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|dentities of k-module homomorphisms

Example. AUV — A3 =0 — A(UV)? — A2UVA =0
VA e Hom(k™, k™)
YU € Hom(k", k™)
YV € Hom(k™, k")

Proof.

fi=auw—ad, q:=a(uw)®—atuwa eckla, u,v)

show membership
q = fuv — afa+ a*f e (f)
evaluate in o = (A, U, V)
q(o) = f(o) UV — Af(0) A+ A% f(0) =0

New viewpoint: Varieties
7€ V(f) =V(q, f) < Hom(k™ k™) x Hom(k', k™) x Hom (K", k')

[1] J. Helton, M. Stankus, and J. Wavrik. “Computer simplification of formulas in
linear systems theory”. |EEE Transactions on Automatic Control. 1998



Valid polynomials
Definition. A = X Hom(M;, Nj)

I:={(My, N}) | k, j}
Free algebra k{xi, ..., x,)

U :—{Xh...sz

valp 1= Uspan(bli)
iel
f € span(U;) evaluated in o € A
f(()') € Hom(il, iz)

with x;(0) := o; and g(o) o f(0) = (gf)(o)

[2] C. G. Raab, G. Regensburger, and J. H. Poor. “Formal proofs of operator
identities by a single formal computation”. Journal of Pure and Applied Algebra. 2020

[3] L. Schmitz and V. Levandovskyy. “Formally verifying proofs for algebraic identities
of matrices”. Intelligent Computer Mathematics CICM, Springer LNCS. 2020



Varieties

Definition.
V:B(vala) — P(A)
Fr—{oceA|f(oc)=0VfeF}

Example. A = End(k™) x Hom(k™, k) x End(k“)2 x Hom(k’, k™)
F={x2—x1, 3 — x5, X553 — X5, X1X5 — X5, XX — X2, X3X2 — X2,
x4 (xox5 + x3) — X3, (XoX5 + X3) X4 — X3, X4X3 — Xa, X3X4 — X4 }

evaluated in o = (I, B, I;, (BA+1,) ", A)

{12 -1, 2-1,, Al, — A, 1,A— A, Bl,,— B, ,B—B,
(BA+1,) " (BA+1,)—1,, (BA+1,)(BA+1,) ' =1,
(BA+T) ' — (BA+ 1) ' (BA+ 1) = (BA+ 1)}

= o e V(F)



Vanishing sets
Definition.
T B(A) — P(vala)
W —s U ker(¢pyy 1)

. i€l
Regular functions

¢\/Vi . span(Ui) I HOm(il, iz))/v

f W — HOI’T‘I(il7 12)
o f(o)

Coordinate module

O;W = im(dyy 1)

Theorem. V and J are Galois connection
Corollary. V)V 31V := Vo J(W) smallest variety containing
Lemma. If k field then <j(V\/)> nvala = J(W)



Morphisms of varieties

Definition.
X Hom(M;, A]) = A A= X Hom(M;, \))
1<j<n 1<j<sn’
valpa 2 F F c valar
V(F)=:V V= V(F)

aj € O3V N Hom(M;, /\/;-’)V

a:y—)

ogr— (a1(0), ..., ay(0))

Lemma. a € Mor(V, V') and W subvariety V' == a~1(W) variety



Morphisms of varieties
Example. A = End(k™) x Hom(k™, k) x End(k“)2 x Hom(k’, k™)
A’ = A x End(k™)

F={x2 =1, 33 — 3, X555 — X5, X1X5 — X5, XoX1 — Xp, X3X0 — X2,
X4 (XoX5 + x3) — X3, (XoX5 + X3) Xa — X3, XaX3 — X4, X3X4 — X4}
F'=F U {x6x1 — X6, X1X6 — X6, X6 (X622 + x1) — x1, (x5X2 + x1) X6 — x1}

V(F) <= V(F')
o+— (01, ...,05, —050402 + 01)

