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General approach in SCET

= All fields and the according gauge transformations are decomposed into collinear and
soft parts

= a collinear gauge symmetry (and fields) for each collinear sector

= a single, soft background

= Then a multipole-expansion of the soft fields follows ¢s(z) = ¢s(z_) + ...

= Field redefinitions are introduced, such that the soft gauge symmtry respects the
multipole-expansion

= The redefined fields get inserted into the Lagrangian



Notation

= We introduce reference verctors ny , nin_ =2, n3 =0
= A collinear momentum p# is then given by:
n* nk n* nh
Ph= (s p) o+ (nep)SE P = pe o F oo S
2 2 2 2
* and z* as :
n” nh
h = (n+~x)§+(n_ w)%—l—xl“:x’i—kxi—kx‘i
= Each components scales as follows with A = p, /n,p:
11
(erapJ_)p*) ~ (17/\>)\2) ($+,I‘J_,JI7) ~ (LXap)
= The collinear quark field is decomposed as:
hoth
1/1(:(5‘7) - f(l‘) + 77(1’), f(.%') = +¢c(x)7
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Vierbein formalism

Common approach to describe interactions of gravity with fermions does not work for
fermions:

= We introduce a local coordinate system and vierbeins e
b b
9 = ea#e vTab g'LW = EHaEVbna
= Arbitrary vectors under GCT can be transformed into scalars using vierbeins:
Bab = eauEVbBMV
B% scalar under GCT, tensor under LLT
= Now fermions can be treated as any other particle
= Two gauge transformations: GCT and LLT

= Covariant derivative Dy, = (9, — iQ,)¥, Q, = o“bw#ab = %UabEVaebu;p,

S = / d*zLp = % / d'zv/—g WE%’YQ (iﬁ;ﬂ/}) - (WD_“) E“avaw] :



Weak-field expansion

We expand the metric around a soft background:

guy = gsw/ + hlLV

a _ _a pa
ey = eyt B e,

; b —
with esa“es WMab = Yspv-
= We expand g,,, = 1, + S, with s, ~ 22

= And the graviton field scales as:

hyy ~ AL byl ~ 1, by~ A,
ho— ~ X, ho | ~ A2 by ~ A



Field redefinitions

= Collinear Wilson-lines V., W, LLT and GCT light-cone gauge hy, = 0,024 =0

= Soft Wilson-lines V;, R, similar to Riemann normal coordinates for GCT and
fixed-line gauge for LLT (z —2_)"Q, =0

e = [RV,V, 7w (€40)

B (@), = [RRV G (Wi Vg "Wt (60, (@) + B, )| = 2la()]

cuu

e T I R S

= Analogous to QCD: Left side is in light-cone gauge, "hat"—fields are in arbitrary gauge
= Left side transforms with D(A(x)), "hat"—fields with D(A(z_))
= Soft background through soft vierbein é,%,(x) and O, (x_)



Soft-collinear Lagrangian

Above redefinitions are inserted into the Lagrangian:

~

L=y~ (35 +h) (§@) + i) + WV 'V [R)| (@) 171 (B% + Bf()) Dy(a)

x (&) + () + [Wevevi ' [Ra(@)]])

= EP(z) contains Riemann-tensors

= The collinear Wilson-lines vanish, when no soft quark fields or Riemann-tensors
appear



Soft-collinear Lagrangian

= By integrating out n(x) we arrive at:

L= xv/b+D X+ x% aJﬂ/L_;_X—FoC( )+ ON?).

Covariant derivative D_ = E,* D,

= Transparent structure, similar to QCD

- =V Wl



Building-blocks for N-jet operators

collinear quark fields  collinear gauge fields  soft fields

QCD X~ A A~ A g~ N FS,, ~ M

Gravity X~ A IJJ_J_ ~ A qn-~ )‘37 Ruypo- ~ )‘6

= A_,Y,_ and the covariant derivatives are eliminated through the e.o.m.

