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Cylindrical Algebraic Decomposition (CAD)

Input: polynomial formulas
» Everything that can be formed from variables, rational (or real
algebraic) numbers, +, —, -, /,=,#, <, <, >, >, -, A, V, =, &,
True, False according to the usual syntactic rules.
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Cylindrical Algebraic Decomposition (CAD)

Input: polynomial formulas

» Everything that can be formed from variables, rational (or real
algebraic) numbers, +, —, -, /,=,#,<,<,>,>, 7, A, V, =, <,
True, False according to the usual syntactic rules.

» Examples:
2l —(z-Dy—-1)>0Aa>y*>1 = y2-32<0
rr V2 + B >1 Az>y>2>1 = ayz >3

» Counterexamples:
» zcos(z) — ysin(y) > T = cos(z)sin(z) < sin®(z)
» zexp(y) —y2 <azy V log(y) <z = 22 +y*<4
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can compute a polynomial formula ¥ without quantifiers that is
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CAD: Quantifier Elimination

Given any polynomial formula ® involving quantifiers (¥,3) CAD
can compute a polynomial formula ¥ without quantifiers that is
equivalent (over R) to ®.

Examples:
2—vy
y+1

Vz: 0<z <1l = xz—y-l—lgB(xy—&—l) A y>—-1AN B>

Vedy: 0<z<lAO<y<az®= z°—y+1<Bzy+1) Al B>

Vedy: 2’4+ —4>06 -1y —-1)—1>0 A2 True

Note: The execution of CAD may be computationally expensive!

Implementations: Mathematica, Maple, QEPCAD, Redlog, etc.



An example from fuzzy logic [Kauers+P~+Saminger-Platz]

Some basic examples for triangular norms (t-norms):

minimum norm

o
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T (,y) = min(z,y)

tukasiewicz norm

Tr(z,y) = max(0,z +y — 1)

product norm

TD(x, 1) = TD(l,CL’) =T
Tp(z,y) =0 else



Dominance in the family of Sugeno-Weber t-norms

For all u,v,z,y € [0, 1]:

max(O, (1 — \)max(0, (1 — j)uv + p(u+ v — 1))

-max (0, (1 — )zy + j(z +y — 1))
+ A(max (0, (1 — j)uv + pu(u+ v — 1))

+ max(0, (1 — j)zy + p(z +y — 1)) — 1))
> max(O, (1 — 1) max(0, (1 — Nuz + Mu+z — 1))

-max(0, (1 — Moy + A(v+y — 1))
+ (max (0, (1 — Nuz 4+ A(u+ 2 — 1))

+max (0, (1 — oy + A(v+y — 1)) — 1)).



Breaking into Smaller Pieces

No ok e

Handle some special cases by hand

Eliminate the outer maxima

Eliminate the inner maxima

Discard some redundant cases using CAD
Apply some logical simplifications using CAD
Apply some algebraic simplifications

Apply CAD to finish up



Putting things together ...

. we arrive at the following equivalent formulation of the initial
task:
YV u,v,z,y:
0<A<puNI<z<IANO<y<lIANO<u<lAy<v<l+y
= (u(A-De+)((p—v+1)+(p—vz+v+xz—-1>0
Voz(l— A —=1)(p—Duy) + y(A — Duy((p — D)z + 1) + u—x) > 0).



Putting things together ...

.. we arrive at the following equivalent formulation of the initial
task:

YV u,v,z,y:
0<A<puNI<z<IANO<y<lIANO<u<lAy<v<l+y
= w-Dz+)((p—v+1)+p-—1Lvz+v+z—1>0
Voz(l— A —=1)(p—Duy) + y(A — Duy((p — D)z + 1) + u—x) > 0).

Applying CAD vyields the final result

0<A<p<1T+12V2 Vv
1—3\/ﬁ>2
3—-vi )

u>17+12\f2A0<A§<



Holonomic sequences

Let K be a computable field. A sequence (an)n>0 € KN is
called holonomic (or P-finite or P-recursive), if there exist poly-
nomials po, ..., p, € K[z], not all zero, such that,

pr(n)an—i—r +--+m (n)an—f—l +p0(n)an =0.
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Holonomic sequences

Let K be a computable field. A sequence (an)n>0 € KN is
called holonomic (or P-finite or P-recursive), if there exist poly-
nomials po, ..., p, € K[z], not all zero, such that,

pr(n)an—i—r +--+m (n)an—f—l +p0(n)an =0.

