
INSTITUTO DE PLASMAS 
E FUSÃO NUCLEAR

Laser-Electron Collisions and Laser-Plasma Interaction 
in QED Regime

golpgolp
epp.tecnico.ulisboa.pt || golp.tecnico.ulisboa.pt

Marija Vranic

GoLP / Instituto de Plasmas e Fusão 
Nuclear Instituto Superior Técnico, 
Lisbon, Portugal



Acknowledgements

Work in collaboration with:

IST:  T. Grismayer, B. Martinez, J. L. Martins, F. Del Gaudio, R. A. Fonseca, L. O. Silva 

ELI:  M. Jirka, O. Klimo, G. Korn, S. Weber

Simulation results obtained at Jugene/Juqueen, SuperMUC, Jaguar, Fermi/Marconi, Salomon, 
MareNostrum.

Supported by the 
Seventh Framework 
Programme of the 
European Union

Marija Vranic | 767. WE-Heraeus-Seminar | Bad Honnef, May 16, 2022
 



 What happens in a plasma in the presence of extreme fields? 

‣ relativistic particles

‣ radiation reaction 

‣ anomalous radiative trapping

‣ hard photon emission

‣ e+e- pair production

‣ QED cascades 

‣ EM field depletion by self-created plasma
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Where can these plasmas exist? 

When intense lasers 
interact with matter
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traps…) and the in-house know-how for massively parallel simulations of plasmas, efficiently scalable to top 
supercomputers of today [29].  

A number of experimental facilities worldwide have shown interest in this area of research, by putting it on their 
scientific agenda. The most important centres are listed in Fig. 1. Many configurations which combine electron, 
photon and laser beams will allow to probe a wide range of interaction regimes related to SPARCLE.  

 
Figure 1: (Up) Generation of electron-positron pairs in a laser-electron collision. This simulation is from the design study I 
performed for the L4 laser beamline pertaining to Extreme Light Infrastructure pillar ELI Beamlines in Prague. The picture 
was selected for the official poster for the 45th European Physical Society Conference on Plasma Physics, held in July 2018. 
(Down) A list of facilities whose science programme is aligned with the goals of SPARCLE and which are interested to 
perform related experiments.  

 
a.2: Main objectives 

The objectives of SPARCLE are directed towards obtaining energetic particles and photons using extremely 
intense laser technology interacting with plasmas. An outstanding challenge is to create and accelerate 
positrons, which requires a paradigm shift compared to the well-established schemes for electron acceleration. 
Another challenge, creating and accelerating electron-positron-photon beams may be even harder as 
electrons and positrons are oppositely charged, which means that a field cannot be accelerating for both at the 
same time. One has to exploit unusual and judicious configurations where the opposite charge particles do not 
experience locally identical conditions, but the time-averaged interaction with the field allows all accelerated 
particles to propagate in the same direction. Direct laser acceleration (DLA) is a potential scheme that can 
provide this, when the particles are injected in a favourable laser phase to gain energy. How to control this 
injection is by itself a big research question. The most promising direction, to overcome the predicament of 
trying to overlap the two beams, is to create particles themselves in the region of strong field [30]. An electron-
positron-photon beam would naturally be generated in the right location within the laser field to allow 
acceleration. To obtain high charge, we need to study the different configurations to obtain abundant number 
of pairs with lasers, which amounts to the study of seeding for QED cascades. The results coming from this 
research can benefit another goal of SPARCLE: to generate enough electron-positron pairs to constitute a 
pair plasma. Finally, all these processes involve high-energy leptons immersed in a strong field, which naturally 
emit flashes of very energetic photons. The frequency range depends on the energy of the leptons and the 
strength of the background field, but we can expect a large fraction of emission to be in the hard X-ray or 
gamma-ray range. Other radiation properties also change according to the interaction geometry and the source 
size, which opens an extraordinary opportunity to construct tunable radiation sources in laboratory. Plasma 
based radiation sources hold an astounding potential for applications [11], and a related goal of SPARCLE is to 
evaluate the relevant properties of emitted radiation for every configuration we study while pursuing other 
goals. Due to the importance of its findings, this goal itself could warrant a separate ERC proposal. Instead, it 
represents the contingency plan of SPARCLE to profit from all simulations performed while pursuing other 

In magnetospheres of 
neutron stars

Image: Dana Berry / NASA

Image: Marija Vranic, European Physical Society Conference official poster 2018

Around black holes

Image: Event Horizon Telescope 
collaboration, Sgt A* 

Marija Vranic | 767. WE-Heraeus-Seminar | Bad Honnef, May 16, 2022
 



Why should we care? 

‣ What is the maximum allowed field before the breakdown 
of the vacuum?                                                      

‣ Can we make particle acceleration in plasmas better with 
extreme laser intensities? Are there paradigm shifts? 

‣ Can we transform cascades to positron sources? Maybe 
they could serve as injectors for electron-positron 
colliders?

‣ Can we construct tunable radiation sources, with high 
conversion efficiency ranging all the way to gamma-rays? 

specifically, the layer comprised a core associated with the
highest plasma density where the original standing wave is
severely depleted and a surrounding area with near critical
density where portions of progressive and standing waves
(due to reflection) still exist. We show in Fig. 6 the momen-
tum phase space of the electrons around the absorption
zone for a0 ¼ 1000 and a0 ¼ 2000. One notices the strong

correlation between the typical pattern observed in the mo-
mentum phase space and in the radiation map which is due
to the beaming effect of the radiation coming from ultra
relativistic particles. The additional cross pattern seen in
Fig. 6 for a0 ¼ 2000 is the signature of the copious amount
of pairs quivering in the portions of progressive waves
which also lead to the emission of energetic photons. The

FIG. 5. Angular distribution of the emitted radiation. 3D photon radiation maps from 3D simulations for (a) a0 ¼ 1000 and (b) a0 ¼ 2000 at t ¼ 85 x"1
0 . The

radius from the centre of the box and colour are proportional to the amount of energy radiated per unit solid angle. (c)–(h) Polar radiation maps from 2D simu-
lations, all collected at t ¼ 90 x"1

0 . Radius is proportional to the amount of energy radiated per unit azimuthal angle. Dark blue line corresponds to the photons
above 2 MeV, while red is for the photons above 100 MeV.
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through Compton scattering. Recent milestone all-optical experiments scattered electrons with lasers at 180 
degrees, and demonstrated the potential of the state-of-the-art laser technology to generate x-rays and γ-rays23–27. 
A recent review on laser-wake!eld acceleration-based light sources can be found in ref.28 and the most recent 
results on multiphoton "ompson scattering in ref.29. All these experiments were performed below the radiation 
reaction dominated regime, because the overall energy radiated by the interacting electrons was small compared 
with the initial electron energy. More recent experiments show !rst evidence of electron slowdown30,31 on the 
order consistent with the classical radiation reaction predictions for scattering an electron bunch and a laser 
pulse32. By using more intense laser pulses (I 10 W/cm22 2∼ ) or more energetic electron beams, we will soon be 
able to convert a large fraction of the electron energy into radiation and access the regime of quantum radiation 
reaction33–40. "is is expected in the next few years, as 4 GeV electron beams have already been obtained using a 
16 J laser41 and the next generation of facilities is aiming to achieve laser intensities I > 1023 W/cm2. In such 
extreme conditions, the energetic photons produced in the scattering can decay into electron-positron pairs42.

Here we propose a con!guration that allows to both create and accelerate an electron-positron beam. An 
intense laser interacts with a relativistic electron beam at 90 degrees of incidence (setup is illustrated in Fig. 1). 
"e pair production e$ciency here is slightly lower than in a head-on collision. However, in a head-on collision 
the energy cuto% of the electron-positron beam is limited to the initial energy of the interacting electrons, while 
at 90 degrees this is not the case. At 90 degrees of incidence, if generated with a low energy, new particles can 
be trapped and accelerated in the laser propagation direction. If the created particles are very energetic, they 
continue emitting hard photons to further feed the pair creation. Once their energy is low enough to be trapped, 
they rapidly develop a momentum component parallel to the laser propagation direction that supresses the quan-
tum interaction. "e creation and the acceleration phase are therefore decoupled. Due to the laser defocusing, 
the trapped particles remain in the laser !eld only a fraction of a full oscillation cycle. "is limits the maximum 
energy they can attain, but allows for a net energy transfer in vacuum that would otherwise be impossible. We 
have developed a predictive analytical model for the energy cuto% of the electron-positron &ow generated in the 
electron-laser scattering. Our theory is supported by full-scale 2D and 3D particle-in-cell (PIC) simulations, 
where the quantum processes are modelled via an additional Monte-Carlo module. We show that this setup pro-
duces a neutral electron-positron &ow that can reach multi-GeV energies. "e &ow has a divergence of about ~30 
mrad. A distinguishing aspect of this scheme is to produce at extreme intensities an equal number of electrons 
and positrons that can be separated from the initial electron beam. "e original electrons are, in fact, re&ected 
before entering the region of the highest laser intensity where most pairs are created. As a result, the pairs and the 
earlier re&ected electrons move in slightly di%erent directions and can be collected separately.

Results
��������������������������������������Ǥ� Laser intensity, electron energy and their relative angle of 
incidence determine whether classical or quantum processes dominate the laser-electron interaction. One way to 
quantitatively distinguish between the two regimes is through a Lorentz-invariant dimensionless parameter χe, 
that is formally de!ned as43

χ = µ
µνp F E mc( ) /( ) (1)e c

2

Here, Ec = m2c3/(ħc) is the critical !eld of electrodynamics that can perform a work of mc2 over the Compton 
length (and can spontaneously create electron-positron pairs in vacuum), Fµν is the electromagnetic tensor, m, pµ 

Figure 1. Setup. (a) Perpendicularly moving electron beam interacts with the laser at the focus and creates 
new pairs; (b) Some electrons and positrons obtain a momentum component parallel to the laser propagation 
direction and start getting accelerated; (c) "e laser defocuses shutting down the interaction; this leaves the 
particles with the net energy gain from the laser. (d) A fraction of the accelerated electrons and positrons 
distributed within the momentum space.

