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General approach in SCET

• All fields and the according gauge transformations are decomposed into collinear and
soft parts

• a collinear gauge symmetry (and fields) for each collinear sector

• a single, soft background

• Then a multipole-expansion of the soft fields follows φs(x) = φs(x−) + ...

• Field redefinitions are introduced, such that the soft gauge symmtry respects the
multipole-expansion

• The redefined fields get inserted into the Lagrangian
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Notation
• We introduce reference verctors n± , n+n− = 2, n2

± = 0
• A collinear momentum pµ is then given by:

pµ = (n+ · p)
nµ−
2 + (n− · p)

nµ+
2 + pµ⊥ ≡ p+ ·

nµ−
2 + p− ·

nµ+
2 + pµ⊥,

• and xµ as :

xµ = (n+ · x)
nµ−
2 + (n− · x)

nµ+
2 + x µ

⊥ = xµ− + xµ+ + xµ⊥

• Each components scales as follows with λ = p⊥/n+p:

(p+, p⊥, p−) ∼ (1, λ, λ2) (x+, x⊥, x−) ∼ (1, 1
λ
,

1
λ2 ).

• The collinear quark field is decomposed as:

ψc(x) = ξ(x) + η(x), ξ(x) =
/n−/n+

4 ψc(x),
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Vierbein formalism
Common approach to describe interactions of gravity with fermions does not work for
fermions:

• We introduce a local coordinate system and vierbeins eaµ:

gµν = eaµe
b
νηab gµν = EµaE

ν
bη
ab

• Arbitrary vectors under GCT can be transformed into scalars using vierbeins:
Ba

b = eaµE
ν
bB

µ
ν

Ba
b scalar under GCT, tensor under LLT

• Now fermions can be treated as any other particle
• Two gauge transformations: GCT and LLT
• Covariant derivative Dµψ = (∂µ − iΩµ)ψ, Ωµ = σabωµab = 1

2σ
abEνaebν;µ

•

Sm =
∫
d4xLD = 1

2

∫
d4x
√
−g

[
ψ̄Eµaγ

a
(
i
−→
Dµψ

)
−
(
ψ̄i
←−
Dµ

)
Eµaγ

aψ
]
.
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Weak-field expansion

We expand the metric around a soft background:

gµν = gsµν + hµν

eaµ = e a
s µ + E ρa

s ecρµ,

with e a
s µe

b
s µηab = gsµν .

• We expand gsµν = ηµν + sµν with sµν ∼ λ2

• And the graviton field scales as:

h++ ∼ λ−1, h+⊥ ∼ 1, h+− ∼ λ,
h−− ∼ λ3, h−⊥ ∼ λ2, h⊥⊥ ∼ λ.
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Field redefinitions
• Collinear Wilson-lines Vc,Wc, LLT and GCT light-cone gauge h+µ = 0,Ω+ = 0
• Soft Wilson-lines Vs, R, similar to Riemann normal coordinates for GCT and

fixed-line gauge for LLT (x− x−)µ Ωµ = 0

ψc =
[
RVs V

−1
c W−1

c

(
ξ̂ + η̂

)]
,

E νa
s (x)ecνµ =

[
RR α

µ V a
s b

[
W ρ

α V
b

cd W −1
c

(
ê d
s ρ(x) + Ê σd

s êcσρ

)]
− ê b

s α(x)
]
,

Ωcµ =
[
RR α

µ Vs

(
V −1
c

(
i∂α +

[
W ρ

αW
−1
c Ω̂ρ

])
Vc +

(
−i∂α −

n+α
2 Ω̂s−(x−)

))
V −1
s

]

• Analogous to QCD: Left side is in light-cone gauge, "hat"–fields are in arbitrary gauge
• Left side transforms with D(Λ(x)), "hat"–fields with D(Λ(x−))
• Soft background through soft vierbein ê a

s µ(x) and Ω̂s−(x−)
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Soft-collinear Lagrangian

Above redefinitions are inserted into the Lagrangian:

L =
√
−
(
ĝs + ĥ

) ( ¯̂
ξ(x) + ¯̂η(x) +

[
WcV

−1
c Vs

[
R−1q̄

]]
(x)
)
γai

(
Êρa + Ẽρa(x)

)
D̂ρ(x)

×
(
ξ̂(x) + η̂(x) +

[
WcVcV

−1
s

[
R−1q(x)

]])

• Ẽρa(x) contains Riemann-tensors
• The collinear Wilson-lines vanish, when no soft quark fields or Riemann-tensors

appear
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Soft-collinear Lagrangian

• By integrating out η(x) we arrive at:

L = i

2
¯̂χ/n+D−χ̂+ i

2
¯̂χ/∂⊥

1
∂+

/∂⊥/n+χ̂+ L(1) + O(λ2).