» Fibonacci numbers
Fopo—Fop1 —F, =0, Fy=0, Fj =1
> Harmonic numbers H, = Y p_; %
(n+2)Hpqo—(2n+3)Hp11+(n+1)H, =0, Hy=0, H =1
» Legendre polynomials P,(z) (L?-orthogonal on [—1,1]),
(n+2)Poja(z) — (2n 4 3)z Py (z) + (n+1)Pa(z) = 0,
Py(z)=1, Pi(z) ==



Turan inequality for Legendre polynomials

Foralln > 0 and all z € [-1,1]:

An(z) = Py(2)2—Py_1(2) Pasr(z) > 0. ] ‘ \

1— 2

Aylz)= 649” (352° — 212 + 922 + 9)
1— 2

Ag(z) = 25; (693210 — 11552% 4 6902 — 1502 + 2522 + 25)
1 — 22 . .

Ag(z) = ——— (3067352 — 825825212 + 86786720 — ...)
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Turan inequality for Legendre polynomials

Foralln > 0 and all z € [-1,1]:

An(z) = Py(2)2—Py_1(2) Pasr(z) > 0. ] ‘ \

1—a?

Ay(z)= 1 (352° — 212% 4 922 + 9)
1— 2
Ag(z) = 25; (693210 — 11552% 4 6902 — 1502 + 2522 + 25)
1 — 22 . .
Ag(z) = T%’l(:sooms.x“ — 825825217 4 867867210 — ...)
DOO~

» On the zeros of the polynomials of Legendre, Turan, 1950

» On an inequality of P. Turdn concerning Legendre
polynomials, Szeg6, 1948: 4 different proofs



Szegd, 1948: first proof

1. Proof. The following arrangement is somewhat similar to that
of Turén. By using the classical recursion

2n+1
2 P, =
(2) +1(%) e

wPa(a) — :’:—1 Pos()

we find for the polynomial A.(x) the representation
2 1
®) Pk Y
n+1 n+1
This is a quadratic form in P, and P,—, which is positive provided
n nd1/2 \? n(n + 1))1/2
>( el x), or lx[ <—£—£~Q—=cosﬂo.
n+1 n+1 n+1/2

For these x the theorem is already proved. For the remaining x =cos 6,
that is, for 0<0=6,, we use Mehler’s formula

(%) P(cos ) = %fo’ (z(cos (n+1/2)u

cos # — cos 6))1/?

@)




Gerhold-Kauers method

Given: pg,p1,p2 € K|z| and initial values f(0), f(1), s.t.,

pa(n)f(n+2)+pi(n)f(n+1)+po(n)f(n) =0, n>0.

Prove: f(n) >0 for all n > 0.

Proof by induction: Show that

F(n)>0Afln+1)>0= _Po(n)f(n) _p(n)
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This can be decided by a quantifier elimination algorithm!



Gerhold-Kauers method

Given: pg,p1,p2 € K|z| and initial values f(0), f(1), s.t.,

pa(n)f(n+2)+pi(n)f(n+1)+po(n)f(n) =0, n>0.

Prove: f(n) >0 for all n > 0.

Proof by induction: Show that

PO(”)f(n) ~ pi(n)

f(n)ZO/\f(n+1)20:>—p2(n)

fn+1)>0

Generalize: To prove positivity of f(n) it is sufficient to show that

po(z)  pi()

>0

Vyo,y1 ERVZ €R:yg > 0A Yy > 0= — Yo Y1 >
p2(z) p2(z)

But it might be false even if f(n) > 0!



Gerhold-Kauers method

Given: pg,p1,p2 € K|z| and initial values f(0), f(1), s.t.,

pa(n)f(n+2)+pi(n)f(n+1)+po(n)f(n) =0, n>0.

Prove: f(n) >0 for all n > 0.

Proof by induction: Show that

PO(”)f(n) ~ pi(n)

f(n)ZO/\f(n+1)20:>—p2(n)

f(n+1)>0

Refined induction step formulas: Extend the induction hypothesis

and try to show that

po(z) — pi(x)

p2(z)” pa(a)

1(@)p1(z+1) —po(x + Dp2(x)
pa(@)pa(z + 1)

Vyo,y,t €R:yo>0Ay1 20N — y1 >0

T r+1
N po( )pl( )y0+p

p2(x)p2(z + 1)

y1 >0



Turan inequality for Legendre polynomials 11

» Three term recurrence for Legendre polynomials Pp(x),
(n+2)Pyy2(x) — 2n+ 3)xPpri1(z) + (n+ 1)Py(x) =0
» Foralln>0andall z € [-1,1]:

Ay (x) = Py(z)? = Py (x)Payy () > 0.



