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Identities of k-module homomorphisms

Example. AUV ´ A3 “ 0 ùñ ApUV q2 ´ A2UVA “ 0

@A P Hompkm, km
q

@U P Hompk`, km
q

@V P Hompkm, k`q
Proof.
f :“ auv ´ a3 , q :“ apuvq2 ´ a2uva P kxa, u, vy

show membership

q “ f uv ´ af a ` a2f P xf y

evaluate in σ “ pA, U, V q

qpσq “ f pσqUV ´ A f pσqA` A2 f pσq “ 0

New viewpoint: Varieties
σ P Vpf q “ Vpq, f q Ď Hompkm, kmq ˆ Hompk`, kmq ˆ Hompkm, k`q

[1] J. Helton, M. Stankus, and J. Wavrik. “Computer simplification of formulas in
linear systems theory”. IEEE Transactions on Automatic Control. 1998



Valid polynomials

Definition. A “
Ś

1ďjďn
HompMj , Njq

I :“ tpMk , Njq | k , ju

Free algebra kxx1, . . . , xny

Ui :“

"

xj1 . . . xj`
i1 “Mj` Nj1 “ i2

Njt “Mjt´1

*

valA :“
ď

iPI

spanpUiq

f P spanpUiq evaluated in σ P A

f pσq P Hompi1, i2q

with xjpσq :“ σj and gpσq ˝ f pσq “ pgf qpσq

[2] C. G. Raab, G. Regensburger, and J. H. Poor. “Formal proofs of operator
identities by a single formal computation”. Journal of Pure and Applied Algebra. 2020

[3] L. Schmitz and V. Levandovskyy. “Formally verifying proofs for algebraic identities
of matrices”. Intelligent Computer Mathematics CICM, Springer LNCS. 2020



Varieties

Definition.
V : PpvalAq ÝÑ PpAq

F ÞÝÑ tσ P A | f pσq “ 0 @f P Fu

Example. A “ Endpkmq ˆ Hompkm, k`q ˆ Endpk`q
2
ˆ Hompk`, kmq

F “
 

x21 ´ x1, x
2
3 ´ x3, x5x3 ´ x5, x1x5 ´ x5, x2x1 ´ x2, x3x2 ´ x2,

x4 px2x5 ` x3q ´ x3, px2x5 ` x3q x4 ´ x3, x4x3 ´ x4, x3x4 ´ x4
(

evaluated in σ “ pIm, B, I`, pBA` I`q
´1
, Aq

 

I2m ´ Im, I
2
` ´ I`, AI` ´ A, ImA´ A, BIm ´ B, I`B ´ B,

pBA` I`q
´1
pBA` I`q ´ I`, pBA` I`q pBA` I`q

´1
´ I`,

pBA` I`q
´1

I` ´ pBA` I`q
´1
, I`pBA` I`q

´1
´ pBA` I`q

´1 (

ùñ σ P VpFq



Vanishing sets
Definition.

J : PpAq ÝÑ PpvalAq

W ÞÝÑ
ď

iPI

kerpφW iq

Regular functions

φW i : spanpUiq ÝÑ Hompi1, i2q
W

f ÞÝÑ

#

W Ñ Hompi1, i2q

σ ÞÑ f pσq

Coordinate module

OiW :“ impφW iq

Theorem. V and J are Galois connection

Corollary. @W D!W :“ V ˝ J pWq smallest variety containing W

Lemma. If k field then
A

J pWq
E

X valA “ J pWq



Morphisms of varieties

Definition.