= While F¥_ ~ X\*in QCD, the Riemann-tensor already scales as R ~ \O

224 nvpo

= |n gravity the soft theorem has additional, twice suppressed universal contributions



Summary

= The same structure as in QCD emerges in gravity

= soft vierbein

= soft spin-connection

= Interactions expressed with covariant derivatives and Riemann-tensors

= Only few building-blocks for N-jet operators

Soft-theorem in gravity is valid up sub-sub-leading order



SCET Lagrangian

Above redefinitions are inserted into the Lagrangian:

~

£ = (&) +7(2) + a(@)R@) Wi (@) 1 (iDy() + gFp(x))
x (&(@) + (@) + We(@)RH (2)q(x))

= [,(x) contains field-strength tensor terms

= The collinear Wilson lines vanishes, when no soft quark fields or field-strength tensors
appear
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= By integrating out n(x) we arrive at:

. . 1 . _
+c

= Transparent structure : We have a soft, covariant derivativeD_. Higher suppressed
interactions to soft fields are expressed via the field-strength tensor

= Each term is homogeneous in A
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Diffeomorphism (GCT)

= We consider:
at — 2t 4 €'(x),

as exact.
» Fields transform as:

¢(z) — Ug(x)
A (2) — [UUM U, 0,24 ] (@),

= where U*,, U,* und U gegeben sind als:

1
Uk, = % =o', + 0, (x)
_ Oxt 3
UM = o = 5, — 9,€" + 0,30 " + O(€?).

1
U=1-c"0,+5e"0,05 + ¢ [04¢7] 95 + O(?)
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Collinear Lagrangian |

0= igﬂ(l{gﬁ,ﬁy} ¥ ;%7;9%{65‘,8#}}
(m{ ,m{% 3a}+vi{5‘€ Ot ,b}m)

—*{WL 8#} {5‘%76 }WL-F (‘Zﬂ{i b? —2baﬁhaﬂ}éﬁ

1 2 2
-5 ,h}+h—+h{ N,

1
- Z*(h [Osbuale ™~y + [@Lm,ba[aﬁbyxka Wy L]

1
+d, hg\y [%%A]EQWJF% m&h))f

n+a
+ L%,
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Collinear Lagrangian |l

e L+ (P
— € (1 {0} + 5 {0} ) 50 6
- b (G o} o) 5o
_ fﬁgm@i (ﬂu“ {00 0p} + % {w“,a“b[auaba]}) 3
e, = % (B, —bo",)

1
Gt = = (38 B, — 2800 + (7 — 28°%D5) ).
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Transformation of fields |

Under collinear GCT:

by — [UcUcuaUcuﬁ (gsaﬂ + ha,3>] — Ysap>
Ve = [Ucthe],
B, — [UCUCHO‘ (esaa + Esp“ecpa)} — e’y
S = Sy
e = e’
q—q,

6
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Transformation of fields |1

Under soft GCT

- N 5
h’p,l/ - _UsUsu Usu haﬁ}v

Y = [Usthe],

pa [ ar pa
Epy = [UUgu "By

Gspv - _USUS,uaUsuﬁgsaﬂ} ’
esau — {UsUsuo‘esaa} ,

q— [Usq] .



Transformation of fields I

Collinear LLT:

h;w — hW,
e = Detfe,

pa a b pb a
Es ecpu - Ac b (es o + Es ecpa) — € oW

Sy = Spus
a a

e’y = e

q—4q,
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Transformation of fields IV

and soft LLT:

huv — hW,

e = D,

pa a pb
Es 6cp,u - As bEs ecp,ua

Gspv - spws

a a b
es”, — Ae

S W
q — Dsq.

Q,, — Dy, D7t +iD, [aupgl} :

Q. — DSQSMDs_l,
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Soft-collinear Lagrangian |

Ep(x)a = {WGWcap‘/;a qusab} .