Turan inequality for Legendre polynomials 11

» Three term recurrence for Legendre polynomials P,(x),
(n+2)Pyy2(x) — 2n+ 3)xPpri1(z) + (n+ 1)Py(x) =0
» Foralln>0andall x € [-1,1]:
An(x) = Po(z)? — Py_1(2) Ppyr () > 0.
> Let yo < Po(2),y1 < Pogi(2),. ..

Vr,—1<x<1Vz, 2z > 0Vyo, y1:
y? —yoy2 > 0= y3 — y1y3 > 0,

with
2243 z4+1

st T Y

Y2 =



Proof by SumCracker (Kauers)

inf1]:= Provelnequality [Py, (2)? — Pn—1(2)Pny1(x) > 0,
Using — {—1 < = < 1}, Variable — n, Infolevel — 2]



Proof by SumCracker (Kauers)

inf1]:= Provelnequality [Py, (2)? — Pn—1(2)Pny1(x) > 0,
Using — {—1 < = < 1}, Variable — n, Infolevel — 2]
Collecting terms from given inequality...
Creating difference ring and homomorphism...

searching for induction step...
checking initial value...
extending induction hypothesis...
selecting and sorting variables...
checking induction step...
checking initial value...
extending induction hypothesis...
selecting and sorting variables...
checking induction step...

outfi]= True
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Related Results

» When can we detect that a P-finite sequence is positive?
[Kauers, P] ISSAC'10

» Termination Conditions for Positivity Proving Procedures
ISSAC'13

» On positivity and minimality for second-order holonomic
sequences [Kenison, Klurman, Lefaucheux, Luca, Moree,
Ouaknine, Whiteland, Worrell] subm. 2021

» Log-concavity of P-recursive sequences [Hou, Li], JSC 2021

» Positivity of Turdn determinants for orthogonal polynomials
[Szwarc] 1998

» Positivity of Turdn determinants for orthogonal polynomials Il
[Szwarc] J. Appr. Th. (accepted 2021)



Schoberl’s inequality

If —1<x<1, n>0, then
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Schoberl’s inequality

If —1<x<1, n>0, then

= 245 + 1)(2n — 2j + 1)Py;(0) Py;(x) > 0.
7=0

12
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Recurrence relation for S(n, x)

The sums S(n, z) satisfy a five term recurrence

4(4n+T)(n +4)2S(n +4,x) = (2n + 3)*(4n + 15)S(n,

+(4n 4+ 15) (16122 — 8n? + 48na® — 12n + 352° +3)S(n + 1,z
—(—192n22? + 144n* — 1056nx> + 792n — 126022 + 943)S(n + 2, =
—(4n + 7)(16n%x? — 8n?* 4 128nx? — 76n + 2552% — 173)S(n + 3,z

_ — o

> this representation makes it reasonable to try an application of the
Gerhold-Kauers method

> the procedure, however, does not terminate

» a reformulation is needed!



First: decompose S(n,x)

22S(n,z) = g(n,z) + f(2n,z,0),

where
4 2
ol.) = 252 (ePauis(0) = T Panla) ) P,
= 1
f(naxay) = _jzo (2] — 1)(2] _|_3)PJ(5C)P](y)

R

—ob
‘ 05 10 -04



Estimate f from below and show positivity

22S(n,x) = g(n, 2) + f(2n,z,0)
> g(n,a) +  (/2n,2,2) + [(20,0,0))

04]
0.2f }:A
5
0.
-04)




Estimate f from below and show positivity

22S(n,z) = g(n,z) + f(2n,z,0)
>g(n,z)+ % (f(2n,x,z) + f(2n,0,0))

In[2]:= ProveInequality[. +7N>0,
Using — {—1 < « < 1}, Variable — n]

out2]l= True



CAD-input for Schéberl’s inequality (general case)