M. Vranic et al, SciRep (2018) 

There are both fundamental and practical open questions

T. Grismayer et al, POP (2016) 

M. Vranic et al, PPCF (2018) 

Vranic  Part B2 SPARCLE 

2 

 

traps…) and the in-house know-how for massively parallel simulations of plasmas, efficiently scalable to top 
supercomputers of today [29].  

A number of experimental facilities worldwide have shown interest in this area of research, by putting it on their 
scientific agenda. The most important centres are listed in Fig. 1. Many configurations which combine electron, 
photon and laser beams will allow to probe a wide range of interaction regimes related to SPARCLE.  

 
Figure 1: (Up) Generation of electron-positron pairs in a laser-electron collision. This simulation is from the design study I 
performed for the L4 laser beamline pertaining to Extreme Light Infrastructure pillar ELI Beamlines in Prague. The picture 
was selected for the official poster for the 45th European Physical Society Conference on Plasma Physics, held in July 2018. 
(Down) A list of facilities whose science programme is aligned with the goals of SPARCLE and which are interested to 
perform related experiments.  

 
a.2: Main objectives 

The objectives of SPARCLE are directed towards obtaining energetic particles and photons using extremely 
intense laser technology interacting with plasmas. An outstanding challenge is to create and accelerate 
positrons, which requires a paradigm shift compared to the well-established schemes for electron acceleration. 
Another challenge, creating and accelerating electron-positron-photon beams may be even harder as 
electrons and positrons are oppositely charged, which means that a field cannot be accelerating for both at the 
same time. One has to exploit unusual and judicious configurations where the opposite charge particles do not 
experience locally identical conditions, but the time-averaged interaction with the field allows all accelerated 
particles to propagate in the same direction. Direct laser acceleration (DLA) is a potential scheme that can 
provide this, when the particles are injected in a favourable laser phase to gain energy. How to control this 
injection is by itself a big research question. The most promising direction, to overcome the predicament of 
trying to overlap the two beams, is to create particles themselves in the region of strong field [30]. An electron-
positron-photon beam would naturally be generated in the right location within the laser field to allow 
acceleration. To obtain high charge, we need to study the different configurations to obtain abundant number 
of pairs with lasers, which amounts to the study of seeding for QED cascades. The results coming from this 
research can benefit another goal of SPARCLE: to generate enough electron-positron pairs to constitute a 
pair plasma. Finally, all these processes involve high-energy leptons immersed in a strong field, which naturally 
emit flashes of very energetic photons. The frequency range depends on the energy of the leptons and the 
strength of the background field, but we can expect a large fraction of emission to be in the hard X-ray or 
gamma-ray range. Other radiation properties also change according to the interaction geometry and the source 
size, which opens an extraordinary opportunity to construct tunable radiation sources in laboratory. Plasma 
based radiation sources hold an astounding potential for applications [11], and a related goal of SPARCLE is to 
evaluate the relevant properties of emitted radiation for every configuration we study while pursuing other 
goals. Due to the importance of its findings, this goal itself could warrant a separate ERC proposal. Instead, it 
represents the contingency plan of SPARCLE to profit from all simulations performed while pursuing other 

Marija Vranic | 767. WE-Heraeus-Seminar | Bad Honnef, May 16, 2022
 



 

Marija Vranic | 767. WE-Heraeus-Seminar | Bad Honnef, May 16, 2022
 

Contents

Quantum radiation reaction   
 

Pair creation and acceleration 

Classical radiation reaction 



Facilities and orders of magnitude…

 Ultra intense Laser Facilities  Which intensity?

Apollon 2 lasers 
10 PW (150 J) 
1 PW (15 J)

ELI 
beamlines : 3 lasers
2 ×1 PW & 10 PW (1kJ)
NP: 10 PW & !-ray beam

CoReLS 
1 laser of 4 PW (100 J)

Pulse duration : 20-150 fs
Wavelength ~ 1 μm
Intensity ~1021 - 1024 W/cm2

Extreme acceleration regime

a0 =
eE0

m!c

a0 ⇠ 1 I ⇠ 1018W/cm2

a0 ⌧ 1 I ⌧ 1018W/cm2

a0 ⇠ 1000 I ⇠ 1024W/cm2

a0 ⇠ 10 I ⇠ 1020W/cm2

a0 ⇠
q

I[1018 W/cm2]�2
[µm]

‣ non relativistic 

‣ weakly nonlinear, relativistic 

‣ relativistic, nonlinear  

‣ quantum

classical nonlinear parameter 

a0 ⇠ 1 I ⇠ 1018W/cm2

a0 ⌧ 1 I ⌧ 1018W/cm2

a0 ⇠ 1000 I ⇠ 1024W/cm2

a0 ⇠ 10 I ⇠ 1020W/cm2

ZEUS
3 PW (80 J) & 0.5 PW (15 J)
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Threshold for QED processes is attainable with lasers

 First QED processes                            

Credit: M. Lobet, B. Martinez

Non-linear Compton emission Non-linear Breit-Wheeler pair creation EM trident pair creation

ES =
m2c3

e~

 Schwinger critical field
‣ Field strong enough to spontaneously create e+e- pairs from vaccuum

‣ Field srong enough to transfer one mc2 of energy to leptons over one Compton wavelength

‣ A laser with E0 = ES would have I~1029 W/cm2

‣ Relativistic particles can feel ES in their rest frame even at I~1022 W/cm2
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 What new features are needed for plasma modeling at extremes? 

where ES ¼ m2c3=e!h and with ~u ¼ ~p=mc. It should be
emphasised that radiation reaction in intense fields modifies
the orbits of particles43 and can lead to anomalous radiative
trapping44 which we omit in our following analysis but
which is self-consistently included in our simulations.

Setup 1 (lp-lp) consists of two linearly polarised lasers
where the phase and polarisation are defined by

~a6 ¼ ð0;6a0 sinðk0x7x0tÞ; 0Þ; (2)

where the indices “þ” and “%,” respectively, denote a wave
propagating in the positive and in the negative x direction.
a0 ¼ eE0=mx0c is the Lorentz-invariant parameter, related

to the intensity I by a0 ¼ 0:85ðIk2
0=1018 W cm%2Þ1=2, and E0

is the peak electric field strength. This results in a standing
wave where Ey ¼ 2a0 cosðk0xÞ sinðx0tÞ;Bz ¼ %2a0 sinðk0xÞ
cosðx0tÞ and where the fields amplitude are expressed in
units of mx0c=e. The dynamics of the particles is determined
by the electric or magnetic field depending on the phase
within the temporal cycle.35,43 The electric field accelerates
the pairs in the y direction, while the magnetic field Bz can
rotate them and produce px ensuring a perpendicular momen-

tum component to both ~E and ~B. The rise in px gradually
increases ve until a photon is radiated. The most probable
locations to create pairs or hard photons are precisely k0=4
and 3k0=4.43 For a particle born at rest, ve oscillates approxi-
matively twice per laser period with a maximum on the order

of 2a2
0=aS, where aS ¼ mc2=!hx0 is the normalised Schwinger

field.7 The cascade develops mostly around the bunching loca-
tions and is characterised by a growth rate that possesses an
oscillating component at 2x0.

Setup 2 (cw-cp) is formed by a clockwise and a counter-
clockwise polarised laser

~a6 ¼ ð0; a0 cosðx0t6k0xÞ;6a0 sinðx0t6k0xÞÞ; (3)

where a0 ’ 0:6ðIk2
0=1018 W cm%2Þ1=2. The components Ey

and Bz are anew the same but Ez ¼ 2a0 sinðk0xÞ sinðx0tÞ;
By ¼ %2a0 cosðk0xÞ cosðx0tÞ. This setup consists of a rotat-

ing field structure, and the dynamics of the particles has been
already studied.18,22,31 The advantage lies in the direction of
the fields that is constantly changing, and the particles are

not required to move in x to enter a region where ~E and ~B
are perpendicular to their momentum. The particle accelera-
tion is stronger in the regions of high electric field, so the
highest electron momenta are obtained where the electric

field is maximum. This then leads to higher ve, and the cas-
cade develops in the region of strong electric field (precisely
in the node B¼ 018) producing a plasma wheel as shown in
Fig. 1. At this particular position, the parameter ve can reach

a maximal value of 2a2
0=aS.31

From the description of the two configurations, the setup
1 can produce the highest values of ve (ve > 2a2

0=aS) but
only for particles born in a specific phase of the standing
wave. The majority of the particles are sloshing back and
forth between the electric and magnetic zone which results
in lower average ve in comparison with setup 2. The effi-
ciency of the cascade setups can be more accurately assessed
by calculating its growth rate C.

