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Introduction

The current and expected precision of LHC data requires NINLO accurate
QCD predictions for the most relevant processes

NNLO results now available for essentially all the relevant 2 — 1 and
2 — 2 processes and lead to an improved description of the data for many
benchmark processes

The ¢; subtraction formalism has been widely used to obtain NNLO predictions
for the production of many colourless systems and heavy-quark production

These computations have been implemented in the parton level event generator

MATRIX

Kallweit, Wiesemann, MG (2017)

The eventual goal i1s to make NINLO predictions to these processes completely
available to the community



The method

Catani, MG (2007)

Consider the hard-scattering process pp - F + X F colourless system
(vector, Higgs boson(s)...)

of iInvariant mass M and
Use a dimensionless resolution variable transverse momentum ¢y

r>ry, (e.g. r=qp/M)

Subtraction counterterm that

Real CODFI‘lbUt.IOIl with one additional cancels the Vo — 0 Singularity
resolved jet, divergent as r,,, — 0 \ l
F+X _ gpF F Ftjets _ g CTF P
Aoty = T o ® dofy + |doti — oGl | + 067,
Virtual after subtraction of IR Power suppressed contribution
singularities + collinear contributions whose size determines the

ethciency of the computation

Structure of #* and do“’** can be obtained from all-order resummation: now

available at N3[.LO



The resummation formula

J.Collins, D.Soper, G.Sterman (1984)
S.Catani, D. de Florian, MG (2000); S.Catani, MG (2010)

dO(Sing) (p17 P2, qt, M7 Y, Q) M2 d2b 1b-
L = — Z |:d0'((:g)Fi| /(—2 €qu SC(M, b)

d?qr dM? dy d2 S “ ’ 27)

c=q,49,9

dz dz
X Z / 1 / 2 HFOICQ]cca1a2 fal/hl(xl/z:[, O/b ) faz/h2(x2/227b(2)/b2)

ai,a2

Se(M,b) = exp{—/bM2 d—%z [Ac(as( %) IHE + Be(as(g ))]}

ker ~ 1/b 32 4 q*

C coetficients embody collinear

< o
1/bSkrsM radiation at scale 1/b

P3

S. embodies soft and flavour
conserving collinear radiation

P4 in the region 1/b <kt < M

HF includes hard radiation at
scales kTt ~ M



Extension to heavy-quark production

Catani, Torre, MG (2014)

do.(sing) (Pl PQ' qrT M Y Q) M2 d2b :
P2 T I I _ d (Q)] / ib-qT S_(M.b
d2qt dM? dy d2 2P, - Py Z [ Oce (27)2 c (M. )

c:q’q’g

dz dz
3 / “ / V2 [HA) C1Chligaray fonsi (@121, BB/ Fuayia(@a) 22, B2/0°)

ai,a2

S.(M, b) =exp{—/bM2 dq [Ac(as( ) 1n 22 4 B.(as(q ))]}

by~ 1/b 2/b2 4 q°

C coetficients embody collinear

<o < SO
1/bSkrsM Q radiation at scale 1/b

2,
“ O
()
() ()
()

1/b<Skr SM

S. embodies soft and flavour
conserving collinear radiation

Q in the region 1/b <kt < M

HF includes hard radiation at
scales kTt ~ M

\ Additional radiative factor of

purely soft origin (starts to
6 contribute at NLL)

N
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Extension to heavy-quark production

We obtain an analogous structure for the subtraction formula (qq and
’ gg channels contribute at the same order) with some differences

Q0 _ 00 Q0 Q0+jet _ cT
do o = A oo @ 4ory + [dG(N)LO doy )NL0]

Modified subtraction counterterm fully known

Additional perturbative ingredient: soft anomalous

) . Mitov, S .S
dimension I't (known to NNLO) and related to IR o f\iﬂﬁ‘; elinagl ZEZZ;

singular structure of virtual amplitudes

This is enough to compute NNLO corrections in all the off-
d diagonal channels

Bonciani, Catani, Torre, Sargsyan, MG (2015)



Extension to heavy-quark production

Structure of hard collinear
function 1s analogous

cC;a1a»

butnow  HC ~ ( M|A|M)
7 X

IR-subtracted virtual amplitude
Additional soft contributions

aq

The soft contributions have been
computed by integrating a suitably

subtracted soft current

Catani, Devoto, Mazzitelli, MG (to appear)



tt and bb production at NNLO

Catani, Devoto, Kallweit,Mazzitelli, MG (2019, 2020)

Tree and loop amplitudes from Openloops (cross checked with Recola)

LHC @ 13 TeV
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Two-loop amplitudes from Czakon et al (2013)
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What else ?