Vn,a,x,y,z,w((n >0N-1<z<1A-1<2a< IA(2a+4n+1)(y2+z2)(a+2n+1)2 -
(2a 4 4n 4+ 1)(2a + 4n + 3wez(a + 2n + 1) + (2n + 1)(2a + 2n + 1) (2a + 4n + 3)w? > 0) =
(2n + 3)(a + 2n + 1)?(a + 2n + 3)2(2a + 2n + 3) (2 + 4n + 5y (a + 2n + 2)? + (o + 2n +
1)2(64n° —25622n +160an® +464n* +144a°%n3 — 512az?n> — 118422 n3 +928an® + 1344n3 +
560°n? + 628a%n? — 384a’z%n? — 1776ax?n? — 1984z2n? + 2016an? + 1944n> + 8atn +
164a°n 4+ 912020 — 1280322 n — 888a2z?n — 1984ax?n — 1434z%n + 1944an + 1404n + 12a* +
1200 + 44102 — 16022 — 1480522 — 4960222 — 717az? — 37822 + 702a + 405) 2% (a + 2n +2)2 —
w?(—256n7 +40962*n% — 307222 n% —896an® — 1728n° +12288ax*n’® +25088z*n° —1216a2n° —
9216ax?n’® — 19968z2n° — 5184an’ — 4864n° + 15360a2z*n? + 62720ax*n? + 62464z%n* —
800a3nt — 5872a%n? — 11008a22%n* — 49920az?n? — 5312002n* — 12160an* — 7408n* —
256a4n3 4102400324 n3 46272002240’ +124928ax%n® + 8121624 n —3104a3n3 — 110722203 —
6656a3x2n’ — 47744022203 — 106240ax?n3 — 7417622 n° — 14816an® — 6592n> — 32a°n2 —
752a*n? 438400t 24 n? 43136003 2% n? +93696a2z4n? 4121824z n? 45832024 n? —4448a°3n> —
10192a%n2 — 2112a%22n? — 21696a°22n? — 76416a°x%n? — 111264az?n? — 573962°n? —
9888an? — 3424n2 — 64a5n - 736a4n + 768a5z4n + 78400 z*n + 3123203 2% n + 6091202 24 n +
58320am4n + 21978z* e 278405 n- 4576a%n — 320a°z%n — 4608a4z2n - 23296&31271 -
53568a u: n— 57396az n— 23340z n— 3424an — 960n — 32a% — 240a% + 6408 z + 78404‘)14 —+

39040’ +10152a z +14580a z* +10989az* +3402z —640a® —800a? —16a%z2 —352a°22 —
2504a*x? — 82400322 — 138810222 — 11670az? — 389722 — 4800 — 112) (a4 2n+2)2 — 2(a+2n+
1wz (128n° — 10242215 4 384an® 4 1408n° + 448a2%n* — 2560ax?n* — 550422n* + 3520an? +
5592n% +256a°n> 4329602 n3 —2560a222n> —11008ax?n> —11488x2n3 +11184an> +10888n> +
72a%n? 4 142403n? + 7870a%n? — 1280032%n? — 82560222n? — 17232ax%n? — 116882202 +
16332an? + 1125812 + 8a®n + 272an + 2278a°n + 7692a%n — 320atz?n — 275203220 —
8616ax%n — 11688az?n — 5814x%n + 11258an + 5940n + 16a® + 220a? + 112403 + 266942 —
32a°22 — 344022 — 14360322 — 29220222 — 2907ax? — 113422 429700 +1257) z(a+2n+2)2 > 0)



A different approach

.CIZ2S(TL, l‘) = .(](nv 1) + f(2na Z, O)a




Boundedness of Legendre polynomials

For n > 2 the successive relative maxima of |P,(z)|, when x
decreases from 1 to 0, form a decreasing sequence.
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Boundedness of Legendre polynomials

For n > 2 the successive relative maxima of |P,(z)|, when x
decreases from 1 to 0, form a decreasing sequence.

Define
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Boundedness of Legendre polynomials

For n > 2 the successive relative maxima of |P,(z)|, when x
decreases from 1 to 0, form a decreasing sequence.

Define

n(n + 1)hy(x) = n(n + 1)Py(z)? + (1 — 22 P ()%

Using the Legendre differential equation one obtains

n(n + 1)hl,(x) = 2P (x)*



Constructing the envelope for g

Recall that

_2n+1 4dn + 2

oln,0) = 252 (ePavinla) -

Pgn(l‘)> PQn(O)



Constructing the envelope for g

Recall that

4n + 2
dn+ 3

2n+1
g(n,x) =

(ngnH (x) — Pgn(l‘)> P5,(0)

We will work with the simplified version

Gn(z) = (4n+ 3)xPops1(z) —2(2n + 1) Poy(z).



Constructing the envelope for g

Recall that

4n + 2

o + 1 (x Pra(2) = gpgn(x)> Pon(0)

g(n,z) =
We will work with the simplified version
Gn(z) = (4n+ 3)xPopt1(z) — 2(2n + 1) Py ().
Ansatz for the envelope hy,(x) with normalization h,(0) = G,,(0):
ho(z) = (a0 + a2x?) Gy (x)? + (1 — 22)(bo + bax?) Gl (2)?

hee (1) = c12Gy(x)? + 2(do + dox?) Gl (2)?

n



The envelope for G>

The envelope for G2(z) is given by

1

Hn(z) = 1+ agx? "

()

and its first derivative satisfies
(1+ a2x2)2H;L(x) =z G;L(a:)Q(—Qag(l — xz)(bo + b2x2)
+ (14 a2a?)(do + daa?)).
This yields the desired result for € [—p(n), p(n)], where
p*(n) = ((4n® +5n+2) (8n° + 14n + 7)
—/84n* + 252n3 + 291n2 + 153n + 31)
1/ ((n+1)(2n + 1)(4n + 3)?)