B. Theoretical models

1. Circular polarization

The case of a uniform rotating electric field constitutes a
good approximation of the standing wave field produced in
the setup 2.18 The advantage of this setup is that the cascade
develops mostly in one spot x ¼ p=2, which allows us to
assume a time-dependent field. It has been shown41 that the
equation governing the time evolution of the number of pairs
growing in the cascade is

dnp

dt
¼ 2

ðt

0

dt0
ð

dvcnp t0ð Þ d2P

dt0dvc
Wpe%Wp t%t0ð Þ; (4)

where the pairs follow a fluid-like behaviour which can be
described through an average energy !c and an average quan-
tum parameter ve . The differential probability rate for photon

emission d2P=dt0dvc depends thus on !c; !ve, and vc. The pho-

ton decay rate (or the pair emission probability rate) can be
considered as constant which permits us to write Wp ¼ Wp

ðvc; !cÞ with !c ¼ !cvc=!ve. Eq. (4) can be solved using the

Laplace transform, and calculating the growth rate corre-
sponds to solving the zeros

s% 2

ðve

0

dvc

d2P

dt0dvc
Wp

sþWp
¼ 0: (5)

In the limit !ve & 1, the pair creation probability can be

approximated by11,27 Wp ’ ð3p=50Þða=scÞe%8=3vcvc=!c and

d2P=dtdvc ’
ffiffiffiffiffiffiffiffiffiffi
2=3p

p
ða=scÞe%d=ðd1=2!ve!c) with d ¼ 2vc=ð3!ve

ð!ve % vcÞÞ; sc ¼ !h=mc2 and a ¼ e2=!hc. We start from an

FIG. 1. Side view and front view of the
development of a QED cascade in 3D.
The magnitude of the electric field result-
ing from the beating of the two laser
pulses is represented by the coloured bar.
The curved lines with arrows represent
the electric field lines. The electrons,
positrons, and photons are, respectively,
displayed in red, green, and yellow. The
particles shown only represent a small
fraction of the particles of the simulation.
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Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy

M. Vranic et al., PRL (2014);  M. Vranic et al., CPC (2016); M. Vranic et al, PPCF (2018)

Adding classical radiation reaction    
‣ Modelling electron beam slowdown in scattering configurations

‣ Modelling other configurations where only a fraction of electrons may be 
subject to RR but where this can alter qualitative behaviour

Adding quantum processes
‣ Modelling the onset of QED, RR from quantum perspective

‣ Modelling e+e- pair production

‣ QED cascades, nonlinear regimes where many particles are created and 
collective plasma dynamics can alter the background fields

Adding performance improvements (particle merging, advanced 
load balancing schemes)
‣ Essential for all the projects with strong QED effects

M. Vranic et al, NJP (2016);  T. Grismayer et al,  POP (2016); T. Grismayer et al, PRE (2017); 
J. L. Martins et al, PPCF (2016); M. Vranic et al, PPCF (2017); M. Vranic et al, SciRep (2018); 

M. Vranic et al., CPC (2015)
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Open-access model 
· 40+ research groups worldwide 

are using OSIRIS
· 300+ publications in leading 

scientific journals
· Large developer and user 

community
· Detailed documentation and 

sample inputs files available

Using OSIRIS 4.0
· The code can be used freely by 

research institutions after 
signing an MoU

· Find out more at:

Ricardo Fonseca: ricardo.fonseca@tecnico.ulisboa.pt

OSIRIS framework
· Massively Parallel, Fully Relativistic  

Particle-in-Cell Code 
· Parallel scalability to 2 M cores
· Explicit SSE / AVX / QPX / Xeon Phi / CUDA support
· Extended physics/simulation models

http://epp.tecnico.ulisboa.pt/

mailto:ricardo.fonseca@ist.utl.pt?subject=
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Classical radiation reaction + particle-in-cell algorithm

PARTICLES

GRID

Integration of equations of motion: 
moving particles

Integration of field equations: 
updating fields

Deposition:                            
calculating current on grid

Interpolation:                            
evaluating force on particles

Fp � up � xp

(E,B)i � Ji

(E,B)i � Fp (x,u)p � ji
�t

One can replace the Lorentz force in the particle pusher with the Landau & Lifshitz equation of motion (or similar*)

2.2 Particle-in-cell method 15

Fields

Particles

FIGURE 2.2: Simulation grid. Informations about fields are saved in the grid corners, and then
when needed interpolated to particle positions.

2.2 PARTICLE-IN-CELL METHOD

Particle-in-cell (PIC) codes are a powerful simulation tool that can take full advantage
of world’s leading high-performance parallel computing systems. Most simulations
in this thesis are performed with OSIRIS framework [52], that has been shown to run
efficiently on systems as with as many as 105 � 106 cores [101]. In this chapter, we are
describing the core PIC technique, while some additional features specially added as
a part of this PhD project will be introduced later.

The PIC method relies on relativistic Maxwell equations (2.1)-(2.4) for field evo-
lution, coupled with Lorentz force to advance the charge density. This is a fully self-
consistent model that starts from first principles and conserves the energy and mo-
menta throughout the simulations.

In PIC codes, particles can explore the full 6D phasespace, while the fields are con-
fined on a grid (see Fig. 2.2). The Maxwell’s equations are solved at grid points, from
where the fields later can be interpolated to any particle location. This is a great ad-
vantage for simulating large number of plasma particles compared to particle-particle
methods where the order of complexity scales with the square of the number of parti-
cles in the system N2

p . In PIC, the Couloumb interaction between particles is mediated
by the grid, which reduces the algorithm complexity to ⇠ Np.

The outline of a standard PIC algorithm [102] is given in Fig. 2.3. First, we in-
terpolate the fields from the grid to the particle positions. In this step, field values
in several nearby grid points are weighted — the number of grid points concerned
and their weights depend on how far the particle is from a specific grid point and if
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Radiation reaction in classical electrodynamics
Highest value is obtained for relativistic particles counter-propagating with a laser

A. Di Piazza et al., Rev. Mod. Phys., 84, 3 (2012)

  Non-relativistic radiation reaction 

P =
2

3

e2

c3
a2 Frad =

2

3

e2

c3
ȧ
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LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy

3

- 50 - 50

- 50

- 50

- 50 50  50  50

 50

 50

 0

 0

 0

 0  0

 0.01  0.1  11000 1200 1400 1600
# of electrons [arb. u.]E [ mc2 ]

p2 [ mc ] p2 [ mc ]p2 [ mc ]

p 3 [
 m

c 
]

p 3 [
 m

c 
]

p 3 [
 m

c 
]

p 3 [
 m

c 
]

p 2 
- 60

60

0

- 60

60

0

p2 

x1 [ c / Zp ]
0 15050 100

 a)

 b)

 c) d)  e)

 f)  g) h)

Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
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and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy
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All-optical acceleration and “optical wiggler"
~ 40% energy loss for a 1 GeV beam at 1021 W/cm2

M. Vranic et al., PRL 113, 134801 (2014)
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All-optical acceleration and “optical wiggler"
~ 40% energy loss for a 1 GeV beam at 1021 W/cm2

Accelerated 
electrons

X-ray 
detector

LWFA in bubble regime Second laser 
I ~ 1021 W/cm2 

Setup

                                 

Initial e- spectrum

I ~ 4x1021 W/cm2 

I ~ 1021 W/cm2 

The electrons lose energy in the emission

M. Vranic et al., PRL 113, 134801 (2014)
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Recent experiments show slowdown
Broad or unstable initial electron spectrum makes it difficult to get reliable quantitative measurements, of the slowdown or the energy spread. 

Photon emission

J. Cole et al., PRX 8, 011020 (2018)

measurement uncertainties in the data, we find that there
is a >98% probability that the correlation is negative, the
direction expected if radiation reaction is occurring in the
successful collisions. Under the null hypothesis that no
radiation reaction is occurring, the chance of observing a
negative correlation at least this strong simultaneously with
the electron energies all being below 500MeV is lower than
1 in 3000.
An important source of variation here is the interaction

a0, which should be expected to vary significantly between
laser shots due primarily to the spatial jitter between the
electron and photon beams. If more data were available,
one would therefore expect the points to trace out a curve in
ðΔε=ε; εcritÞ space, parametrized along its length by a0.
Each radiation reaction model generates a different curve,
and so matching the data to a curve is a method for finding
the model most consistent with the experiment independ-
ently of any knowledge of a0 for a particular datum.
Because of the shot-to-shot jitter these curves are

broadened into the shaded areas plotted in Fig. 9.
To calculate these areas a large number of “numerical
experiments” are conducted. For various values of the
laser strength a0 (uniformly distributed over the range
a0 ¼ 4–20), a set of 10 initial electron beam energies εinitial
are drawn from the measured precollision distribution.
From the assumed a0 a final energy after the interaction
with the laser is calculated, εfinal, and a set of εcrit for each
radiation reaction model as would be measured on the
detector. The spread of of εcrit takes into account the
measured fluctuations of the electron beam spectral shape.
We then calculate the averages ε̄final and ε̄crit and place these
onto the (εfinal, εcrit) space. This process is repeated 500
times for each value of a0, equivalent to taking 50 000
successful collision shots. The shaded regions represent the

area in (εfinal, εcrit) space that contains 68% of these
numerical experiment results, i.e., what would be measured
68% of the time under different radiation reaction models if
one could repeat the experiment many times.
As a0 tends to zero the γ-ray spectrum would become

monochromatic. Our γ-ray diagnostic would erroneously
measure a finite effective εcrit in this case, and for this
reason the curves in Fig. 9 do not tend towards εcrit ¼ 0 at
low a0.
We observe that the data are more consistent with a

quantum rather than classical model of radiation reaction,
though there is large overlap between models at low a0, and
several data points are consistent with both models. If the
electron energy loss is ignored, it could be argued that the
data are consistent with the no RR model if the interaction
a0 is lowered to ∼5. However, this situation is unlikely
given the experimental precision of the spatial and temporal
alignment between the electron bunch and colliding laser
pulse and the observed correlation between electron beam
energy, γ-ray yield, and εcrit.
As was discussed for the electron spectral data, it is also

possible to estimate the interaction a0 independently using
the γ-ray spectra by interpolating the measured εcrit onto the
curves in Fig. 8. We perform this estimation for each data
point, and calculate the ratio of the estimates from the γ-ray
data and the electron beam data R ¼ a0ðεcritÞ=a0ðεfinalÞ.
This is another metric of the model consistency which is
independent of any knowledge of the interaction a0. The
data are considered fixed so R is a function of the model
used to interpret the data, and perfect internal consistency
implies R ¼ 1. Averaged over this data, at the 68% level for
the quantum model R ¼ 0.8þ0.7

−0.3 and for the classical model
R ¼ 0.6þ0.3

−0.2 . Under this metric the quantum radiation
reaction model is slightly better at bringing the data from
both diagnostics into agreement, whereas the classical
model appears to systematically underestimate a0 for the
γ-ray data compared to the electron beam data.

