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Algebraic Groups

A quick introduction

Throughout this talk let k be an algebraically closed field.

GL,(k) € k™" is also a subset of a vector space and the set of roots of
the polynomial

f:k™"xk—k, (Ay)—det(A)y-1.

Q Zariski topology

Algebraic groups are groups as well as topological spaces equipped with
the Zariski topology. The closed sets are given by the set of roots of
a set of polynomials (for example).
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Algebraic Groups

A quick introduction

Algebraic groups

For simplicity we will assume

/

-
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G < GL,(k),
where G is a closed subgroup in GL,(k) with respect to the Zariski
topology.
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Properties

We are especially interested in learning about additional structures in these
groups. We will from now on consider reductive, connected groups. They
include

?

m root systems and root subgroups

?

® maximale tori

m Borel subgroups

?

m Lie algebras
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Structures in GL,(k)

®m maximal tori are maximal abelian subgroups which are isomorphic to

k> x --o x k*.
T:= {(8 0)|t,- € kx} c GL(k)

th

m Borel subgroups are maximal, closed, connected, and solvable subgroups
of an algebraic group G

B:={(0":)}cGLa(k)

in particular we for each maximal torus we can find a Borel subgroup
such that T ¢ B.
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Structures in GL,(k)

m A root system is given by a subset ® € Hom(T,k*), in GL,(k) we obtain

ty

xij: T — k¥, (0‘-.2)|—>t,-571

with root system & := {x; |1 <i,j<n, i#j}.
m As for abstract root systems there is a Weyl group,

W =Ne(T)/co(T) = (50| aed).

In GL,(k) we have W ~ S, generated by permutation matrices.

Laura Voggesberger On programming with algebraic groups 6/ 15



MATHEMATICS [ KiSERSUAUTERN

Structures in GL,(k)

m For each o €  we can define root subgroups U, by taking U, to be the
image of an isomorphism

ua:(k7+)—) Us <G,

such that tu,(c)t™ = u(a(t)c) for aII teT, cek.
In GL,(k) we obtain

Uy; = aek(

For u, =[* -.? e Uy, and te T we get

tuat™ = Uy ()a :(1 R ]
o
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Structures in GL,(k)

m For each algebraic group, we can define a Lie algebra (given by the
tangent space), Lie(GL,(k)) = gl,(k) = k™".
m We have an action of G on Lie(G):
Ad: G — GL(Lie(G)).
In GL,(k) this is given by conjugation: Ad(A)(B) = ABA™1, A€ GL,(k)
and B e k™",

m every element in G is given as a multiplication of four group elements,
also called Bruhat decomposition:

elements in
ae@“' Ua
8w = ( ; )
representative of

| tin T
e
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Properties

We are especially interested in learning about additional structures in these
groups. They include

® maximale tori ~ is something like this: (8 9)
m Borel subgroups ~ looks something like this: (6 - :)

m root systems and root subgroups ~» ® ¢ Hom(T,k*), with
5

Xij * (o 9) — tit; and u, :(1 e 1)6 Uy -

m Lie algebras ~ linearisation of problems in algebraic groups, for example
the vector space k™"
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How can we use this for computing?

m The multiplication of group elements is well understood
~ In some algebra computer programmes it is even possible to define
algebraic groups directly and compute the multiplication with elements
m Action by group elements on the Lie algebra leads to linear combinations
in Lie algebra depending on parameters in k

m However, not every computer programme does allow us to do so over
algebraic closures

~ in Magma, we can work over algebraic closures. We can define Lie
algebras and the action of G on Lie(G) is given by linear maps that can
easily be implemented
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The problem with the orbits

In “good” characteristic In small characteristic
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Nilpotent Pieces

Definition (Nilpotent Pieces)

Let

0 :® — Z be a linear map describing a nilpotent orbit in
good characteristic

R be a set of the representatives of nilpotent orbits
Rs € R such that x € Rs < 3g € G such that
H g.xc gd, < specific subset of Lie(G)

set linear coefficients of
elements in g.x not in gg
to 0

B Ca([gx19) € (T, Ua |3(2) >0)

)
Then Ng = Lyer; Ox- <—| Union of nilpotent orbits I
—_—
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A schematic representation of the algorithm
( 1 =
orbit repre- action by g, € G ((y = Ad(gw)(x) in
sentative x for we W L subspace g2, € g? can be solved

with Groebner
yes bases

no

Check whether centraliser is
contained in a subgroup U:

N no is(Ad(g, ) () = y)for gur ¢ U?
can be simplified a
priori using knowled- yes
ge of group structure
\ checked no
for all g ?
yes

orbit not orbit in
in piece piece
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Example
Let ®(Gy) := {za, £0,t(a+ B),2(2a+ 8),+(3a+ §),+(3a + 253)},
char(k) =3, and x = eg + €443 € Lie(G).
Elements like
Uﬂ(cﬁ)UonrB(CaJrﬁ)u2a+,3(C2Q+B)u3a+25(c3a+2ﬁ)
for all cg, Ca+B) Coa+8s CRar23 € k fix x
~ enough to compute the action of u'tn, us(ca)uza+s(C3a+8) ON X.

B for w= ns,s, compute the coefficients of linear combination of g,,.x
~ obtain an equation system:

Cﬁ 3_0
d2 Ca = where di, d> € kX, ¢, € k.

2d2dyc? + d2dycy = 0

2

with solution ¢, = 0.
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Results
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@ ) 2O
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In “good” characteristic In small characteristic
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