Envelope and p(n) forn =6

0.975 0.98 0.985 0.99 0.995
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A Theorem of Alexander Alexandrov and Geno Nikolov

Let f be a polynomial of degree at most n having only real zeros
and define

2k G () FR=0) (g
Lulfi) = 3 (-1 {20 L)

P NI

1<k <n.



A Theorem of Alexander Alexandrov and Geno Nikolov

Let f be a polynomial of degree at most n having only real zeros
and define

2k , .
O (z) fRRD ()
Lu(fie) = TR gy 1Sk

For the choice f(z) = Hy(z) (the nth Hermite polynomial) the
function Ly (H,;-) is

» monotonically decreasing in (—o0, 0], and

» monotonically increasing in [0, c0)
forall 1 <k <n.



The functional for Hermite polynomials

Using that derivatives of Hermite polynomials satisfy the relations
2Mn)

H,(2) = 2nHyoa(2) and DPHy(e) = oo

n—m(x)

yields

Ly(Hp;x) = ik:(—l)k_j <n> <2kn_ j) A% H () Hyy—gpey ()

j=0 J



The functional for Hermite polynomials

Using that derivatives of Hermite polynomials satisfy the relations

2Mp

H!(z) =2nH,_1(x) and DI'H,(z)= =i n—m(T)
yields
2k /n n
Luttin) = -0 (1) (" )4 ) Hoas o),

j=0

» Compute a set of annihilating operators.



The functional for Hermite polynomials

Using that derivatives of Hermite polynomials satisfy the relations
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» Compute a set of annihilating operators.
» The goal is to show that L} (H,;x) > 0 for z > 0.



The functional for Hermite polynomials

Using that derivatives of Hermite polynomials satisfy the relations

H!(z) =2nH,_1(x) and DI'H,(z)= m n—m(T)
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2k /n n
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» Compute a set of annihilating operators.

» The goal is to show that L} (H,;x) > 0 for z > 0.

» ldea: search for a relation in the ideal where the coefficients
do not depend on x.



The functional for Hermite polynomials

Using that derivatives of Hermite polynomials satisfy the relations

H!(z) =2nH,_1(x) and DI'H,(z)= (”27—%;"1)' n—m(T)
yields
2k /n n
Li(Hp; ) = > (1) <]> <2k: _ j) A% H () Hyy—gpey ()

j=0

» Compute a set of annihilating operators.

» The goal is to show that L} (H,;x) > 0 for z > 0.

» ldea: search for a relation in the ideal where the coefficients
do not depend on x.

» Using HolonomicFunctions [Koutschan] we find for

yk,n(x) = Lk(Hn; QZ)
(k+1)Y kr1,0+1(2) = 4(n+1)Y gn(2)+2(k+1) (n+1)Y kt1,0(2)



The functional for Hermite polynomials

Using that derivatives of Hermite polynomials satisfy the relations

H!(z) =2nH,_1(x) and DI'H,(z)= (”27—%;"1)' n—m(T)
yields
2k /n n
Li(Hp; ) = > (1) <]> <2k: _ j) A% H () Hyy—gpey ()

j=0

» Compute a set of annihilating operators.

» The goal is to show that L} (H,;x) > 0 for z > 0.

» ldea: search for a relation in the ideal where the coefficients
do not depend on x.

» Using HolonomicFunctions [Koutschan] we find for
Ykn(z) = Li(Hp; ) or for the derivative

(E+ 1)y k1011 (2) = 4t 1)y ke n (@) +2(k+1) (n41)y py1,n ()



The recurrence

(k + Dyqrn1(@) = 40 + Dy (@) + 2k + 1) (0 + Dyhy 0 (2)

2k

Li(f;2) =) _(-1)

J=0

ki V@) D (@)
it (k=)




The recurrence

(k + Dyqrn1(@) = 40 + Dy (@) + 2k + 1) (0 + Dyhy 0 (2)

Li(Hp;x) =4n (an_l(x)2 — (n—1)Hy_o(z)Hyp(z))



The recurrence

(k + Dyqrn1(@) = 40 + Dy (@) + 2k + 1) (0 + Dyhy 0 (2)

Ly (Hy; x) = 8(n*~n) (nHp () Hy—1(2) = (n — 2) Hy—3(2) Hy(2))



Thank you!