VI. DISCUSSION

The main evidence for the observation of radiation
reaction presented here is the observation of low-energy
electron beams on all successful collision shots and the
correlation between the postcollision electron beam energy
and the γ-ray yield and spectrum. This observation is
consistent with the measurement of hard photons, of
characteristic energy εcrit > 30 MeV, which carried a sig-
nificant fraction of the initial electron energy, meaning that
the electron recoil should be non-negligible. Moreover, this
is reinforced by the agreement between the interaction a0
inferred separately from the electron and γ-ray spectra under
a quantum radiation reaction model, and that expected
experimentally.
Simulations of the electron-laser overlap indicate that

bright γ-ray beams with εcrit > 20 MeV would be expected

FIG. 9. Experimentally measured εcrit as a function of εfinal
measured at the electron spectral feature (points). The shaded
areas correspond to the results a hypothetical ensemble of
identical experiments would measure 68% of the time under
different assumed radiation reaction models for a uniform
distribution of a0 between 4 and 20.

J. M. COLE et al. PHYS. REV. X 8, 011020 (2018)
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Figure 3. Radiation Reaction Data: a. Measured integrated �-beam photon energy (normalised
to the total kinetic energy in the un-scattered electron beam) versus amount of radiation friction
experienced by the electron beam. Total friction is estimated by dividing the total kinetic energy
in the scattered electron beam by the total kinetic energy in the related reference shot. b. - d.

Measured electron spectrum after interaction with the scattering laser (thick red line) and related
spectra with the scattering laser o↵ (black thin line) for the three di↵erent scenarios shown in
frame a.: poor overlap (frame b.), moderate overlap (frame c.), and best overlap (frame d.)
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K. Poder et al., PRX (2018)

Electron spectrum
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For highly relativistic beams, most of the energy comes from the electrons (rather than the scattering laser)

How much energy can be converted to photons in a
laser - electron beam scattering?

Relative energy loss as a function of electron initial energy and the laser 
intensity (30 fs lasers)
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How do we connect the physical picture of classical vs. QED RR?
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QED PIC loop in OSIRIS

E.N Nerush et al. PRL (2011), C. P. Ridgers et al. , PRL. (2012), N.V. Elkina et al. PRSTAB (2011),  
A. Gonoskov et al., PRE (2015), T. Grismayer et al., POP (2016), T. Grismayer et al., PRE (2017)
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Quantum radiation reaction
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62 QED radiation reaction and cascades

The same ideas can be applied to study the changes of the electron distribution
while emitting photons in a laser field, provided that each photon carries a small frac-
tion of electron energy in a single emission. In the beginning, we assume a Gaussian
electron beam distribution with an average ce ⌧ 1 and a narrow energy spread. Un-
der the assumption that the electron beam is relativistic, and that the photons are
radiated in the direction of motion, the problem is reduced to one dimension. The
transport equation then reads:

∂n(t, p)
∂t

=
Z d2P

dt dk
n(t, p + h̄k) dk �

Z d2P
dt dk

n(t, p) dk (3.18)

with the drift and diffusion coefficients:

A =
Z

h̄k
d2P

dt dk
dk, B =

Z
(h̄k)2 d2P

dt dk
dk. (3.19)

However, the emission probability is given by Eq. (3.9) as a function of cg, there-
fore we proceed to the change of variables using cg/ce ⇡ k/p which is a consequence
of the collinearity of the electrons and the emitted photons. We then get

A =
gmc
ce

Z ce

0

d2P
dt dcg

cgdcg, B =
(gmc)2

c2
e

Z ce

0

d2P
dt dcg

c2
gdcg. (3.20)

For cg/ce ⌧ 1 the emission rate (3.9) becomes:

d2P
dt dcg

⇡ amc2
p

3ph̄gce

Z •

c̃
K5/3(x)dx (3.21)

where c̃ = 2cg/(3ce(ce � cg)) ⇡ 2cg/(3c2
e ). The drift coefficient then becomes

A =
amc2

p
3ph̄gce

9
4

c3
e gmc

Z 2/(3ce)

0
dc̃ c̃

Z •

c̃
K5/3(x)dx (3.22)

where for ce ⌧ 1 we have 1/ce ! •. A family of such integrals can be evaluated
according to [113]:

I(µ) =
Z •

0
yµ+1dy

Z •
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For µ = 0 we get the value of integral that appears in Eq. (3.22): I(µ = 0) = 4 ⇥
2p/(9

p
3). The drift coefficient for the relativistic electrons then becomes:

A ⇡ 2
3

am2c3

h̄
c2

e . (3.24)

Similarly, using I(µ = 1) = 55 ⇥ 2p/162, we obtain the diffusion coefficient:

B ⇡ 55
24
p

3
am3c4

h̄
g c3

e . (3.25)
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3.2 QED radiation reaction 59

examples is shown in figures 3.4 and 3.5.

The analysis of the beam spectral width evolution through the interaction time
confirms the previous assumption: the first effect of the interaction is to broaden the
spectrum to a certain value. If the laser is short enough, the spectrum stays broad.
However, if the laser used is longer, then there is a specific point in time where the
spread starts decreasing.

To obtain more information about the evolution of the electron beam spectra due
to photon emission, we will perform a procedure similar to the one in [2] where a
Fokker-Planck-like equation is used to describe the electron distribution function in
time. The Fokker-Planck equation [139] describes the distribution function of a di-
luted heavy gas surrounded by light gas particles in equilibrium. In this situation,
the collisions between heavy particles are negligible (there is a lower concentration of
heavy than light particles), and the distribution changes exclusively through individ-
ual collisions with light particles. Each collision results in a small change of the heavy
particle momentum, but many collisions can eventually cause a notable change in the
distribution function of the heavy particles. Let w(~p,~q)d3~q denote the probability per
unit time of a change ~p ! ~p �~q of the momentum of a heavy particle ~p in an indi-
vidual collision with a light particle. The transport equation for the heavy particles
distribution function f (t,~p) is then given by:

∂ f (t,~p)
∂t

=
Z

[w(~p +~q,~q) f (t,~p +~q) � w(~p,~q) f (t,~p))] d3~q (3.14)

where the right-hand side is the difference between the number of particles per unit
time that enter and leave the given momentum space element d3~p. Since the proba-
bility w(~p,~q)d3~q decreases rapidly with increasing~q (according to the assumption that
each collision results in a small change momentum ~p), the integrand can be expanded
in the following way:

w(~p +~q,~q) f (t,~p +~q) ⇡ w(~p,~q) f (t,~p) +~q
∂

∂~p
[w(~p,~q) f (t,~p))]

+
1
2

qaqb
∂2

∂pa∂pb
[w(~p,~q) f (t,~p))] (3.15)

where indexes a and b denote different spatial components. The transport equation
(3.14) then becomes

∂ f
∂t

=
∂

∂pa


Aa f +

1
2

∂

∂pb
(Bab f )

�
(3.16)

where
Aa =

Z
qaw(~p,~q)d3~q, Bab =

Z
qaqbw(~p,~q)d3~q (3.17)

represent the diffusion and drift coefficients respectively.

Transport equation

Average classical “drift" Stochastic QED "diffusion"

V. N. Baier & V. M. Katkov, PRA (1967), N. Neitz & A. Di Piazza, PRL (2013),  D. G. Green et al, PRL (2014), 
S. Yoffe et al, NJP (2015), M. Vranic et al, NJP (2016), C. Ridgers et al, JPP (2017), F. Niel et al, PRE (2018) 
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in a circularly polarised wave which is in agreement with [25]. By neglecting di↵usion

and assuming an initial Gaussian distribution for the electrons with initial standard

deviation �0 and initial mean energy �̄0, the authors in ref. [27] have shown that if

�0 ⌧ �̄0, the distribution remains approximatively Gaussian with an e↵ective standard

deviation

�(t) =
�0

(1 + 2↵rr�̄0t)2
, (9)

which is expressed for a quasi-monoenergetic relativistic electron beam as ��0/�� =

(�0/�)2 [21]. It is not straightforward to rigorously expand this result to account for the

di↵usion term contribution. However, if now we assume that the drift is negligible (i.e.

the average energy remains constant over a period of time �̄ ' �̄0), we obtain the usual

di↵usion equation where we perform the change of variables p ' mc�

@f

@t
=

B(t, �̄0)

2m2c2

@2f

@�2
. (10)

In the case of a Gaussian distribution, the standard deviation evolves as

�(t) = �0

✓
1 +

1

�2
0m

2c2

Z t

0

B(t0)dt0
◆1/2

. (11)

It is therefore clear from Eq. (9) and Eq. (11) that there is a competition between the

drift that tends to shrink the distribution width whereas the di↵usion tends to increase

it. For an infinitesimally short period of time dt, the change of the distribution width

at a time t due to the drift is given by di↵erentiating Eq. (9)

d�1 = ��(t) 4↵rr�̄(t)dt (12)

and the change due to the di↵usion is obtained in a similar manner by di↵erentiating

Eq. (11)

d�2 = �(t)
B(t)

2�(t)2m2c2
dt. (13)

We are now able to compute the total change of the electron distribution width within

an interval dt:

d� = �(t)


B(t)

2�(t)2m2c2
� 4↵rr�̄(t)

�
dt. (14)

A direct integration of the Eq. (14) is not possible because the variables cannot be

separated. The expression from [27] can be retrieved by approximating �(t) = �0 in

the term within the squared brackets in Eq. (14) and then integrating in time. The

authors in [27] have shown that their expression is valid for ↵a0(�̄0/�0)2�2
e⌧ ⌧ 1 (⌧

being the total laser interaction time). Notwithstanding we have not considered here

the term proportional to �3
e coming from the purely quantum correction [27, 13] to the

drift coe�cient since this correction is only valid for �e ⌧ 16/55
p

3 ' 0.17, and for

�e > 0.17 it would give rise to an unphysical positive drift.

