If a polynomial system {f;x;0}, where w;€ {=,#,<,<,>,>}, has a solution over R,
then it has a solution in a finite real extension of QQ.

- If AP =V Q is false, there exists a counterexample matrix ¥ with algebraic entries.

[12]] A [12]3] = [13]] is false and a counterexample is

1 0 12
0 1 0
1 0 1



Normal form for proofs and refutations

Let f;, gj, hx € Z[t1, ..., t] be integer polynomials in finitely many variables.

Theorem (Positivstellensatz)

A polynomial system {f;=0,g;> 0, hi # 0} is infeasible if and only if there exist
feideal(f;), g cone(gj) and h e monoid(hy) such that g+ h? = f.



Normal form for proofs and refutations

Let f;, gj, hx € Z[t1, ..., t] be integer polynomials in finitely many variables.

Theorem (Positivstellensatz)

A polynomial system {f;=0,g;> 0, hi # 0} is infeasible if and only if there exist
feideal(f;), g cone(gj) and h e monoid(hy) such that g+ h? = f.

— If AP =V Q is true, there exists an algebraic proof for it with integer coefficients.
[12]]A[12]3] = [13]] v [23]] is true and a proof is the final polynomial

¥[13]]-£[23]] = £[3] - £[12|] - £[12|3].



A 5 x5 final polynomial

The following inference rule is valid for all positive-definite 5 x 5 matrices:

[12]]A[14|5]A[23|5]A[35|1]A[45]2] A[15]23]A[34] 12] A[24|135] = [25]]v[34]].



A 5 x5 final polynomial

The following inference rule is valid for all positive-definite 5 x 5 matrices:

[12]]A[14|5]A[23|5]A[35|1]A[45]2] A[15]23]A[34] 12] A[24|135] = [25]]v[34]].

[25[1[34]]- [1][2][3][15] =

(cd2 egr+ bdP fgr— ad’grh — 2cd?€®i — 2bdP efi — 2pdfgri + 2ad?ehi + 2pdef? — 2pdghi? + 2pcqi® +
2pdqrij - 2pbqij - pcegrt + pbfgrt + pagrht + 2pce?it — 2pcqrit + 2pbghit - 2paehit) [12]7+
(pdqer+ pbagr - 2pbqei) -[14|5] - (pcdqr+ pAfgr— 2pbegi+ 2pb2qj - 2p2qrj) -[23|5] +
(cdqgrf 2cdqei + 2pqghi — 2pgf? — pagrj + 2pqeij — 2peft + 2qurt) -[35|1] +
(pd2er7 2pbdei+ pgri + 2pbPet - 2p2ert) -[45]|2] - (2pdfif 2pbft) -[15]23] -
(Per-2d?ei- pgrt + 2peit) - [34]12] - 2pqi- [24|135].



A 5 x5 final polynomial

Ee
]

= QQ[p,a,b,c,d, q,e,f,g, r,h,i, s,j, tl;
genericSymmetricMatrix(R,p,5);
I = ideal(
det X_{0}~{1}, det X_{0,3}7{2,3}, det X_{0,4}7{3,4},
det X_{1,4}7{2,4}, det X_{2,0}°{4,0}, det X_{3,1}°{4,1},
det X_{0,1,2}°{4,1,2}, det X_{2,0,1}7{3,0,1},
det X_{1,0,2,4}"{3,0,2,4}
)
U = grh¥p*rqxr*(pxt-d~2); -- [25]][34]]-[1][2][3][15] € monoid(V)
U % I -->0, meaning monoid(V)nideal(V) £ in Q[X]
-- Get a proof that U s in I:
G = gens I; -- the equations generating Jy
H=1U// G; -- linear combinators for U from G
U == GxH --> true

<
I



Some fundamental relations

Theorem (Matus 2005)

The following relations hold for every symmetric matrix X:

¥ [jj| L]* = £[iL] - £[jL] - Z[L] - £[ijL]
Y[kL]-2[i]L] = X[L]- Z[ij] kL] + X[ik| L] - E[jk[ L]



Some fundamental relations

Theorem (Matus 2005)

The following relations hold for every symmetric matrix X:

S[kL]-$[ij| L] = £[L]- S[ij| kL] + E[ik| L] - £[jk| L] — gaussoids

These relations define essential geometric properties of symmetric matrices in principal
and almost-principal minor coordinates. Study their combinatorics!



Combinatorial compatibility

Y[kL]-2[i] L] = X[L]- Z[ij] kL] + X[ik| L] - E[jk| L]

Combinatorial compatibility means fulfilling polynomial relations under uncertainty:
What if we only knew that all £[K] # 0 and whether or not X[jj| K] =07
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Combinatorial compatibility means fulfilling polynomial relations under uncertainty:
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Combinatorial compatibility

Y[kL]-2[i] L] = X[L]- Z[ij] kL] + X[ik| L] - E[jk| L]

Combinatorial compatibility means fulfilling polynomial relations under uncertainty:
What if we only knew that all £[K] # 0 and whether or not X[jj| K] =07

[if| L] w ] kL
Lik| L] A [if| kL
Ll kL] A ikl L

[ij] L] a [ik| L

| = [ik|L]v [jk| L]
I = [ L]~ Tik]jL]
I = [GILIA[ik| L]
| = [ kL] A [ik]jL]

This yields the definition of gaussoids.



Good and bad news

Theorem (Two-antecedental completeness)

Every inference rule [ij| K] A [Im| N] = \V M with (at most) two antecedents which is
valid for all positive-definite matrices is a consequence of the gaussoid axioms.



Good and bad news

Theorem (Two-antecedental completeness)

Every inference rule [ij| K] A [Im| N] = \V M with (at most) two antecedents which is
valid for all positive-definite matrices is a consequence of the gaussoid axioms.

Theorem (Universality)

The problem of deciding whether a general Cl inference formula is valid for all
Gaussian distributions is polynomial-time equivalent to the existential theory of the
reals. (And counterexamples can have arbitrarily high extension degrees over Q.)



Inference rules for PD; independent of the gaussoid axioms

[12[3] A [13]4] A[14]2] = [12]]
« [12|1(e2P[23] + qPs[24] + ge*1[34]) € ideal
[12[3] A [13]4] A[24|1] A [34]2] = [12]]
< [12]](gr14] + &[23]) € ideal

[23|] A [14]2] A[14]3] A [23]|14] = [34]]
< [34|13(€’[123] + b2 ¢Ps) € ideal
[13|]A[14]2] A[24]3] A [23]|14] = [23]]
< [23|1(pq?r[34] + a*£[23]) € ideal
[13|]A[24]]A[14]23] A[23]|14] = [13]]
« (Pqr+ d?ps)[1234] + gs(acr+ dfp)? + pr(ads + cfq)? € ideal



The search for inference rules (since at least 2008!)

Inference rules help characterize the realizable Cl structures:

» 3-variate: 11 out of 64 by Matis 2005.
» 4-variate: 629 out of 16777216 by Lnénicka and Matds 2007.

» 5-variate: open! (out of 1208925819614629174706176)
» 254826 gaussoids modulo symmetry

» 84434 open cases after applying further combinatorial and
polyhedral-geometric techniques.



Other open questions from Geometry of gaussoids

Let J,, be the ideal of homogeneous relations among principal and almost-principal
minors of a generic symmetric n x n matrix.

Conjecture

Gaussoids are compatible with all quadrics in J,.

Conjecture

dn is generated by its quadrics.
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