• Covariant derivative D− = Ê µ
s −D̂sµ

• Transparent structure, similar to QCD

• χ̂ = V −1
c

[
W−1
c ξ̂

]
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Building-blocks for N-jet operators

collinear quark fields collinear gauge fields soft fields

QCD χ ∼ λ A⊥ ∼ λ q ∼ λ3, F sµν ∼ λ4

Gravity χ ∼ λ h⊥⊥ ∼ λ q ∼ λ3, Rµνρσ ∼ λ6

• A− , hµ− and the covariant derivatives are eliminated through the e.o.m.

• While F sµν ∼ λ4 in QCD, the Riemann-tensor already scales as Rµνρσ ∼ λ6

• In gravity the soft theorem has additional, twice suppressed universal contributions
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Summary

• The same structure as in QCD emerges in gravity

• soft vierbein

• soft spin-connection

• Interactions expressed with covariant derivatives and Riemann-tensors

• Only few building-blocks for N -jet operators

• Soft-theorem in gravity is valid up sub-sub-leading order
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SCET Lagrangian

Above redefinitions are inserted into the Lagrangian:

L =
( ¯̂
ξ(x) + ¯̂η(x) + q̄(x)R(x)W †c (x)

)
γρ
(
iD̂ρ(x) + gF̃ρ(x)

)
×
(
ξ(x) + η(x) +Wc(x)R†(x)q(x)

)

• F̃ρ(x) contains field-strength tensor terms

• The collinear Wilson lines vanishes, when no soft quark fields or field-strength tensors
appear
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• By integrating out η(x) we arrive at:

L = ξ̄

(
iD− + i /D⊥c

1
iD+c

i /D⊥c

)
/n+
2 ξ + q̄(x) /Ds(x)q(x) + L

(1)
ξ + L

(2)
ξ + L

(1)
ξq + L

(2)
ξq

• Transparent structure : We have a soft, covariant derivativeD−. Higher suppressed
interactions to soft fields are expressed via the field-strength tensor

• Each term is homogeneous in λ
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Diffeomorphism (GCT)
• We consider:

xµ −→ xµ + εµ(x),
as exact.

• Fields transform as:
φ(x) −→ Uφ(x)

Aµνα(x) −→
[
UUµλU

ν
ρU

β
α Aλρβ

]
(x),

• where Uµν , U µ
ν und U gegeben sind als:

Uµν ≡
∂yµ

∂xν
= δµν + ∂ν ε

µ(x)

U µ
ν ≡

∂xµ

∂yν
= δµν − ∂ν εµ + ∂ν εβ∂

βεµ + O(ε3).

U = 1− εα∂α + 1
2ε

αεβ∂α∂β + εα
[
∂αε

β
]
∂β + O(ε3)
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Collinear Lagrangian I

L(2) =− iξ̄
/n+
2
(1

2
{
G
µ
−, ∂µ

}
+ 1

2
{
/∂⊥

1
n+∂

, γν⊥
{
Gµ
ν , ∂µ

}}
+ 1

4
(
/∂⊥
{ 1
n+∂

, h}γν⊥
{
Hα
ν , ∂α

}
+ γν⊥

{
Hα
ν , ∂α

}{ 1
n+∂

, h
}
/∂⊥
)

− 1
4
{
γν⊥H

µ
ν , ∂µ

} 1
n+∂

{
Hα
β , ∂α

}
γβ⊥ + 1

16
/∂⊥
{ 1
n+∂

, h2 − 2hαβhαβ
}
/∂⊥

− 1
16
/∂⊥
({ 1
n+∂

, h2
}

+ 3
2h

2 1
n+∂

+ h
{ 1
n+∂

, h
})
/∂⊥

− i 1
16
(
hλα[∂βhµλ]εαβµ−γ5 +

[
/∂⊥

1
n+∂

, hλα[∂βhµλ]εαβµνγ⊥νγ5
]