We would like to compare the predictions of Eq. (14) with simulation results in a

regime with �e ⌧ 1, in a wave with a constant amplitude. A simulation starting with

Electron beam energy evolution with standard deviation 
as a margin

Evolution of the electron distribution function can be described through Fokker-Planck equation
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Average angle between the elecctron momentum and the 
laseer axis is equal in classical and QED radiation reaction

E0 = 2 mc2δ E0 = 200 mc2δClassical RR Quantum RR

QED stochasticity introduces fluctuations in the distribution function that persist after the interaction
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Expected value for final energy spread emerges from stochastic 
diffusion (and we can also predict the residual beam divergence) 
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in Eq. (14) are of the same order, which renders the equation unintegrable. However,

we can estimate an upper boundary for �F by assuming that at the central point of the

laser (at the point of peak intensity) the electron beam is close to the balance between

the drift and di↵usion, i.e. �2
M ⇡ (2.4/�[µm]) ⇥ 10�6�3

Ma0, where �M is the average

Lorentz factor of the electron beam in the central laser point. As �M is easy to calculate

(see [20, 25, 52, 53, 54]), we can retrieve an explicit expression for �M as a function of

laser intensity and duration, and initial electron energy. Beyond this point, the energy

spread slowly decreases, and the final electron energy spread �F is smaller than �M .

This yields

�2
F . 1.455⇥ 10�4

p
I22

�3
0

(1 + 6.12⇥ 10�5�0 I22 ⌧0[fs])
3 , (17)

where I22 = I [1022 W/cm2] and a0 = 0.855
p

I[1018 W/cm2]�[µm] for linear polarisation

and a0 = 0.855
p

I[1018 W/cm2]�[µm]/
p

2 for circular polarisation. It is worth noting

that the result presented in Eq. (17) does not depend on the laser polarisation, but

solely on intensity and duration.

Figure 6 a), b) shows the estimate given by Eq. (17) compared with the simulation

results. Even though the lasers in our simulations are not Gaussian, we obtain a

satisfactory agreement for the same ⌧fwhm. Panels c) and d) show the predictions for the

final energy spread according to Eq. (17) for electron beams starting at di↵erent initial

energies after interacting with a 30 fs and a 100 fs laser of 2 ⇥ 1021 W/cm2 intensity.

These laser durations are to be available in the near-future laser facilities such as ELI

[1], so there is a possibility to verify this model in the next few years.

4. Electron beam divergence

In addition to the electron energy spread, we can also evaluate the impact of the laser

interaction on the electron beam divergence. We define the weighted average of the

deflection angle from the main propagation direction as

tan ✓ =

PN
i=1 qi

⇣
p?
pk

⌘

iPN
i=1 qi

, (18)

where N is the total number of simulation particles, qi is the charge weight of the i-

th particle, and (p?/pk)i is the ratio of the transverse to the longitudinal momentum

with respect to the direction of laser propagation. For small angles, tan ✓ ' ✓, and the

average divergence shown in Fig. 7 is determined with this approximation (the error is

less than 1 mrad).

Figure 7 shows the evolution of the electron bunch divergence as time progresses.

Classically, the radiation reaction leads to momentum phasespace contraction

proportionally in transverse and longitudinal direction. According to the analytical

solution for trajectory of a relativistic electron in an intense plane wave [30], on average,

all momentum components and electron energy are reduced by a same factor due to

radiation reaction. The angle between the particle momentum and the laser propagation

Final energy spread can be predicted analytically*
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Classically, the radiation reaction leads to momentum phasespace contraction

proportionally in transverse and longitudinal direction. According to the analytical

solution for trajectory of a relativistic electron in an intense plane wave [30], on average,

all momentum components and electron energy are reduced by a same factor due to

radiation reaction. The angle between the particle momentum and the laser propagation

* M. Vranic et al., NJP (2016), M. Vranic et al., POP (2019)
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A large amount of beam energy can be converted to high-frequency photons (hard X-rays and Gamma-rays)

Parameters similar to SFQED experiment planned at FACET-II

Photon source properties

‣ divergence  < 1 mrad 

‣ tunable energy range       
( cutoff > 1 GeV )

‣ possible to attain very high 
energies ( ~10 GeV ) 

‣ Energy conversion ~ 40% 

10 GeV e- beam
Laser I = 1020 W/cm2



 

M. Vranic, T. Grismayer, L. O. Silva | IST,  UTL, Lisbon, Portugal

Energy is around 2-3 GeV, divergence below 3 mrad

Distribution of positrons: angle vs. frequency

a0=5 a0=7

a0=10 a0=15
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A fraction of radiated photons decays into electron-positron pairs

positron 
electron

Positrons: energy vs angle

10 GeV e- beam
Laser I = 1020 W/cm2

1 nC electron beam gives 
~ 0.2 pC of positrons
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Effective laser intensity of interaction is reduced for non-ideal beams

Wide electron beamSingle electron

Thin electron beam Short electron beam (any size)

Optimal laser focusing for positron production in laser-electron scattering 6

even a point-particle interaction with a Gaussian beam is not equivalent with a plane

wave approximation unless the particle is in perfect temporal synchronization with the

laser pulse.

Once the particle distribution in equation (2) is calculated, we can extract field

moments 〈a0,effk〉 =
∫

a0,effk dN/da0,eff da0,eff, which can for example be used to calculate

the average laser intensity [37].
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Figure 3: Scattering with nontrivial electron beam shapes. a) A single electron-laser

interaction equivalent to electron colliding with a plane wave packet (L # zR,

R # W0). b) Interaction with a long and wide electron beam (L ! zR, R $ W0). c)

Interaction with a pencil-like thin electron beam (R # W0). d) Interaction with a

short electron beam ( L # zR).

4. Wide beam

As a first application of the ideas presented in the last section, let us consider the case

of the scattering between a focused Gaussian laser pulse and a wide electron beam. The

spatio-temporal intensity distribution of a Gaussian laser is characterized by the peak

vector potential a0, the laser wavelength λ and the Rayleigh-range zR = πW 2
0 /λ, where

W0 is the transverse spot size. The effective vector potential has the following spatial

dependence a0,eff =
(

a0/
√

1 + (z/zR)2
)

exp (−(ρ2/W 2
0 )/(1 + (z/zR)2)), where z is the

distance from the focal plane and ρ is the distance from the laser propagation axis. Our

definition of ”a wide beam” is that the beam radius is much larger than the laser focal
spot W0. The gradient of a0,eff can be written as ||∇a0,eff|| = |∂a0,eff/∂ρ|

√

1 + (∂ρ/∂z)2,

where |∂a0,eff/∂ρ| = 2ρ a0,eff/(W 2
0 (1+(z/zR)2)). This simplifies the particle distribution

in a0,eff according to equation (2):

dNb(a0,eff)

da0,eff
=

2π nbW 2
0

a0,eff

∫ zmax

zmin

1 +

(

z

zR

)2

dz (3)

where the limits of integration in z direction will depend on the beam length, and its

temporal synchronization with the laser pulse. If the entire isosurface associated with a
specific a0,eff is covered with interacting particles, zmax = −zmin = zR

√

(a0/a0,eff)2 − 1.

Otherwise, a portion of the volume associated with a specific laser intensity may be

empty due to the finite beam length and temporal synchronization. The interaction

limits imposed by the beam are z∗min = ∆‖ − L/4 and z∗max = ∆‖ + L/4, where ∆‖ is
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Analytical model can predict 
the number of pairs for non-

ideal spatio temporal 
syncronization and realistic 

beam sizes*

Different beam sizes and shapes lead to different positron count

* O. Amaro and M. Vranic, NJP 23, 115001 (2021)

We can also predict 
asymptotic properties of the 
electron beam and output 

radiation



Creating an e+e- beam from laser - e- scattering at 90o

1. LWFA electrons collide with the laser;  pairs 
are produced in the highest field region 

2. E+e- beam is accelerated by the laser in 
vacuum 

3. Laser defocuses leaving some particles 
accelerated

Time =   688.00 [ 1 / t p ]

positron

1
2

3
electrons
positrons

  M. Vranic et. al., Sci. Rep. 8, 4702 (2018)
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Why not use a plasma channel to further accelerate the pairs?

A resonance between plasma background fields and the intense laser fields accelerates leptons

M. Jirka et. al., NJP, 22 083058 (2020)

New J. Phys. 22 (2020) 083058 M Jirka et al

Figure 1. Simulation setup: an intense laser pulse accelerates an electron in a cylindrically symmetric plasma channel.

direction and the fields are given by EL = E0 sin φ ŷ, BL = B0 sin φ ẑ, where E0 and B0 are the amplitudes
of the electric and magnetic field and φ is the phase of the wave. The phase velocity of the laser is assumed
to be equal to the speed of light c, which is justified by the low plasma density and high laser intensity (this
is verified in section 2).