We are working In two main directions:

® Extension to heavy-quark + colourless (QQOF)

may  ttH (this talk)

m=p Whbb (talk by Luca Buonocore)

® Extension of our method to include jet final states

way talk by Luca Rottoli

10



QOQF

When the heavy quark pair is accompanied by a

colourless system the resummation and subtraction

Qi ™

formalisms can be applied 1n an analogous way with just

two additional complications
Catani, Fabre, Kallweit, MG (2020)

The colourless system takes away momentum and the computation of
the additional soft contributions has to be extended accordingly

Devoto, Mazzitelli (in preparation)

For some important processes (1fZ, WWbb....) three-parton correlators are

non Vanishing and also contribute to the soft integrals

This 1s not the case for 7 and tH See eg Forshaw, Seymour and Siodmok (2012)
Czakon and Fiedler (2014)

w2y First NNLO results for 7H

Catani, Devoto, Kallweit, Mazzitelli, Savoini, MG (2022)
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a top-quark pair 1s a crucial process at the LHC

It allows a direct extraction of the top Yukawa

ttH

The associated production of the Higgs boson with

Experimental uncertainties are now at the ©(20%) level

Cross-section normalized to SM value

I | I I 1 ) | I I I I | I I I I | 1 I 1 ) I 1 I
ATLAS }—e— Total Stat. == Syst. | SMm
Vs =13TeV, 36.1- 139 fb™
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ttH

{s =14 TeV, 3000 fb ' per experiment

I IT'Ota_' .' ATLAS and CMd
. o e gﬁ:;ﬁz'mal HL-LHC Projection
Experimental precision expected to get to the 6(2%) — Theory i
level at the end of HLL-LHC a oo o
Current predictions based on NLO QCD+EW —— B
(+ resummations) and affected by 6(10%) uncertainty " | el
NNLO QCD needed to bring theory . ootz oo o oem R

Expected relative uncertainty

uncertainty down to the 6(2%) level expected

First step completed by evaluation of the contribution of the off-diagonal

P artonic Channels Catani, Fabre,Kallweit, MG (2020)

Missing ingredients are the two-loop gg — 7H and ¢g — fH amplitudes

Massive 2 — 3 amplitudes: at the frontier of current techniques (new classes of
functions, really charting a new territory...)

The idea: use an approximation for the missing two-loop amplitude

13



Soft-Higgs radiation

When soft gluons (or soft-photons) are emitted in a high-energy QCD (or

QED) process the corresponding amplitudes obey well known factorisation
formulae

AP}, k) = J(k) A p;})

Example° OCD Bassetto, Ciafaloni, Marchesini (1983)

_ e ( 7(0) 2 7(1) Del Duca et al (1999)
J(k) = gsp <J (k) + 85> (k) + .. ) Catani, MG (2000)

T purely non-abelian Duhr, Gehrmann (2013)

An analogous formula holds for the emission of a soft scalar off heavy quarks

AP}, k) = J(k) A p;})

At tree level it 1s straightforward to show that
g

="y ’;’;’péfk

l

heavy-quark mass

\ heavy-quark momenta
14



Soft-Higgs radiation

This formula can be extended to all orders in the QCD coupling a

Physical picture: Higgs
A Qpit k) = Flag(pg); m/pg) J(O)A({p;}) soft current essentially

o . » .
abehan : NO corrections

beyond LLO except for

over all normalisation

The perturbative function F(ay(ug); m/ug) can be extracted from the soft

limit of the scalar form factor of the heavy quark Bernreuther et al (2005)

Bliimlein et al (2017)

ag(Hg)
Flag(ug);miug) =1+ SZER (_3CF)
5 2
ag(Ug) 33 185 13 HR
(") <TC%‘ECFCA+?CF<”L+”‘“Fﬂolnﬁ + )

Alternatively, it can be derived by using Higgs low-energy theorems

See e.g. Kniehl and Spira (1995)

15



Soft-Higgs radiation

The basic obs.ervation 1s that at lim 22%({p,}, k) = 2 /%bare( ()
the bare amplitude level we have -0

The renormalisation of the heavy-quark mass and wave-function induce
a modification of the Higgs coupling to the heavy quark