+ /∂⊥
1

n+∂
hλα[∂βhµλ]εαβµ+γ5

1
n+∂

/∂⊥
))
ξ

+ L(2)
as ,

4 / 17



Collinear Lagrangian II

L(2)
as =− i

16 ξ̄
({
aµ−, ∂µ

}
/n+ +

{
γµ, σab[∂µaba]

})
ξ

− i

16 ξ̄
(
γ µ
⊥

{
aρµ, ∂ρ

}
+ i

2
{
γµ, σab[∂µaba]

}) 1
∂+

/∂⊥/n+ξ

− i

16 ξ̄
/∂⊥

1
∂+

(
i

4 /n+

{
γµ, σab[∂µaba]

}
/n+

) 1
∂+

/∂⊥ξ

− i

16 ξ̄/n+/∂⊥
1
∂+

(
γ µ
⊥

{
aρµ, ∂ρ

}
+ i

2
{
γµ, σab[∂µaba]

})
ξ,

Hµ
ν = 1

2 (hµν − hδµν )

Gµ
ν = −1

8
(
3hµαhαν − 2hhµν +

(
h2 − 2hαβhαβ

)
δµν

)
.
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Transformation of fields I

Under collinear GCT:

hµν →
[
UcU

α
cµ U β

cν

(
gsαβ + hαβ

)]
− gsαβ ,

ψc → [Ucψc] ,

E ρa
s ecρµ →

[
UcU

α
cµ

(
e a
s α + E ρa

s ecρα

)]
− e a

s µ,

sµν → sµν ,

e a
s µ → e a

s µ,

q → q,
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Transformation of fields II

Under soft GCT

hµν →
[
UsU

α
sµ U β

sν hαβ

]
,

ψc → [Usψc] ,

E ρa
s ecρµ →

[
UsU

α
sµ E ρa

s ecρα

]
,

gsµν →
[
UsU

α
sµ U β

sν gsαβ

]
,

e a
s µ →

[
UsU

α
sµ e a

s α

]
,

q → [Usq] .
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Transformation of fields III

Collinear LLT:

hµν → hµν ,

ψc → Dcψc,

E ρa
s ecρµ → Λ a

c b

(
e b
s µ + E ρb

s ecρα

)
− e a

s µ,

sµν → sµν ,

e a
s µ → e a

s µ,

q → q,

8 / 17



Transformation of fields IV
and soft LLT:

hµν → hµν ,

ψc → Dsψc,

E ρa
s ecρµ → Λ a

s bE
ρb
s ecρµ,

gsµν → gsµν ,

e a
s µ → Λ a

s be
b
s µ,

q → Dsq.

Ωsµ → DsΩsµD
−1
s + iDs

[
∂µD

−1
s

]
,

Ωcµ → DsΩsµD
−1
s ,
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Soft-collinear Lagrangian I

Ẽρ(x)a =
[
WcW

ρ
cσ V b

ca E
σ
s b

]
.

L(1) =− i

8
¯̂χ
{
n a
− h

µ
a , ∂µ

}
/n+χ̂+ i

8
[
¯̂χ
{
D−, h/n+

}
χ̂
]

+ i

8h
[

¯̂χ/∂⊥
1
∂+

/∂⊥/n+χ̂+ h.c.

]
− i

8
¯̂χγ a
⊥ {h ρa , ∂ρ}

1
∂+

/∂⊥/n+χ̂−
i

8
¯̂χ/∂⊥

1
∂+
γ a
⊥ {h ρa , ∂ρ} /n+χ̂.
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Wilson-lines
• Soft GCT Wilson-line:

R−1 =
∞∑
n=0

1
n!θ

n
s (x) · ∂n = 1 + θ α

s ∂α + 1
2θ

α
s θ

β
s ∂α∂β + O(θ 3

s ),

• θs defined with symmetric, soft vierbein Fµα ;

θ µ
s (x) = (Fµα − δµα) (x− x−)α − 1

2 (x− x−)α (x− x−)β F ναF ρα Γµρν + ...