The electromagnetic field experienced by the electron is the combination of the laser field and the fields
emerging due to the displacement of plasma electrons in the channel (channel fields) [7]. These
self-generated quasi-static channel fields are the radial electric field and the azimuthal magnetic field

EC = f
meω2

p

2e
r, BC = (1 − f )

meω2
p

2ec
r × v, (1)

where r = yŷ + zẑ is perpendicular to the channel axis and v = vx̂ is the velocity of the flow. The numerical
factor f depends on the fraction of electrons within the plasma channel and takes values between 0 ! f ! 1
[17–19, 21, 26, 29]. The transversely expelled electrons generate the radial electric field, while electrons
accelerated forward within the channel form a current that generates the azimuthal magnetic field. Usually,
the higher the background plasma density, the lower the value of f [44]. In other words, the channel fields
are linearly dependent on a radial distance from the channel axis, but the electric field EC and the magnetic
field BC do not necessarily have the same magnitude. The total electromagnetic field experienced by the
electron is then given by

E = EL + EC, B = BL + BC. (2)

The field structure defined in equation (2) induces electron oscillations due to the laser field as well as
betatron oscillations at the same time. The background plasma density np affects the electron motion since
the magnitude of the self-generated channel fields is proportional to the plasma frequency:
ω2

p = 4πe2np/me. We, therefore, expect DLA to be sensitive to the initial conditions of the electron, the
intensity of the laser pulse and the density within the plasma channel.

Without RR, the electron motion in the channel is only governed by the Lorentz force:

dp
dt

= −e

(
E +

p
γmec

× B
)

, (3)

where γ =
√

1 + (|p|/mec)2 is the relativistic Lorentz factor and p is the electron momentum. For particles
propagating in the positive x-direction, both EC and BC contribute in a similar manner: they provide a
restoring force that pushes electrons towards the channel axis. In fact, the value of the numerical factor f
from equation (1) is not important because the restoring force is actually proportional to |EC| + |BC|.

From the Hamiltonian of the electron, one obtains an integral of motion I. For a particle that is initially
in the (x, y) plane with z = 0, the integral of motion can be written as [18]

I = γ − px

mec
+

ω2
py2

4c2
, (4)

where px is the component of the electron momentum in the direction of wave propagation. For a better
intuitive understanding, it is useful to note that the first two terms of the integral of motion are the same as
for the particle interacting with a plane wave in vacuum, while the third term accounts for the transverse
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Direct laser acceleration (DLA) can accelerate electrons to   
~10 GeVs. Positrons could be accelerated as well! 

New J. Phys. 22 (2020) 083058 M Jirka et al

Figure 15. Results from PIC for ωp = 0.27ω0, R0 = 81c/ω0 and a0 = 600. (a) Trajectory, (c) transverse and (e) longitudinal
momenta of 48 randomly selected electrons with energy above 104mec2 at t = 2501ω−1

0 . Panels (b), (d), (f) and (h) show the
time evolution of the electrons in py-energy phase-space. Panel (d) highlights the trajectory of one efficiently accelerated electron.
This trajectory is overlaid with the py-energy phase-space (blue scale) and analytical estimates for the connection between py and
energy when betatron phase is cosψ " 1 (the point of local maximum for py) in panels (f) t = 2501ω−1

0 and (h) t = 4000ω−1
0 .

The outer solid line is associated with the highest initial integral of motion in the system, while the inner lines show the expected
values after one (dotted line) and two (solid line) resonant cycles according to equation (24). Panel (g) shows time evolution of
the transverse electric field along the x-axis inside a simulation window moving at the speed of light. The figure represents a
magnified portion of space slightly over three wavelengths long, such that phase velocity can be measured directly.

dependent on the distance from the axis. The amplitude of the focussing field is of the same order as Ex,
with a difference that the Ex average is close to zero on scales larger than a laser wavelength. The
color-coded lineouts in panel (h) confirm that the channel field can be regarded as a linear function of the
distance from the axis up to approximately R0/2, where the slope is defined by the effective plasma density.
For a flat density plasma slab, the effective density is the background plasma density np. For a channel with
a parabolic density gradient like ours, the average plasma density for the region around the channel axis
between −R0/2 and R0/2 can be calculated analytically and directly applied to equations presented in
section 1. The channel field predicted by equation (1) using the effective plasma density neff

p " 0.4nc is
illustrated by the black dashed line in panel (h) which is in agreement with the value extracted from the PIC
simulation.

3.3. Particle motion
For the same simulation parameters, figure 15 shows randomly selected trajectories among particles that
achieved energies ξ > 104mec2 at t = 2501ω−1

0 (the same time shown in figure 14). The trajectories are
color-coded in energy, showing the configuration space along with the evolution of transverse and
longitudinal momenta vs the longitudinal x-position.

Laser–electron dephasing depends on the velocity of the particle along the laser propagation direction
βx and phase velocity of the laser. One can measure the phase velocity in PIC simulations from the temporal
evolution of the electric field along the channel axis, shown in panel (g). The phase velocity is not constant,
owing to the 2D laser dynamics. The measured average phase velocity is 1.000 75c, on the same order as the
analytical prediction in section 2 that gives the value 1.000 66c for our neff

p " 0.4nc and a0 = 600. The βx

depends on the ratio py/px ∼ 0.1 (cf figure 15), which confirms that for resonant particles the transverse
electron motion has about an order of magnitude stronger effect on dephasing than superluminosity (and
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Positrons can indeed be accelerated within the plasma channel

*B. Martinez et al, to be submitted (2022)
**A. Liftshitz et al, JCP (2009)

Positron spectra

Energy peak around 1 GeV
Charge of ∼ 0.1 pC

The results depend on the efficiency of  e+ injection and the electron beam loading (to create focusing fields)*

Marija Vranic | 767. WE-Heraeus-Seminar | Bad Honnef, May 16, 2022
 

This can be modelled in 
Quasi-3D geometry**

2 GeV e-, charge ~ 10 pC



 

Classical vs. quantum radiation reaction can be studied in future experiments. Especially 
interesting is crossing the quantum threshold in the radiation-dominated regime. 

Conclusions

Electron-positron pairs can be created and accelerated in a single stage by scattering an 
electron beam with a laser at 90 degrees, and accelerating in vacuum or in a plasma. 

Direct laser acceleration in a plasma channel is a good candidate to accelerate positrons, or 
electron-positron beams (not monoenergetic, but possible to obtain high charge and energy). 

E-320 experiment at FACET II will be able to create pairs and show ~ 40 % energy loss on 
the electrons. 
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What is required to convert 1 Joule of energy to gamma-rays?

‣ 100 pC electron bunch

‣ 10 GeV energy

‣ Laser I ~1020 W/cm2

QED cascade

‣ Laser I ~1023 W/cm2

‣ Low density plasma seed

‣ Self-created plasma                
n < a0 nc

xy

z

‣ 1 nC electron bunch

‣ 1 GeV energy

‣ Laser I ~1021 W/cm2

‣ Laser I ~2x1022 W/cm2

‣ Dense plasma seed

‣ Density achieved                   
n > a0 ncr

The scattering configuration

where ES ¼ m2c3=e!h and with ~u ¼ ~p=mc. It should be
emphasised that radiation reaction in intense fields modifies
the orbits of particles43 and can lead to anomalous radiative
trapping44 which we omit in our following analysis but
which is self-consistently included in our simulations.

Setup 1 (lp-lp) consists of two linearly polarised lasers
where the phase and polarisation are defined by

~a6 ¼ ð0;6a0 sinðk0x7x0tÞ; 0Þ; (2)

where the indices “þ” and “%,” respectively, denote a wave
propagating in the positive and in the negative x direction.
a0 ¼ eE0=mx0c is the Lorentz-invariant parameter, related

to the intensity I by a0 ¼ 0:85ðIk2
0=1018 W cm%2Þ1=2, and E0

is the peak electric field strength. This results in a standing
wave where Ey ¼ 2a0 cosðk0xÞ sinðx0tÞ;Bz ¼ %2a0 sinðk0xÞ
cosðx0tÞ and where the fields amplitude are expressed in
units of mx0c=e. The dynamics of the particles is determined
by the electric or magnetic field depending on the phase
within the temporal cycle.35,43 The electric field accelerates
the pairs in the y direction, while the magnetic field Bz can
rotate them and produce px ensuring a perpendicular momen-

tum component to both ~E and ~B. The rise in px gradually
increases ve until a photon is radiated. The most probable
locations to create pairs or hard photons are precisely k0=4
and 3k0=4.43 For a particle born at rest, ve oscillates approxi-
matively twice per laser period with a maximum on the order

of 2a2
0=aS, where aS ¼ mc2=!hx0 is the normalised Schwinger

field.7 The cascade develops mostly around the bunching loca-
tions and is characterised by a growth rate that possesses an
oscillating component at 2x0.