The bare amplitude for fim 585, ) = 10 K.
.. . 1m ;
the soft-scalar emission 1s fs ~oH\P o Com,” ¢ P .
pr=m
By usmg the results of the @(aS) contribution to the heavy-quark self energy and
carrylng out the wave function and mass renormalisation we recover the

function F(ay(ug); m/uy) discussed before

Broadhurst, Gray, Schilcher (1991)
Note that intermediate results are gauge Gray, Broadhurst, Grafe, Schilcher (1990)
dependent: gauge invariance recovered only /
H

in the final on-shell limit

16



Soft-Higgs radiation

We have done several checks of our factorisation formula by assuming a

very light and soft Higgs boson
M(\p;}, k) = Flag(ug); m/ug) J(k)A(1p;})

We have tested it numerically with Openloops up to one-loop order in
the case of 17H production

We have tested it numerically with Recola up to one-loop order in the
case of tittH production

The formula can be useful to cross check future exact calculations of

QCD amplitudes with heavy quarks and a Higgs boson

Can it be used to complete the NNLO calculation for #7H production ?

Remarkably, yes !

17



Differences with other approaches

The 1dea of a treating the Higgs as a parton radiating off the top quark was
used already in the past

Effective Higgs approximation in early NLO calculations: introduce a function
expressing the probability to extract the Higgs boson from the top quark

Dawson and Reina (1997)
Fragmentation functions D,y and D,_ ; evaluated at NLO

Brancaccio, Czakon, Gerenet, Kriamer (2021)

These approaches are based on a collinear approximation

Our approximation is purely soft (collinear non-soft
emissions are neglected but soft quantum
interferences are included)

Moreover, we apply it only to the finite H T

part of the two-loop contribution

18



The computation

The starting point is again the g; subtraction formula

do = ® do o, + |dog — doc|

All the ingredients in this formula for 7/7H are now available and implemented 1n
MATRIX except the two-loop virtual amplitudes entering #

(n) 77(0)*
We define % = Ho(1 — 2)8(1 — 2) + 6 10 — 2Re (M5)0O)
|2
with
H=1 aS(MR) (1) aS(//tR) ’ (2) — -1
= 1+— H +< - > H? + ... | M (iR)) = L7 (up) | M)
T

—— IR subtraction

For n = 2 this definition allows us to single out the only missing ingredient in
the NNLO calculation, that is, the coefficient H®

Note that all the remaining terms are computed exactly (including |.# gn) %)

19



We have used our factorisation formula to construct approximations of the
HW and H® coefficients

Since the Higgs 1s not at all soft, in order to use the factorisation formula we
have to introduce a mapping that from a 7H event defines a 17 event with no

Higgs boson

To this purpose we use the g, recoil prescription
Catani, Ferrera, de Florian, MG (2016)

With this prescription the momentum of the Higgs boson 1s equally reabsorbed
by the imitial state partons, leaving the top and antitop momenta unchanged

The required tree-level and one-loop amplitudes are obtained using Openloops

The qq — t7 and gg — 17 two-loop amplitudes needed to apply our approximation

are those provided by Czakon et al.
Barnreuther, Czakon, Fiedler (2013)

Setup: NNPDF31 NNLO partons with 3-loop o
my = 125GeV and m, = 173.3 GeV

Central values for factorisation and renormalisation scales



Our first check 1s on the LO cross sections: we find that the soft
approximation overestimates it by

® ggchannel: a factor of 2.3 at \/s = 13TeV and a factor of 2 at /s = 100 TeV

® 47 channel: a factor of 1.11 at y/s = 13 TeV and a factor of 1.06 at y/s = 100 TeV

These are absolute 1LO predictions: 1n our calculation we will actually need to
approximate H') and H® that are normalised to LLO matrix elements

2Re (LMD"

H® —
| MO |?