ą

1ďjďn

HompMj , Njq “ A A1 “
ą

1ďjďn1

HompM1
j , N 1

j q

valA Ě F F 1 Ď valA1

VpFq “: V V 1 :“ VpF 1q

αj P OiV X HompM1
j , N 1

j q
V

α : V ÝÑ V 1

σ ÞÝÑ pα1pσq, . . . , αn1pσqq

Lemma. α P MorpV, V 1q and W subvariety V 1 ùñ α´1pWq variety



Morphisms of varieties

Example. A “ Endpkmq ˆ Hompkm, k`q ˆ Endpk`q
2
ˆ Hompk`, kmq

A1 “ Aˆ Endpkmq

F “
 

x21 ´ x1, x
2
3 ´ x3, x5x3 ´ x5, x1x5 ´ x5, x2x1 ´ x2, x3x2 ´ x2,

x4 px2x5 ` x3q ´ x3, px2x5 ` x3q x4 ´ x3, x4x3 ´ x4, x3x4 ´ x4
(

F 1 “ F Y
 

x6x1 ´ x6, x1x6 ´ x6, x6 px5x2 ` x1q ´ x1, px5x2 ` x1q x6 ´ x1
(

VpFq „
ÐÑ VpF 1q

σ ÞÝÑ pσ1, . . . , σ5, ´σ5σ4σ2 ` σ1q

pσ1, . . . , σ5q ÞÝÑpσ1, . . . , σ5, σ6q

BA` I` P GL`pkq ùñ pIm, B, I`, pBA` I`q
´1
, Aq P VpFq

ùñ AB ` Im P GLmpkq



Coordinate morphisms
For all pi1, i2q, pi2, i3q P I bilinear

b i1 i2 i3 : Hompi2, i3q
V
ˆ Hompi1, i2q

V
Ñ Hompi1, i3q

V

pβ2, β1q ÞÑ

#

V Ñ Hompi1, i3q

σ ÞÑ β2pσq ˝ β1pσq

Definition. γ :
Ť

iPI1
OiV 1 Ñ

Ť

iPI

OiV morphism if

(i) I1 Ď I

(ii) γi : OiV 1 Ñ OiV, β ÞÑ γpβq module homomorphism @i

(iii) γpbi1 i2 i3pβ2, β1qq “ b i1 i2 i3pγpβ2q, γpβ1qq @β1, β2

Theorem. Fully faithful functor

FV :“
ď

iPI

OiV
and for α P MorpV, V 1q

Fα P MorpFV 1, FVqq, β ÞÑ β ˝ α



From k-modules to k-algebras
γ :“ Fα P MorpFV 1, FVq

@i P I1 Dζi : diagram of k-module homomorphisms commutes

OiV 1 OiV

spanpU 1iqäkerpφ1V 1 iq
spanpUiqäkerpφV iq

γi

ζi
„ „

Lemma. If k field then

@i Dτi : diagram of k-module homomorphisms commutes

kxX y kxX yäxJ pVqy

spanpUiq
spanpUiqäkerpφV iq

π

πi

ιi τi



Functor from varieties to k-algebras

Theorem. Faithful functor

GV :“ kxX yäxJ pVqy
@α P MorpV, V 1q D!Gα P HompGV 1, GVq : diagram commutes @i P I1

π1i pspanpU 1iqq πi pspanpUiqq

GV 1 GV

spanpU 1iq spanpUiq

τ 1
i

ζi

τi

Gαπ1
i

π1
˝ι1

i

πi

π˝ιi

Corollary.

(i) Gαpπ1pxjqq “ πpfjq where αj “ φV pM1
j , N

1
j q
pfjq

(ii) V – V 1 ùñ GV – GV 1

(iii) DGα, Gα1 : Gα˝Gα1 “ idGV ^Gα
1˝Gα “ idGV 1 ùñ V – V 1



Application: Stabilizing controllers

Theorem. Transcendental extension k “ Rpzq

X0 “

!

A, pz Im ´ Aq´1, Im, B2, C2, Ip

)

A0 “ Endpkmq
4
ˆ Hompkm, kpq ˆ Endpkpq

F0 “
 

pz Im ´ Aq pz Im ´ Aq´1 ´ Im,

pz Im ´ Aq´1 pz Im ´ Aq ´ Im,

I2p ´ Ip, I
2
m ´ Im, A Im ´ A, B2Im ´ B2, C2Im ´ C2,

pz Im ´ Aq´1Im ´ pz Im ´ Aq´1, ImA´ A,

ImB2 ´ B2, IpC2 ´ C2, Impz Im ´ Aq´1 ´ pz Im ´ Aq´1
(
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[5] Y. Zheng, L. Furieri, A. Papachristodoulou, N. Li, and M. Kamgarpour. “On the
equivalence of Youla, system-level and input-output parameterizations”. IEEE
Transactions on Automatic Control. 2020



Application: Stabilizing controllers

System-level parametrization A “ A0 ˆ Endpkmq
2
ˆ Hompkp, kmq

2

X “ X0 Y tR, M, N, Lu

F “ F0 Y t pz Im ´ AqR ´ B2M ´ Im, pz Im ´ AqN ´ B2L,

Rpz Im ´ Aq ´ NC2 ´ Im, Mpz Im ´ Aq ´ LC2,

R Im ´ R, N Ip ´ N, M Im ´M, L Ip ´ L,

ImR ´ R, ImN ´ N, ImM ´M, ImL´ L u

Input-output parametrization

A1 :“ A0 ˆ Endpkpq ˆ Hompkp, kmq ˆ Hompkm, kpq ˆ Endpkmq

X 1 “ X0 Y tY , U, W , Zu

F 1 “ F0 Y t IpY ´ C2pz Im ´ Aq´1B2U ´ Ip , IpW ´ C2pz Im ´ Aq´1B2Z ,

´ YC2pz Im ´ Aq´1B2 `W Im, ´UC2pz Im ´ Aq´1B2 ` Z Im ´ Im,

Y Ip ´ Y , UIp ´ U, W Im ´W , Z Im ´ Z ,

IpY ´ Y , ImU ´ U, IpW ´W , ImZ ´ Z u

ùñ VpFq – VpF 1q



Future work
§ Applications in elementary homology, theory on

generalized inverses [6,7,8,12] and control theory [4,8]
§ Interconnection with noncommutative algebraic geometry [10]
§ Related computational issues with Gröbner bases [11]

[6] D. Cvetkovic-Ilic, C. Hofstadler, J. Hossein Poor, J. Milosevic, C. Raab, and
G. Regensburger. “Algebraic proof methods for identities of matrices and operators:
improvements of Hartwig’s triple reverse order law”. 2020

[7] T. Damm and H. K. Wimmer. “A cancellation property of the Moore-Penrose
inverse of triple products”. J. Aust. Math. Soc.. 2009

[8] M. P. Drazin. “Left and right generalized inverses”. Linear Algebra and its
Applications. 2016

[9] L. Furieri, Y. Zheng, A. Papachristodoulou, and M. Kamgarpour. “An
input–output parametrization of stabilizing controllers: Amidst Youla and system level
synthesis”. IEEE Control Systems Letters. 2019

[10] J. W. Helton, I. Klep, and J. Volčič. “Factorization of noncommutative
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