• Analogous to Riemann normal coordinates
• ǧsµν (x) = ĝsµν (x) + gµν(x)
• Residual transformation:

xµ → xµ + εµ(x−) + 1
2 (∂µεν − ∂νεµ) (x−) (x− x−)ν + ... .
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• Soft LLT Wilson-line

Vs = Pexp
(

+i
∫ x2

x1
dyµ[RνµR−1Ωsµ](y)

)

• Takes us into fixed-line gauge (x− x1)µ Ω̌sµ(x) = 0
• Residual transformation only depends on x−
•

ě a
s µ(x) =

ê a
s µ︷ ︸︸ ︷

δaµ + 1
4n+µs

a
− + 1

2n+µy
ρω a

− ρ −
1
16n+µs−βs

βa

−1
6 (x− x−)ρ (x− x−)αRaρµα −

1
6 (x− x−)ρ (x− x−)α n+µR

a
ρ−α︸ ︷︷ ︸

e as µ

+O(λ5).
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• Collinear GCT-Line:

W−1
c =

∞∑
n=0

1
n!θ

n
LC(x) · ∂n,

• θLC is given by:

θαLC = − 1
(∂+)2 Γ̂α++ + 1

(∂+)2

(
2Γ̂αβ+

1
∂+

Γ̂β++ + ∂βΓ̂α++
1

(∂+)2 Γ̂β++

)
+ ...

• Takes us into GCT light-cone gauge:

h+µ = 0

• hµν not homogeneous in λ
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• Collinear LLT line:

Vc(x) = Pexp
(
i

∫ 0

−∞
dsn µ

+

[
W ρ

µW
−1
c Ω̂ρ

]
(x+ sn+)

)
.

V a
c b (x) =

(
Pexp

(
i

∫ 0

−∞
dsnµ+

[
W ρ

µW
−1
c Ω̂ρ

]
(x+ sn+)

))a
b

• Takes us into LLT light-cone gauge: Ω̌+ = 0.

• Ω̂ρ wird gebildet mit êaµ = ê a
s µ + Ê ρa

s êcρµ
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Soft-theorem

Arad = −1
2
∑
i

(
εµν(k)p µi p νi

pi · k
−
εµν(k)p µi kρJ

νρ
i

pi · k
+ 1

2
εµν(k)kρkσJ ρµ

i J σν
i

pi · k

)
A.

J νρ
i = L νρ

i + S νρ
i .

Orbitaler angular momentum:

L νρ
i = p

[ν
i

∂

∂pρ]i
,

Spin angular momentum:

S νρ
i = −iσνρ = 1

4 [γν , γρ] .
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Exemplary calculation Soft-theorem I

The Lagrangian L(1):

L(1) = − i4 ξ̄
((
x µ
⊥ ω−−µ∂+

)
+ s−µ∂

µ
⊥

)
/n+ξ.

Dann erhalten wir für
{
CA1,L(1)

}
folgenden Ausdruck:

−ξ̄ i
2

4

∫
dq4

(2π)4

(
i
X µ
⊥
2

(
−ikµε−−(k) + ik−εµ−(k)(−iq+)

)
+ δ4(qµ + k µ

− − p
µ

+ )ε−µ(k)
)

× (−iq µ
⊥ )1

2
i/n+/n−q+

q2 + iε
q σ
⊥ CA1

σ ,
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Exemplary calculation Soft-theorem II
with Xµ given by:

Xµ = ∂µ
[
(2π)4δ4

(∑
pin − pout

)]
.

The second term vanishes, due to the delta-distribution and the choice of aour reference
frame, p⊥ = 0. Integrating by parts leads to:

ξ̄
−i
8

∫
dq4δ4(qµ + k µ

− − p
µ

+ )
(
−ikµε−−(k) + ik−εµ−(k)(−iq+)

) 1
2
i/n+/n−q+

q2 + iε

(
∂

∂q⊥µ
q σ
⊥

)
× CA1

σ .

and then to:

−1
4
p+
k−
ξ̄
(
k−εµ−(k)− kµε−−(k))

)
η σµ
⊥ CA1

σ .
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