We expect this approximation to work better than simply computing
2Re (%;’2% (0)*): etfective reweighing of LO cross section

When computing virtual amplitudes we will set the infrared subtraction scale
g to the invariant mass of the final state system

21



Vs =13TeV Vs =100 TeV
o [tb] g9 qq g9 qq
oLO 261.58 129.47 23055 2323.7
AoNLOH 88.62 7.826 8205 217.0
AGNLO H] soft 61.98 7.413 5612 206.0

We now move to NLO and compare the exact contribution from H" to the
one computed in the soft approximation

The hard contribution computed in the soft approximation is underestimated
by just 30 % 1in the gg channel and by 5% 1n the ¢g

The mismatch that we observe at NLO can be used to estimate the
uncertainty of our approximation at NNLO

The quality of our final result will depend on the size of the contribution we
approximate

22



Vs =13TeV Vs = 100 TeV
o [fb] g9 qq g9 qq
oLO 261.58 129.47 23055 2323.7
AonLon 88.62 7.826 8205 217.0
AONLO H] soft 61.98 7.413 5612 206.0
Aoxntomlsots | —2.980(3)  2.622(0) | —239.4(4)  65.45(1)

At NNLO the hard contribution is about 1% of the LO cross section in the gg
channel and 2% 1in the ¢gg channel

We can therefore anticipate that at NNLO the uncertainties due to the soft
approximation will be rather small.

But how can we estimate these uncertainties ?

We have carefully studied the stability of our results under variations of the
approximation procedure

23



We have varied the recoil procedure: reabsorbing the Higgs momentum

in just one of the initial state partons leads to negligible differences

We have repeated our computation by using different subtraction scales
at which the finite part of the two-loop virtual amplitude in H® is defined

When varying u; from M/2 to 2M and adding the exact evolution terms from
these scales back to M

- In the gg channel we find #)%7% at 13 TeV and *}/>% at 100 TeV

- In the g channel we find 7 at 13 TeV and ) at 100 TeV

To define our uncertainties we start from the NLO result: the hard
contribution computed in the soft approximation is underestimated by just

30% 1n the gg channel and by 5% 1n the ¢g therefore the NNLO uncertainty

cannot be smaller than these values

We multiply these uncertainties by a tolerance factor of 3

We finally combine the gg and ¢g uncertainties linearly map +0.6 % on oy
24



Results

o [pb] | Vs=13TeV | /s =100TeV

oo | 039101557 | 2638 T g0%

onro | 0.4875 *32?552 36.43 +g:%2

onnro | 0.5070 (31)19:9% | 37.20(25) 91%

NLO effect 1s about +25% at 13 TeV and +44 % at 100 TeV

NNLO eftect 1s about +4% at 13 TeV and +2%at 100 TeV

Significant reduction of perturbative uncertainties

Errors in bracket obtained combining uncertainty from the soft
approximation and the g; subtraction systematics (same procedure used in

MATRIX)

25



Results

pp — ttH LR = pp = My + My/2

ATLAS and CMS results from
Nature 2022 papers

Perturbative uncertainties estimated
by symmetrising the standard

7/-point scale variation

10t | _ Dashed band: residual error
_______________________ ‘ / from soft appr0X+systematiCS

——
——
——
———
- —

—————— ]

Note that: sensible comparison with
—10 - | data should eventuaﬂy be done
8 13 ‘ 27 50 100 including NLO EW corrections
V3 [TeV] (+1.7% at+/s = 13 TeV)
20

onnNLo/onLo — 1 [%]
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Summary

The current and expected precision of LHC data requires NNLO accurate
QCD predictions for the most relevant processes

NNLO results now available for essentially all the relevant 2 — 1 and
2 — 2 processes and lead to an improved description of the data for many
benchmark processes

The g; subtraction formalism has been widely used to obtain NNLO
predictions for the production of many colourless systems and heavy-
quark production

The production of a heavy-quark pair and a colourless system can be
attacked by addressing some additional complications, namely the
evaluation of the soft contributions and (in some cases) the computation of
three-parton color correlated contributions

Associated production of the Higgs boson with a top-quark pair is one of
the crucial 2 — 3 processes 1n this class

27



We have now applied our framework to evaluate NNLO corrections to 7TH

We have computed the last missing ingredient in the NNLO calculation by
using a soft-Higgs approximation

The approximation is based on a soft-Higgs factorisation formula that has
been presented, for the first time, to NNLO accuracy

Our formula will provide a strong check of future multi-loop computations

of amplitudes involving heavy-quarks and a Higgs boson

This 1s the first computation fora2—3 process with massive coloured
particles at this perturbative order

NNLO corrections are moderate and lead to a signiﬁcant reduction of
perturbative uncertainties

28
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Stability of the subtraction procedure

F+jets
do(nynro = Hinynzo ® doio [dg(]\_fl_)JLtO - dg(%r)@

The gt subtraction the difference in the square bracket 1s evaluated
counterterm 1s non-local ™%  with a cut-off re. on the ratio r= q1/Q