Setup 2 (cw-cp) is formed by a clockwise and a counter-
clockwise polarised laser

~a6 ¼ ð0; a0 cosðx0t6k0xÞ;6a0 sinðx0t6k0xÞÞ; (3)

where a0 ’ 0:6ðIk2
0=1018 W cm%2Þ1=2. The components Ey

and Bz are anew the same but Ez ¼ 2a0 sinðk0xÞ sinðx0tÞ;
By ¼ %2a0 cosðk0xÞ cosðx0tÞ. This setup consists of a rotat-

ing field structure, and the dynamics of the particles has been
already studied.18,22,31 The advantage lies in the direction of
the fields that is constantly changing, and the particles are

not required to move in x to enter a region where ~E and ~B
are perpendicular to their momentum. The particle accelera-
tion is stronger in the regions of high electric field, so the
highest electron momenta are obtained where the electric

field is maximum. This then leads to higher ve, and the cas-
cade develops in the region of strong electric field (precisely
in the node B¼ 018) producing a plasma wheel as shown in
Fig. 1. At this particular position, the parameter ve can reach

a maximal value of 2a2
0=aS.31

From the description of the two configurations, the setup
1 can produce the highest values of ve (ve > 2a2

0=aS) but
only for particles born in a specific phase of the standing
wave. The majority of the particles are sloshing back and
forth between the electric and magnetic zone which results
in lower average ve in comparison with setup 2. The effi-
ciency of the cascade setups can be more accurately assessed
by calculating its growth rate C.

B. Theoretical models

1. Circular polarization

The case of a uniform rotating electric field constitutes a
good approximation of the standing wave field produced in
the setup 2.18 The advantage of this setup is that the cascade
develops mostly in one spot x ¼ p=2, which allows us to
assume a time-dependent field. It has been shown41 that the
equation governing the time evolution of the number of pairs
growing in the cascade is

dnp

dt
¼ 2

ðt

0

dt0
ð

dvcnp t0ð Þ d2P

dt0dvc
Wpe%Wp t%t0ð Þ; (4)

where the pairs follow a fluid-like behaviour which can be
described through an average energy !c and an average quan-
tum parameter ve . The differential probability rate for photon

emission d2P=dt0dvc depends thus on !c; !ve, and vc. The pho-

ton decay rate (or the pair emission probability rate) can be
considered as constant which permits us to write Wp ¼ Wp

ðvc; !cÞ with !c ¼ !cvc=!ve. Eq. (4) can be solved using the

Laplace transform, and calculating the growth rate corre-
sponds to solving the zeros

s% 2

ðve

0

dvc

d2P

dt0dvc
Wp

sþWp
¼ 0: (5)

In the limit !ve & 1, the pair creation probability can be

approximated by11,27 Wp ’ ð3p=50Þða=scÞe%8=3vcvc=!c and

d2P=dtdvc ’
ffiffiffiffiffiffiffiffiffiffi
2=3p

p
ða=scÞe%d=ðd1=2!ve!c) with d ¼ 2vc=ð3!ve

ð!ve % vcÞÞ; sc ¼ !h=mc2 and a ¼ e2=!hc. We start from an

FIG. 1. Side view and front view of the
development of a QED cascade in 3D.
The magnitude of the electric field result-
ing from the beating of the two laser
pulses is represented by the coloured bar.
The curved lines with arrows represent
the electric field lines. The electrons,
positrons, and photons are, respectively,
displayed in red, green, and yellow. The
particles shown only represent a small
fraction of the particles of the simulation.
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specifically, the layer comprised a core associated with the
highest plasma density where the original standing wave is
severely depleted and a surrounding area with near critical
density where portions of progressive and standing waves
(due to reflection) still exist. We show in Fig. 6 the momen-
tum phase space of the electrons around the absorption
zone for a0 ¼ 1000 and a0 ¼ 2000. One notices the strong

correlation between the typical pattern observed in the mo-
mentum phase space and in the radiation map which is due
to the beaming effect of the radiation coming from ultra
relativistic particles. The additional cross pattern seen in
Fig. 6 for a0 ¼ 2000 is the signature of the copious amount
of pairs quivering in the portions of progressive waves
which also lead to the emission of energetic photons. The

FIG. 5. Angular distribution of the emitted radiation. 3D photon radiation maps from 3D simulations for (a) a0 ¼ 1000 and (b) a0 ¼ 2000 at t ¼ 85 x"1
0 . The

radius from the centre of the box and colour are proportional to the amount of energy radiated per unit solid angle. (c)–(h) Polar radiation maps from 2D simu-
lations, all collected at t ¼ 90 x"1

0 . Radius is proportional to the amount of energy radiated per unit azimuthal angle. Dark blue line corresponds to the photons
above 2 MeV, while red is for the photons above 100 MeV.
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through Compton scattering. Recent milestone all-optical experiments scattered electrons with lasers at 180 
degrees, and demonstrated the potential of the state-of-the-art laser technology to generate x-rays and γ-rays23–27. 
A recent review on laser-wake!eld acceleration-based light sources can be found in ref.28 and the most recent 
results on multiphoton "ompson scattering in ref.29. All these experiments were performed below the radiation 
reaction dominated regime, because the overall energy radiated by the interacting electrons was small compared 
with the initial electron energy. More recent experiments show !rst evidence of electron slowdown30,31 on the 
order consistent with the classical radiation reaction predictions for scattering an electron bunch and a laser 
pulse32. By using more intense laser pulses (I 10 W/cm22 2∼ ) or more energetic electron beams, we will soon be 
able to convert a large fraction of the electron energy into radiation and access the regime of quantum radiation 
reaction33–40. "is is expected in the next few years, as 4 GeV electron beams have already been obtained using a 
16 J laser41 and the next generation of facilities is aiming to achieve laser intensities I > 1023 W/cm2. In such 
extreme conditions, the energetic photons produced in the scattering can decay into electron-positron pairs42.

Here we propose a con!guration that allows to both create and accelerate an electron-positron beam. An 
intense laser interacts with a relativistic electron beam at 90 degrees of incidence (setup is illustrated in Fig. 1). 
"e pair production e$ciency here is slightly lower than in a head-on collision. However, in a head-on collision 
the energy cuto% of the electron-positron beam is limited to the initial energy of the interacting electrons, while 
at 90 degrees this is not the case. At 90 degrees of incidence, if generated with a low energy, new particles can 
be trapped and accelerated in the laser propagation direction. If the created particles are very energetic, they 
continue emitting hard photons to further feed the pair creation. Once their energy is low enough to be trapped, 
they rapidly develop a momentum component parallel to the laser propagation direction that supresses the quan-
tum interaction. "e creation and the acceleration phase are therefore decoupled. Due to the laser defocusing, 
the trapped particles remain in the laser !eld only a fraction of a full oscillation cycle. "is limits the maximum 
energy they can attain, but allows for a net energy transfer in vacuum that would otherwise be impossible. We 
have developed a predictive analytical model for the energy cuto% of the electron-positron &ow generated in the 
electron-laser scattering. Our theory is supported by full-scale 2D and 3D particle-in-cell (PIC) simulations, 
where the quantum processes are modelled via an additional Monte-Carlo module. We show that this setup pro-
duces a neutral electron-positron &ow that can reach multi-GeV energies. "e &ow has a divergence of about ~30 
mrad. A distinguishing aspect of this scheme is to produce at extreme intensities an equal number of electrons 
and positrons that can be separated from the initial electron beam. "e original electrons are, in fact, re&ected 
before entering the region of the highest laser intensity where most pairs are created. As a result, the pairs and the 
earlier re&ected electrons move in slightly di%erent directions and can be collected separately.

Results
��������������������������������������Ǥ� Laser intensity, electron energy and their relative angle of 
incidence determine whether classical or quantum processes dominate the laser-electron interaction. One way to 
quantitatively distinguish between the two regimes is through a Lorentz-invariant dimensionless parameter χe, 
that is formally de!ned as43

χ = µ
µνp F E mc( ) /( ) (1)e c

2

Here, Ec = m2c3/(ħc) is the critical !eld of electrodynamics that can perform a work of mc2 over the Compton 
length (and can spontaneously create electron-positron pairs in vacuum), Fµν is the electromagnetic tensor, m, pµ 

Figure 1. Setup. (a) Perpendicularly moving electron beam interacts with the laser at the focus and creates 
new pairs; (b) Some electrons and positrons obtain a momentum component parallel to the laser propagation 
direction and start getting accelerated; (c) "e laser defocuses shutting down the interaction; this leaves the 
particles with the net energy gain from the laser. (d) A fraction of the accelerated electrons and positrons 
distributed within the momentum space.
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Challenges and opportunities

‣ Electron acceleration in plasma channels

New opportunities for particle acceleration

Novel configurations, or using extreme intensity as a game changer to the existing ones 

‣ Electron-positron production & 
acceleration in one stage

Design of photon sources tunable up to GeV energies

M. Vranic et al, SciRep (2018) M. Vranic et al, PPCF (2018) 

T. Grismayer et al,  POP (2016)

N. Lemos, PPCF (2018); F. Albert, POP (2018)
W.  Yan, Nat. Phot (2017); Gonoskov, PRX (2017)
A. Arefiev et al, PRL (2016); J. L. Martins et al, PPCF (2016)
K. Ta Phuoc, NatPhot (2012);Z. Gong, PRE (2017)
E. Esarey PRA (1992); S. Kneip, PRL (2009)

B. Quiao eta al, POP (2017)
A. Arefiev et al, POP (2016)
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APS Robinson et al, PRL (2013)
Naseri et al, PRL (2012)
SPD Mangles et al, PRL (2005)
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M. Jirka et al, in prep.
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Challenges and opportunities

Probing the onset of non-pertubative QED

Study the classical and quantum radiation reaction

Evolution of self-generated e+e- plasmas

M. Tamburini, NIMR (2011); Neitz & DiPiazza, PRL (2013);  Ilderton and Torgrimsson, PLB (2013); Zhidkov, PRSTAB (2014);
M. Vranic, PRL (2014); T. Blackburn, PRL (2014); S. Yoffee, NJP (2015); M. Vranic, CPC (2016); M. Vranic, NJP (2016);
C. Ridgers, JPP (2017): F. Neil, PRE (2017) and PPCF(2018); J. Cole PRX (2018); K. Poder PRX(2018);
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  where ES ¼ m2c3=e!h and with ~u ¼ ~p=mc. It should be

emphasised that radiation reaction in intense fields modifies
the orbits of particles43 and can lead to anomalous radiative
trapping44 which we omit in our following analysis but
which is self-consistently included in our simulations.