( 7--'10—5)(_'( a"'70570—6)

BA+1,€GLyk) = (I, B, I,, (BA+1,)"*, A) € V(F)
— AB+1,, € GLy(k)



Coordinate morphisms
For all (il, ig), (12, i3) € I bilinear
b11 ioig - HOm(ig, ig)v X Hom(il, ig)v — Hom(il, is)v
V — Hom(il, 13)

(B2, f1) — {U — [a(0) o f1(o)

Definition. ~: |J O;V" — |J O;V morphism if

() 'c1 et

(i) 71 : O:V' — O3V, B — () module homomorphism Vi
(iii) Y(bi, 1, 15(B2, B1)) = biyi,15(7(B2), 7(B1)) VB, B2

Theorem. Fully faithful functor
Fv:=[]Jow

iel

and for aw € Mor(V, V')
Fa e Mor(FV', FV)), B+ Boa



From k-modules to k-algebras
v := Fa € Mor(FV', FV)

Vi e I’ 3¢; : diagram of k-module homomorphisms commutes

0,V OV

Lemma. If k field then

Vi37; . diagram of k-module homomorphisms commutes

k(XY — T XD (T

A
i 7|
J

span(us) —» PNCL) /o



Functor from varieties to k-algebras

Theorem. Faithful functor
_ k(X
v =KX 7wy
VYo e Mor(V, V') 31 Gae € Hom(G)V', GV) : diagram commutes Vi € T’

7, (span(U])) —=— m; (span(U4s))

L I e VU R y GY |7
span(U4]) span(U;)

Corollary.
(i) Ga(x'(x)) = m(f;) where aj = ¢ (ner, a7 ()
(i) VeV = GV =GV
(i) 3Ga, G’ : GaoGd' =idgy AGd/oGa =idgy = V=)



Application: Stabilizing controllers

Theorem. Transcendental extension k = R(z)
Xo = {A (21 = A 1, B, G 1}

Ag = End(k™)* x Hom(k™, kP) x End(kP)

(21— A) (@1, —A) =1,

2 1,12 —1,,Al,—A, Bl, — B>, Gl — G,
(21— A) ", = (21— AL 1,A— A,

By — B2, 1, — o,y Ly(21m — A — (21— A}

[4] D. Youla, H. Jabr, and J. Bongiorno. “Modern Wiener-Hopf design of optimal
controllers |l: The multivariable case”. |EEE Transactions on Automatic Control. 1976

[5] Y. Zheng, L. Furieri, A. Papachristodoulou, N. Li, and M. Kamgarpour. “On the
equivalence of Youla, system-level and input-output parameterizations”. |EEE
Transactions on Automatic Control. 2020



Application: Stabilizing controllers

System-level parametrization A = Ag x End(k™)? x Hom(k?, k™)
X =XoU{R, M, N, L}
F=Fu{(zl,—AR—-BM-—1,, (zl, — AN — ByL,
R(z1, —A) — NCy — 1,,, M(z1,, — A) — LGy,
Rl,—R,NI,—N, MI,—M, LI, —L,
R—R,I,N—=N,I,M—M,I,L—L}

Input-output parametrization
A’ = Ap x End(kP?) x Hom(k”, k™) x Hom(k™, kP) x End(k™)
X' =Xou{Y, U, W, Z}
F =Fou{lL,Y = Czln—A)BU—1,, [,W—C(zln— A 1B 2Z,
—YC(zlm— A By + Wiy, —UC (21 — A) 1By + Z1, — 1,

Yi,— Y, Ul,— U, Wi, - W, ZI,, — Z,
Y-V, ,U-U I,W-W,I1,Z-2Z}

= V(F)

lle

V(F')



Future work
» Applications in elementary homology, theory on
generalized inverses [6,7,8,12] and control theory [4,8]
» Interconnection with noncommutative algebraic geometry [10]
» Related computational issues with Grobner bases [11]
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