In MATRIX gt subtraction indeed works as a slicing method

[t 1s important to monitor the dependence of our results on reu

MATRIX allows for a ssmultaneous evaluation of the NNL.O cross

section for different values of reyt

The dependence on rey: 1s used b_y the code to provide an estimate of the
systematic uncertainty in any NNLO run



Ao /Aoiis’" — 1 (%)

pp — tt_H @ ].3 Tev, l’l’F = 2mt_2l_mH, l’l’R — 2mt-2|-mH
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fif
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Teut = CU‘tCIT/ MygH [%]



Ao /Ao — 1[%]

pp — ttH (QQ) @ 13 TeV, ur = M;L"H. , UR= ZmQ;-mH

Pp—)tfH(gg)@BTeV,pF:zﬂI;ﬂﬂ’ #R=2ﬂ%ﬂ

Ao /AT —1(%)

Ao (r — 0) 10
4r i AoN{TE (reut) .
X 0
|
%° . “
Z il
5 -0 Hﬂﬂmﬂﬂﬂﬂﬂﬂ Iy
< : HHHHHH
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Teut = Cllgy/m,q, [Y0] cut qr/mygz 170
pp — ttH (qg) @ 13 TeV, pp = Zmtmar |y, — 2mctmy pp = ttH (¢(¢')q) @ 13 TeV, pp = 2mmi | pp = 2mima
4f .
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T akEen) IHK{HHIH}}IIHIHIE "
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e E 0 HHH}[[H
: e T -0 i
i = —0.75-1
%
1} d -1.00f
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4 .
0 T A (s )
—1.50¢ I Aaﬁ‘ﬁ{,‘.ﬁ"”(rm)
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Fout = Wlgr/my [ Teut = CUlr/m,qy (7]



The calculation at NLO

Catani, Torre, MG (2014)

Standard soft current contain the correct soft behaviour
but also additional imitial state collinear singularities

2 _ Di - Dy
=2 b T

1,7=1

These singular contributions are already accounted for in the calculation of
colour-singlets

— We define a suitabl_y subtracted soft current

2

;e . 2TZT 2p3'p4
— J(k)? sup = T+ (p e ) | e
(0 J=Z3,4 (ps- k)27 i:zl,Q ps-k  (pr+p2)-k pi - k (p3 - k)(pa - k) v

/ N

final state (heavy-quark) emitters Initial state (massless) emitters




The calculation at NLO

Catani, Torre, MG (2014)

We need to compute the integral of
the subtracted soft current over the

phase space of the unresolved gluon

1 1 2 2 4
{ (6—2 + zwz — ﬁ) (T? + Tg) + ; Ye — E Fgl)(y34) + Fgl)(y34)}

v } |

Singular structure from initial state radiation Additional soft
contribution obtained
from integration of the
subtracted soft current



The calculation at NNLO

Catani, Devoto, Mazzitelli, MG , to appear

Three classes of contributions: singular structure fully known

. o o :
Emission of a soft quark-antiquark pair Catani, MG (2000)

® Emission of two soft gluons Catani, MG (2000)
Czakon (2011)

® Soft-gluon emission at one loop Catani, MG (2000)
Bierenbaum, Czakon, Mitov (2o11)
Czakon, Mitov (2018)

Construct suitably subtracted soft current for each of these contribution

Intermediate results contain 1/e3poles =) add up to 1/e?1n the end



Extension to heavy-quark production

Catani, Torre, MG (2014)

N

c—Q0 A Ncé—) 9 M 3
(HA) — (Mezsga | A | Messga) | Mees00)

“ o 0B(M2) M, o (p1, P23 p3, pa) 2

subtracted virtual

amplitude

A(b, M;yss, ¢3) = VI(b, M;yss) D(as(ba/b%); bav, ysa) V (b, M;yas)

M? 2

— d

V (b, M;yss) = Py exp {—/2/ X _q612 Pt(aS(q2)3y34)} Oéng terms 1L > MM
b2 /b

AN

1 2
I‘,g ) and I‘g ) directly related to singular structure of |MC(—;_>QQ>

soft anomalous dimension

Mitov, Sterman, Sung (2009)
bod, . bl Neubert et al (2009)
. embodies azimutha
D(a& ¢3b7 y34)

correlations at scale 1/b < D(aS§ ®3p, y34)>a,v, =1