Setup 1 (lp-lp) consists of two linearly polarised lasers
where the phase and polarisation are defined by

~a6 ¼ ð0;6a0 sinðk0x7x0tÞ; 0Þ; (2)

where the indices “þ” and “%,” respectively, denote a wave
propagating in the positive and in the negative x direction.
a0 ¼ eE0=mx0c is the Lorentz-invariant parameter, related

to the intensity I by a0 ¼ 0:85ðIk2
0=1018 W cm%2Þ1=2, and E0

is the peak electric field strength. This results in a standing
wave where Ey ¼ 2a0 cosðk0xÞ sinðx0tÞ;Bz ¼ %2a0 sinðk0xÞ
cosðx0tÞ and where the fields amplitude are expressed in
units of mx0c=e. The dynamics of the particles is determined
by the electric or magnetic field depending on the phase
within the temporal cycle.35,43 The electric field accelerates
the pairs in the y direction, while the magnetic field Bz can
rotate them and produce px ensuring a perpendicular momen-

tum component to both ~E and ~B. The rise in px gradually
increases ve until a photon is radiated. The most probable
locations to create pairs or hard photons are precisely k0=4
and 3k0=4.43 For a particle born at rest, ve oscillates approxi-
matively twice per laser period with a maximum on the order

of 2a2
0=aS, where aS ¼ mc2=!hx0 is the normalised Schwinger

field.7 The cascade develops mostly around the bunching loca-
tions and is characterised by a growth rate that possesses an
oscillating component at 2x0.

Setup 2 (cw-cp) is formed by a clockwise and a counter-
clockwise polarised laser

~a6 ¼ ð0; a0 cosðx0t6k0xÞ;6a0 sinðx0t6k0xÞÞ; (3)

where a0 ’ 0:6ðIk2
0=1018 W cm%2Þ1=2. The components Ey

and Bz are anew the same but Ez ¼ 2a0 sinðk0xÞ sinðx0tÞ;
By ¼ %2a0 cosðk0xÞ cosðx0tÞ. This setup consists of a rotat-

ing field structure, and the dynamics of the particles has been
already studied.18,22,31 The advantage lies in the direction of
the fields that is constantly changing, and the particles are

not required to move in x to enter a region where ~E and ~B
are perpendicular to their momentum. The particle accelera-
tion is stronger in the regions of high electric field, so the
highest electron momenta are obtained where the electric

field is maximum. This then leads to higher ve, and the cas-
cade develops in the region of strong electric field (precisely
in the node B¼ 018) producing a plasma wheel as shown in
Fig. 1. At this particular position, the parameter ve can reach

a maximal value of 2a2
0=aS.31

From the description of the two configurations, the setup
1 can produce the highest values of ve (ve > 2a2

0=aS) but
only for particles born in a specific phase of the standing
wave. The majority of the particles are sloshing back and
forth between the electric and magnetic zone which results
in lower average ve in comparison with setup 2. The effi-
ciency of the cascade setups can be more accurately assessed
by calculating its growth rate C.

B. Theoretical models

1. Circular polarization

The case of a uniform rotating electric field constitutes a
good approximation of the standing wave field produced in
the setup 2.18 The advantage of this setup is that the cascade
develops mostly in one spot x ¼ p=2, which allows us to
assume a time-dependent field. It has been shown41 that the
equation governing the time evolution of the number of pairs
growing in the cascade is

dnp

dt
¼ 2

ðt

0

dt0
ð

dvcnp t0ð Þ d2P

dt0dvc
Wpe%Wp t%t0ð Þ; (4)

where the pairs follow a fluid-like behaviour which can be
described through an average energy !c and an average quan-
tum parameter ve . The differential probability rate for photon

emission d2P=dt0dvc depends thus on !c; !ve, and vc. The pho-

ton decay rate (or the pair emission probability rate) can be
considered as constant which permits us to write Wp ¼ Wp

ðvc; !cÞ with !c ¼ !cvc=!ve. Eq. (4) can be solved using the

Laplace transform, and calculating the growth rate corre-
sponds to solving the zeros

s% 2

ðve

0

dvc

d2P

dt0dvc
Wp

sþWp
¼ 0: (5)

In the limit !ve & 1, the pair creation probability can be

approximated by11,27 Wp ’ ð3p=50Þða=scÞe%8=3vcvc=!c and

d2P=dtdvc ’
ffiffiffiffiffiffiffiffiffiffi
2=3p

p
ða=scÞe%d=ðd1=2!ve!c) with d ¼ 2vc=ð3!ve

ð!ve % vcÞÞ; sc ¼ !h=mc2 and a ¼ e2=!hc. We start from an

FIG. 1. Side view and front view of the
development of a QED cascade in 3D.
The magnitude of the electric field result-
ing from the beating of the two laser
pulses is represented by the coloured bar.
The curved lines with arrows represent
the electric field lines. The electrons,
positrons, and photons are, respectively,
displayed in red, green, and yellow. The
particles shown only represent a small
fraction of the particles of the simulation.
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FIG. 1. a) Illustration of a beam-beam collider for probing the fully nonperturbative QED regime. b) 3D OSIRIS-QED
simulation of the collision of two spherical 10 nm electron beams with 125GeV energy (blue). The fully nonperturbative QED
regime ↵�2/3 � 1 is experienced by 38% of the colliding particles (red). The interaction produces two dense gamma-ray beams
with 0.2 photons with E� � 2mc2 per primary electron (yellow).

tron/positron mass and thus the e↵ective QED critical
field. As a result, one expects that radiation and pair
production are attenuated with respect to the perturba-
tive predictions. Our simulations show that corrections
on the order of 20� 30% are to be expected (see below).
Correspondingly, nonperturbative e↵ects should be ob-
servable with a 100GeV-class particle collider.

The breakdown of perturbation theory in the regime
↵�2/3 & 1 has an intuitive explanation. In vacuum, the
characteristic scales of QED are determined by the elec-
tron/positron mass m. In the presence of a background
field, however, the fundamental properties of electrons,
positrons, and photons are modified by quantum fluctu-
ations (Fig. 2). Figuratively speaking, the quantum vac-
uum is not empty but filled with virtual electron-positron
pairs. A strong electromagnetic field polarizes/ionizes
the vacuum, which therefore behaves like an electron-
positron pair plasma. As a result, the “plasma frequency
of the vacuum” changes the photon dispersion relation,
implying that a photon acquires an e↵ective mass m�(�),
see Supplemental Material. The appearance of a photon
mass induces qualitatively new phenomena like vacuum
birefringence and dichroism [27–30]. Perturbation the-
ory is expected to break down in the regime m�(�) & m,
where modifications due to quantum fluctuations become
of the same order as the leading-order tree-level result
(Fig. 2).

In order to provide an intuitive understanding for the
scaling of m�(�), a photon with energy ~!� � mc2

is considered, which propagates through a perpendic-
ular electric field with magnitude E in the laboratory
frame. The � associated with this photon is � ⇠ �E/Ecr,
where � = ~!�/(mc2) can be interpreted as a gener-
alized Lorentz gamma factor. As the polarization of
the quantum vacuum requires at least two interactions
(Fig. 2), it is expected that m2

�(�) ⇠ ↵M2 (the plasma
frequency of a medium exhibits the same scaling in ↵).
Here, M ⇠ eE�t/c denotes the characteristic mass scale
induced by the background field and �t represents the

P

m2
=

⇠↵�2/3

Narozhny
1968

+

⇠↵2�2/3log�
Morozov
1977

+

⇠↵3�log2�
Narozhny

1980

+

⇠↵n�(2n�3)/3

conjecture

+ · · ·

M

m
=

⇠↵�2/3

Ritus
1970

+

⇠↵2� log�
Ritus
1972

+

⇠↵3�5/3

Narozhny
1980

+

⇠↵n�(2n�1)/3

conjecture

+ · · ·

FIG. 2. Dressed loop expansion of the polarization operator
P (top row) and mass operatorM (bottom row). Wiggly lines
denote photons and double lines dressed electron/positron
propagators [2]. According to the Ritus-Narozhny conjecture,
the diagrams shown represent the dominant contribution at
n-loop and ↵�2/3 is the true expansion parameter of strong-
field QED in the regime � � 1 [23–25].

characteristic lifetime of a virtual pair.

The scaling of �t is determined by the Heisenberg un-
certainty principle �t�✏ ⇠ ~, where �✏ = ✏�+ ✏+� ✏�
quantifies energy non-conservation at the pair production
vertex. Here, ✏� ⇡ ✏+ =

p
(pc)2 +m2c4 + (eE�tc)2 ⇡

pc + (eE�tc)2/(2pc) are the electron/positron energies
and ✏� = p�c is the energy of the gamma photon (electron
and positron have the same initial momentum p = p�/2
at threshold). Assuming, � � 1 and thus eE�t � mc
(momentum acquired by the charges in the background
field E), we find �✏ ⇠ (eE�tc)2/(~!�)2. Notably, the
resulting field-induced mass scale M ⇠ eE�t/c ⇠ m�1/3

is independent of m (note that � ⇠ m�3). This sug-
gests a new regime of light-matter interaction, where
the characteristic scales of the theory are determined by
the background field (M � m). The scaling m2

�(�) ⇠
↵M2 ⇠ ↵�2/3m2 in the regime � � 1 implies m� & m if
↵�2/3 & 1 and thus a breakdown of perturbation theory
at the conjectured scale [23–25]. The same scaling is also
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