~ ~ . A ; ~ 1 A
— X {n_",", u}f/bpﬁ% {X {Df,hm}x} + %h x%aéhmwrh'a

- 1
71" {ba”, p} aﬂ/ﬂX X‘%a’ua {bs", Op} 1h., X-

i M
—~
—_
N

OO\ . OO\ .
XM
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Wilson-lines

= Soft GCT Wilson-line:

_ 1 n n « 1 @
R 12205@ (2) - 0" = 140,°0, + 50,°0,70,05 + O(0,%),

05 defined with symmetric, soft vierbein F* ;
« 1 @ v
04(x) = (Fy —8") (x —2)" = 5 (¢ —a)" (¢ —22) Y  FI,T" ) + ..
= Analogous to Riemann normal coordinates

- gs,u,l/ (ZL‘) = gsp,l/ (l‘) + gp,l/(m)
Residual transformation:

v

=t + et (zo) + % (e, — D) (x=) (x — )" + ... .
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Soft LLT Wilson-line

T2
V, = Pe:pp(—H' /x dy“[R”HR_lQSH] (y))
Jxy

= Takes us into fixed-line gauge (z — z1)" QSM(:U) =0

» Residual transformation only depends on x_

a

ey

v

1
esau(w) :511“ + ZnJrMSa* + §n+uy[)w7ap - T6n+118*/386a

1 1

5 (x—a_ ) (x—2)"R" 0 — = (@—2_) (x—2_)"n, R, ,+O(N°).

6

g a

s p
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= Collinear GCT-Line:

o0
_ 1
We L= Z *,9?,0(90) -0,
n!
n=0
* Opc is given by:
1 4 1 A 1 4 A 1 -
07c = _7Fa++ +—= < Fa5+7r'8++ + 8@Fa++1—‘6++> + ...
(04)* (04)* O (04)
= Takes us into GCT light-cone gauge:
h_t,_u =0

= b, not homogeneous in A
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= Collinear LLT line:
O A
Ve(z) = Pexp <z/ dsn " [Wpu wL Qp} (x + sn+)> .

0 . a
V.5 (z) = (Pe:z‘p(i [m dsnl', [Wpu WC_IQP} (x + sn+))> .

= Takes us into LLT light-cone gauge: Q+ =0.

= Q, wird gebildet mit &2 = ¢,%, + £/,
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Soft-theorem

euy(k)pi“kpji”p

pi-k

1 € (K)p D"
ﬂra = -3 e -
! 2 2 ( pi-k

)

)

Orbitaler angular momentum:

v v 0
Lip:pi[ 87
Ppji

Spin angular momentum:

2 pi-k

TP =L + 5.

)

1
SV = —ig¥"P = = [y, 4]

t 4

1€, (k)kokoJ, " J,7"
76u ( ) P i i >ﬂ
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Exemplary calculation Soft-theorem |

The Lagrangian L):
i
L0 = € (e w0y ) + 5,007 ) i€

Dann erhalten wir fiir {CA1,£(1)} folgenden Ausdruck:

N L (—ikue_— (k) + ke, (B)(=igs)) + 64" + b_* - p+“>e_u<k>>

4J (2m)!
Ligh h_q+ oAl
5 2 . 1 o
q° + 1€

42 dq* (,XL”
X (_iQJ_M)

16
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Exemplary calculation Soft-theorem |1
with X* given by:

Xt =0t [(271')454 (Z Din — pout)} :

The second term vanishes, due to the delta-distribution and the choice of aour reference
frame, p; = 0. Integrating by parts leads to:

7;11 A¢d/ 1 T . . 1i7i+7/i_Q+ 0 o

3 3 /dq (" + k" —py )( ikpe__ (k) +ik—e,_(k)( zq+)) 2 &t ic 8quqL
x CAL,

and then to:

1p+ _ op AL
4k (k*‘fu—(k’) - kue——(k))) G
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